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Chapitre 1

Introduction

Le but de cette introduction est de résumer ’ensemble des travaux contenus dans cette thése.
Deux types de chapitres sont présents. Les chapitres écrits en anglais sont des articles déja
publiés ou en vue de publication. La plupart des chapitres écrits en francais sont destinés a intro-
duire les notions utilisées dans les articles. Cette these est divisée en deux parties: une premiere
partie traite de certains aspects des systémes d’électrons fortement corrélés. Une seconde par-
tie traite de certains systémes de spins vitreux. Bien que ces deux parties soient largement
indépendantes, j’ai essayé dans les deux cas d’utiliser les techniques issues du chaos quanthue
pour étudier le spectre de Hamiltoniens d’électrons fortement corrélés dans la premiére par-
tie, et le spectre des matrices de Glauber dans la seconde partie. Nous décrivons maintenant
successivement les deux parties.

1.1 Systémes d’électrons fortement corrélés

Une des questions auxquelles tentent de répondre les théories d’électrons fortement corrélés
est de savoir si un systéme donné est ou n’est pas un liquide de Fermi. Cette problématique
liquide de Fermi-non liquide de Fermi est abordée sous plusieurs angles dans cette thése: aspects
unidimensionnels, analyse des statistiques spectrales & une dimension puis & deux dimensions,
théories de jauge et finalement effet Hall quantique & demi remplissage. S'il existe des classes de
comportements bien comprises, plusieurs modéles restent actuellement mal compris. Le modele
de Hubbard pour la supraconductivité & haute température critique et le liquide de Hall & demi
remplissage sont deux exemples abordés dans cette these pour lesquels la question de savoir si
le systéme est ou n’est pas un liquide de Fermi est controversée.

Dans les chapitres 2 & 8, nous étudions des systémes pour lesquels la nature liquide de Fermi
ou non Liquide de Fermi est clairement établie. Pour ces systémes, nous analysons les propriétés
des statistiques entre écarts de niveaux, en relation avec le comportement liquide de Fermi
ou non liquide de Fermi. Les chapitres 2 & 4 sont consacrés aux systemes unidimensionnels
intégrables, et les chapitres 5 & 8 traitent des systémes d’électrons bidimensionnels.

Le chapitre 2 contient une introduction & la théorie du liquide de Luttinger. La rédaction
de ce chapitre est inspirée de l’article de Haldane!, ol la bosonisation est présentée comme une
solution rigourense du modéle du liquide de Luttinger, au sens ol il s’agit d’une identification

LF.D.M. Haldane, ® Luttinger liquid theory” of one dimensional quantum fluids: Properties of the Luttinger
model and their eztension to general 1D interacting spinless Fermi gas, I. Phys. C, 14, 2585-2609 (1981)
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précise des espaces de Hilbert. Au cours du chapitre 2, quelques compléments sont introduits
par rapport a P’article original de Haldane: algébre de Virasoro du gaz de Luttinger, séparation
du spin et de la charge, et quelques liens et analogies simples avec les théories de chaines de
spin.

Le but du chapitre 3 est de montrer qu'il existe une correspondance entre le liquide de
Luttinger a basse énergie et la théorie du champ bosonique compatifié. Ce chapitre est une
partie d’un travail non encore publié dans le développement duquel P. Degiovanni a pris une
part importante. Par rapport au chapitre 2, le cadre est plus large puisque 'on envisage
simultanément tous les secteurs de la théorie de Dirac alors que, par le choix du vecteur de Fermi
en position intermédiaire entre deux niveaux, les fermions sont spatialement antipériodiques au
chapitre 2. Le jeu des transformations modulaires permet de passer d’un secteur 3 l'autre.
L’identification s’effectue & plusieurs niveaux. La somme des fonctions de partition sur les
quatres secteurs de la théorie de Dirac libre s’identifie & la fonction de partition du boson
compactifié an point gR? = 1. Plus finement, on peut relier la fonction de partition dans
chaque secteur de la théorie de Dirac 4 une combinaison des fonctions de partition du champ
bosonique libre compactifié avec des conditions de monodromie de type demi entier (le champ
revient a sa valeur initiale aprés deux périodes spatiales). Cette identification se généralise au
cas de la théorie de Dirac en interaction (ou de Luttinger a la limite infrarouge). Dans ce cas,
le produit gR? est relié aux paramétres physiques du liquide de Luttinger (vitesse de charge et
de courant).

L’approche du chapitre 3 suppose que 'on s’est placé 4 la limite infrarouge ou la symétrie
conforme est préservée méme en présence d'interactions (celles-ci sont alors locales). Damns le
chapitre 4, nous traitons le cas d’interactions de portée finie pour un systéme de taille finie.
Nous nous posons la question de déterminer le cross-over liquide de Fermi-non liquide de Fermi
en fonction de la taille du systeme, de 1’échelle d’impulsion et de la force des interactions. Nous
cherchons également a comprendre quelle information contient le spectre. Les quasiparticules
sont générées par branchement adiabatique a partir de 1'état libre. Deux modes de destruction
du liquide de Fermi sont possibles: une extinction de la quasiparticule de type ‘catastrophe
d’orthogonalité’ et une destruction dynamique par interférences destructives entre les différentes
composantes du paquet d’onde. L’effet ‘catastrophe d’orthogonalité’ est statique. Il a été
identifié pour la premiere fois par Dzyaloshinskii et Larkin?. Au niveau du spectre, les niveaux
d’énergie subissent une transformation d’échelle qui respecte 'existence de niveaux dégénérés.
L'effet ‘interférences’ est quant & lui dynamique (il agit an bout d'un certain temps qui doijt
étre comparé a L/vr), et agit sur le spectre par une brisure des dégénérescences. Deux régimes
sont possibles: & une faible levée de dégénerescence correspond un régime liquide de Fermi et &
un fort mélange de niveaux correspond un non liquide de Fermi. En terme de symétries, ’effet
‘catastrophe d’orthogonalité’ respecte la symétrie conforme et 1’effet ‘interférences destructives’
brise la symétrie conforme.

Si & une dimension la théorie générique est celle du liquide de Lutttinger, la théorie générique
a deux dimensions est la théorie de Landau (1957), au moins pour un systéme sans spin. Le
chapitre 5 est une présentation dela théorie de Landau du liguide de Fermi, dont 1’idée essentielle
est 'existence de quasiparticules. A partir de cette hypothése, on peut déduire le comportement
macroscopique du liguide avec un petit nombre de paramétres phénoménologiques, accessibles
expérimentalement. On déduit également une équation de transport, avec deux types de so-

*1.E. Dzyaloshinskii and A.I Larkin, Correlation functions for a one dimensional Fermi system with long-range
interactions (Tomonaga model), Sov. Phys. JETP 38, 202 (1974).
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Iutions: un continuum des quasiparticules localisées et des modes collectifs. Une telle théorie
doit étre justifiée a posteriori & partir du Hamiltonien microscopique. Cest le but du chapitre 6
ou nous présentons la bosonisation du liquide de Fermi, sous une formulation récente®4. Cette
technique permet de calculer sous forme approximative la fonction de corrélation & deux points
et de montrer que, méme en couplage fort, la renormalisation de la fonction de corrélation est
finie (4 une dimension, le résidu est nul: c’est ’effet ‘catastrophe d’orthogonalité’ mentionné
plus haut),

Le but des chapitres 7 et 8 est de déterminer quelle information contient le spectre du
liquide de Fermi. Dans un premier temps (chapitre 7), nous analysons le modéle de Landau
avec des guasiparticules de durée de vie infinie. Les statistiques de niveaux sont poissoniennes
& deux dimensions. Au chapitre 8, nous analysons les statistiques de niveaux du probléme
bidimensionnel. Pour cela, nous devons restreindre I'espace de Hilbert et introduire une coupure
autour de la surface de Fermi, et le systéme devient alors non intégrable. Cependant, les
statistiques de niveaux sont celles d'un systeme intégrable générique, méme avec peu de fermions
et peu d’orbitales. Ce résultat suggére que le liquide de Fermi est bien décrit par une théorie
intégrable, par exemple la bosonisation de la surface de Fermi.

Le chapitre 9 traite de certains aspects des théories de jauge de la supraconductivité &
haute température critique. A partir d’une approche de type ‘théorie de jauge’ pour le modile
t-J, il est possible de dériver un modéle de physique statistique pour un plasma de monopdles
magnétiques®. Ces monopdles magnétiques décrivent des configurations non triviales du champ
de jauge. Siles monopdles magnétiques sont dans une phase dipolaire, les spinons et les anti-
holons sont déconfinés et le liquide quantique est un non liquide de Fermi. Il est donc important
de tenir compte des effets collectifs dans le plasma de monopéles magnétiques. Clest ce que
nous faisons en utilisant le groupe de renormalisation. Le résultat principal de cette étude est
le diagramme de phase dans le plan nombre de couleurs fermioniques-dopage (figure 9.3). A
dopage fixé, le non liquide de Fermi est favorisé si 'on augmente le nombre de couleurs fermion-
iques. Pour un nombre de couleurs fermioniques donné (par exemple 2 dans le cas de fermions
portant un spin 1/2), le liquide de Fermi apparait & faible dopage, alors que des dopages élevés
favorisent le non liquide de Fermi.

Les chapitres 10,11 et 12 sont consacrés & une étude sur le liquide de Hall 3 demi remplissage.
Le but de ces chapitres est d’analyser une expérience suggérée par L. Lévy, qui consiste & placer
une charge électrique variable au centre d’un anneau mésoscopique de fluide de Hall & demi
remplissage. Dans un premier temps, nous utilisons la théorie de champ moyen® pour décrire
cette expérience. L'idée de la théorie de champ moyen est d’effectuer une transformation de
jauge qui transforme le probléme original de fermions sous champ magnétique en un probleme
de fermions portant deux tubes de flux sous champ magnétique. La théorie de champ moyen
néglige les variations spatiales du champ de jauge et transforme donc le probleme initial en un
probleme de fermions sans champ magnétique. L'effet de la charge électrique est d’induire une
variation de densité des fermions composites, et donc une variation du flux traversant 'anneau
entrainant ’apparition de courants permanents, fonctions de la charge électrique centrale. Nous

°F.D.M. Haldane, séminaire A new look at the Fermi surface donné 4 I"Université de Brown en novembre
1991, :
*A.H. Castro Neto and E.H. Fradkin Bosonization of Fermi liguids, Phys. Rev. B 49, 10877-10892 (1994);
Ezact solution of the Landau fized point via bosonization, Phys. Rev. B 51, 4084-4104 (1995).

*L..B. Ioffe and A.L Larkin Gapless fermions and gauge fields in dielectrics, Phys. Rev, B 38, 8988 (1989},

°B.I. Halperin, P.A. Lee and N. Read, Theory of the half-filled Landau level, Phys. Rev, B 47, 7312 (1993).




Chapitre 2

Bosonisation du liquide de
Luttinger

Ce chapitre est fortement inspiré de I'article de Haldane!. Le lecteur trouvera cependant

quelques compléments, concernant la mise en évidence de l'algébre de Virasoro de charge cen-
trale ¢ = 1 du liquide de Luttinger. Nous exposons également la séparation du spin et de la
charge dans un liquide de Luttinger & spin.

21 Dérivation heuristique de la structure de ’'espace de Hilbert
de basse énergie du gaz de fermions unidimensionnel

On considere un gaz de fermions sans interactions sur un anneau de circonférence L avec des
conditions aux limites périodiques. L’état fondamental a température nuile est une mer de
Fermi notée [0}, On suppose de plus que I'état fondamenta! est unique. En effet, selon le
nombre de particules, le fondamental est soit unique, soit doublement dégénéré. Dans l'état
fondamental, les fermions occupent les états indexés par les vecteurs d’onde

2 2T
k:—N—f,...,NT, (21)
oti Pon a supposé un nombre impair de fermions, ce qui produit bien un fondamental non
dégénéré. On choisit par convention le vecteur de Fermi kg entre deux niveaux:

kp=(N+ %)-2%-— - (2.2)

En seconde quantification, on écrit

10) = ¢ g/ Sy 0 (2.3)

ot |#} désigne le vide de matiere. La relation de dispersion est celle des fermions libres de masse
m:

kz
6(]6) = En—

La mer de Fermi est représentée en figure 2.1. On note R et L les deux points de la surface

(2.4)

YR D.M. Haldane, " Luttinger liguid theory” of one dimensional guantum fluids: Properties of the Luttinger
model and their eztension to general 1D interacting spinless Fermi gas, I. Phys. C, 14, 2585-2609 (1981)
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E

k
-Kf , Kf
Figure 2.1: Mer de Fermi unidimensionnelle.
“K¢ 0 ¢ K x4 g

Figure 2.2: Excitation particule-trou de la mer de Fermi unidimensionnelle.

de Fermi. La limite thermodynamique est définie pour kg = g, ol ¢ est le potentiel chimique,
maintenu constant alors que L — +oo. Dans cette limite, le nombre de modes sous la surface
de Fermi augmente indéfiniment. On appelle particule un état a une particule occupé au-dessus
de la surface de Fermi. On appelle trou un état & une particule vide en-dessous de la surface
de Fermi. Par exemple, c;|0) avec k > kp contient une particule de vecteur d’onde k et c|0},
avec k < kp contient un trou de vecteur d’onde k. Comme, pour Uinstant, on travaille dans un
secteur de I'espace de Hilbert ot le nombre de fermions est fixé, les états excités de la mer de
Fermi sont des excitations particule-trou. La figure 2.2 représente un paire particule-tron. On
note k 'impulsion du trou et k-+¢ l'impulsion de la particule. L’énergie de la paire particule-trou
est

(k+q K _ &  m

kg =

2m 2m  2m  m’

(2.5)

Pour un transfert d’impulsion fixé, on regarde dans quel intervalle d’énergie se situe wg 4. Si
0 < g < 2kp,

2 2
q q g kpq
2 L i(kr—g)< < 4 22 .
2m+m(F q)—wk’q_Zm—l- m (26)
Et si g < 2kp, on a l'inégalité
2 2
q krq q krq
_—— =L < — —_— .
2m m “ha = 2m + m (2 7)

Le spectre d’énergie des paires particule-trou est représenté en figure 2.3. On remarque ’existence
d'un gap qui est un effet purement unidimensionnel. En effet, & deux dimensions, il existe des
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E(k,q)

Ef |-f , ]

Iql

0 Kf 2 Kf

Figure 2.3: Spectre d’énergie des paires particule-trou, c’est-a-dire le lien des wy, dans le
diagramme (|q}, wxq).

paires particule-trou d’énergie nulle quelle que soit leur impulsion. Une telle paire est représentée
sur la figure 2.4. On remarque également sur le spectre des excitations particule-trou l'existence
d’une branche linéaire pour g — 0 et & basse énergie (wg 4 < k%/2m). La relation de dispersion
de cette branche linéaire s’écrit, dans la limite g < kp:

kr
Weg & =—g. (2.8)
Dans cette limite, toutes les paires particule-trou de vecteur d’onde k sont dégénérées car on a
négligé la courbure de la relation de dispersion au voisinage de la surface de Fermi. On reconnait
la vitesse de Fermi dans l’expression (2.8}

op = 2ehr) _ Br

dk - m ¥ (2.9)
et ’énergie linéarisée d'une particule au voisinage de la surface de Fermi s’écrit
e(k) = e(kp) + vr(k — kr) + ... ' (2.10)

Si 'on regarde plus finement ce qui se passe au voisinage de |q| = 2kp, on voit que w ne s’y
annule pas exactement. En effet, on doit tenir compte du processus représenté sur la figure 2.5
et qui a une énergie

elkp + /L) — e(—kp+ m/L)=27wvp/L. (2.11)
Pour obtenir le spectre & n particules-n trous, il suffit de superposer les diagrammes de Ia figure
2.3 en faisant attention au principe de Pauli pour des transferts d’impulsion |g| = 2nkp oi n
est un entier strictement positif. Le processus d’énergie minimale et de transfert d’impulsion
k = 2nkp fixé crée n trous en

27 2
k= —TN,...,—T(N—'R-!'}.), (2.12)
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mer de Fermi
p+q

Kx

Figure 2.4: Avec umne surface de Fermi connexe: une paire particule-trou d’énergie nulle pour
une impulsion g fixée quelconque. Il n’y a pas de gap dans le spectre & une paire particule-trou.

L R

Figure 2.5: Excitation particule-trou d’énergie minimale autour de ¢ = 2kp.
g g q
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-Kf 0 Kf
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LI____J | I

Figure 2.6: Excitation particule-trou d’énergie minimale autour de ¢ = 2nkp, avec n = 3 sur la
figure.

e ==~
] Y ¥

0 2Kf 4 Kf 6 Kf
(J=h (1=2) (J=4) (J=0)

Figure 2.7: Spectre d’énergie des excitations particule-trou multiples. On a exagéré I'énergie
en g = 2nkp. Pour w < A, le specire se découpe en secteurs labellés par J.

et n particules en
2 2
k= %(N+1),...,%(N+n). (2.13)

Cette excitation est représentée sur la figure 2.6 pour n = 3. L’énergie d’une telle excitation de
la mer de Fermi vaut

1 T 27 1 T 2
ke 2 — (—k — 4 Zlp)? 2.1
2 gplke g T;Qm( rrp (214)
N-1
2kp w27 27
= SR 4 ) = SR N2 ,
=om (z+7m=7r (2.15)

On retrouve bien le résultat établit pour N = 1. Oxn en déduit le spectre d’excitations particules-
trous représenté sur la figure 2.7. I’étude du spectre d’excitations de paires particules-trou
multiples permet de donner de facon heuristique les caractéristiques du spectre de basse énergie.
Au voisinage de |g| ~ 0, les objets de type c,‘l’+ 4Gk doivent obéir & une relation de dispersion
linéaire. Ces objets sont de nature bosonique {2 fermions). Pour |g| ~ Jkp, ou J est multiple
de 2, le spectre de basse énergie est constitué d’excitations bosoniques au-dessus d’un état
d’énergie vpmJ?/2L. On doit également tenir compte de la possibilité de faire varier le nombre
de fermions sur chaque branche. Si U'on place N fermions supplémentaires au-dessus de la mer
de Fermi, on peut écrire:

N = Ng+ Ng (2.16)
J = Nrp-Ng, (2.17)



22 CHAPITRE 2. BOSONISATION DU LIQUIDE DE LUTTINGER

olt Ng et Ny, désignent respectivement le nombre de fermions ajoutés au-dessus du fondamental
sur la surface de Fermi droite (notée R pour Right) et gauche {notée L pour Left). L’énergie
minimale des excitations & N et J fixé s’écrit

7 T
- NZ el 2' .
Y 2LvFJ (2.18)

On peut résumer la structure de l’espace de Hilbert telle qu’on vient de la dériver par ces
considérations heuristiques. Tout d’'abord, il existe des secteur indexés par les entiers N et
J, qui possédent une énergie en I’absence de toute excitation particule-trou donnée par la
relation (2.18). Au-dessus de chaque fondamental (N, J), il existe une tour d’états excités a n
particules-n trous. On voit que I’objet fondamental pour décrire ces excitations est c}c*" 4 gCk Car
son action répétée sur le fondamental génére tous les états excités d’un secteur (N,J). On va
prouver dans la suite que les excitations du type cz'_i_qck sont bien bosoniques, avec la relation
de dispersion linéaire que l'on a dérivée heuristiquement. On se propose maintenant de dériver
rigoureusement la structure de ’espace de Hilbert de basse énergie.

2.2 Définition du liquide de Luttinger sans spin

2.2.1 'Gaz de Luttinger

Nous partons du gaz de Fermi unidimensionnel et nous cherchons a en décrire le comporte-
ment infrarouge. Dans 'approximation ot les excitations du systéme sont de basse énergie, on
linéarise la relation de dispersion parabolique (k) = k*/2m selon en(k) = vp(ak — k), ol o
désigne +1 ou —1 selon qu’il s’agit de la branche droite (R) ou gauche (L), et olt la vitesse de
Fermi vp est définie par (2.9). Cette linéarisation n’est valable qu’au voisinage de la surface de
Fermi, ol I’'on pent négliger les effets de la courbure de la relation de dispersion. On introduit
une coupure A dans le spectre d’énergie & une particule et I'on se restreint aux modes contenus
dans l'intervalle [ez — A, €7 + A]. Dans une seconde étape, on prolonge les deux branches droite
et gauche & toute énergie. Ce prolongement est légitime car il ne modifie pas la relation de dis-
persion & basse énergie. Les deux branches obtenues définissent la relation de dispersion du gaz
de Luttinger, qui est représentée sur la figure 2.8. Pour que le systeme posséde une surface de
Fermi, ’état fondamental doit contenir une infinité de fermions. On remplace donc la mer de
Fermi par une mer de Dirac. Cette analogie avec la théorie de Dirac est en fait complete, et le
dictionnaire entre le liquide de Luttinger et les théories des champs correspondantes sera donné
au chapitre 3. Les nombres d’occupation dans 1’état fondamental sont

np o = O(kp — ak) = (0lng,a|0). (2.19)

On a donc transformé le modéle initial (gaz de Fermi) en un modele équivalent (gaz de Luttinger)
en ce qui concerne la physique de basse énergie. Le Hamiltonien du gaz de Luttinger est

H® = 2p Z(ak —kr)(ngo — ”2,&) (2.20)
ak

La soustraction de I’énergie du vide (infinie) revient & prescrire un ordre normal. Pour les
fermions de la branche droite, : c;:"ck = cz'ck sik > kpet c:ck = -—ckc,'i’ si & < ky. On vérifie
que ’on a bien : czck =y — ‘ng. Le Hamiltonien (2.20) s’écrit donc également

H® = vp Z(ak —kp): c;ack,a ;. (2.21)
a,k
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a=-1=L a=+1=R

_KF

Figure 2.8: Relation de dispersion du gaz de Luttinger et mer de Dirac.

La prescription d’ordre normal est arbitraire en ce sens ou deux Hamiltoniens différents d’une
quantité finie sont équivalents. Un autre schéma de renormalisation, qui est utilisé en théorie des
champs, et dont nous ferons usage au chapitre suivant, est la renormalisation . Le Hamiltonien
en renormalisation { differe de —~1/12 du Hamiltonien que nous avons avons écrit: HY = H® -
1/12. Par contre, 'opérateur d’impulsion est indépendant du schéma de renormalisation car le
terme de renormalisation se simplifie entre la branche droite et la branche gauche. L’opérateur
d’impulsion s’écrit

P = Zk (: c:Rck,R - C;cl-,Lck-L :) . (2.22)
k
Les champs fermioniques sont obtenus en faisant une transformée de Fourier de C;:a' On définit

$i(z) =LY e (2.23)
k

Le signe dans la tranformée de Fourier (2.23) n’est pas arbitraire. I est choisi de telle sorte que
les fermions de la branche droite se déplacent vers la droite et que ceux de la branche gauche
se déplacent vers la gauche. Les équations de propagation d’un paquet d’onde s’écrivent

UO%H(a)0) = k(e +vrt)|0) (2.24)
U ()N0) = (e - vrt)o), (2.25)

de sorte que les fermions R se déplacent vers la droite et que les fermions L se déplacent vers la
gauche. Dans (2.24) et (2.25), U° est l'opérateur d’évolution. On vérifie alsément i partir de
{c;é',a, Cka'} = Ok k'Ba,qr, que 'on a bien

{"p:(m): ¢a(m')} = 50:,0:’651 (m - 'T’J)! (2‘26)
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k.R k+q.R k,L k+q,L
"4 | | *4q
kK’.R | k’-gq.R k’,L | k’-q,L
kR k+q.R
£2q
k'L I k’-q.L
Figure 2.9: Interactions du liquide de Luttinger.
ou la fonction de Dirac sur le cercle vaut
bg,(2) = +§ §{z —nlL). (2.27)
En terme d’opérateurs de champs fermioniqu;s, le Hamiltonien devient
O — vFV{_; /_ IZ; dz ;Y (2) (5B — kp)dalz) : . (2.28)

2.2.2 Liquide de Luttinger

Les interactions du liguide de Luttinger sont représentées sur la figure 2.9. La diffusion de
deux fermions de la branche droite vers deux fermions de la branche droite avec un transfert
d’impulsion g se note g4 . Par symétrie droite-gauche, le méme processus sur la branche gauche
posséde la méme force d’interaction. La diffusion d’un fermion de la branche droite et un fermion
de la branche gauche pour donner un fermion de la branche droite et un fermion gauche se note
g2q- Ces notations sont conventionelles (g-ologie), et il n’existe pas d’autres interactions pour
un liquide de Luttinger sans spin. En présence de spin, il existe d’autres types de vertex, de
méme que la présence d’un réseau introduirait d’autres interactions (processus Umklapp). Le
Hamiltonien d’interaction du liquide de Luttinger sans spin est donc

T
Hl = E Z Z (g4q5cx,a’ + 92!16&,*6!") CZ—I-q,ackaC;ch_q,a’ck'ua" (229)

a,af k k!

Nous allons montrer dans la suite que le modéle du liquide de Luttinger sans spin est intégrable,
a l’aide de la procédure de bosonisatlion.

2.3 Bosonisation du liquide de Luttinger sans spin

2.3.1  Algébre U(1)

On définit Vopérateur de densite comme

Paa = Z : Ci+q,ackr°‘ . (2.30)
k
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Branche gauche Branche droite

Ko Ke

Figure 2.10: Un état du vide |[{Na}) pour Ng =6 et Np =3

Ces objets jouent un role central dans ce qui va suivre. Le produit normal signifie que, si ¢ # 0,

Pq,a = Z c;c‘—+q,cxck'a’ (2'31)
k

et sig=10,
Poa = 3 (cf ki = (Olch yeral0)) = Na, (2.32)
k
olt N, représente le nombre de fermions supplémentaires par rapport au fondamental sur la
branche a. N, est relié aux nombres de charge et de courant par les relations (2.16) et {2.17).
Le commutateur des opérateurs de densité vaut

[Pq,ms P:}I-',a’:I = 6‘110‘1 E I:C;rl,-*-q,acksa’ Ck'—g'\aCk' (233)
k&

= 6&.0:" Z (6k,k’—q’(—':¢q’ack’,a — 6kl‘k+qr_‘$_q,,a6k’a) . (234)
ki’

Cet opérateur a un corps n’est pas normal-ordonné. Afin d’effectuer les sommes sur k et k' dans
(2.34), nous devons impérativement écrire les opérateurs sous leur forme normal-ordonnée. Avec
la prescription d’ordre normal, la partie ‘opérateur’ posséde des éléments de matrice finis entre
tous les états de l’espace de Hilbert. On peut donc¢ manipuler sans danger des opérateurs
normal-ordonnés, et en particulier les simplifier. L’égalité (2.34) s’écrit

[Pg,a,p;,af} = Em,m' Z ((5k'k:_qf : Cﬁ+q'ack1’a : +6k,k’—q’({Na})c;:.l_q’ack’,al{Na}) (235)
kK’
_ékfik'l‘q :c;ci-"—-q',cxck3a : m6k’|k+q<{Na}Icz;—q’,ackpa-E{Nﬂ}>) ‘
L’état |[{N,}) désigne I’état obtenu & partir de la mer de Dirac |0) par ajout de N, fermions
au-dessus de la branche a. Si N, est négatif, on retire des fermions. La figure 2.10 représente

un état [{Ng}). On peut maintenant effectuer la sommation en utilisant les régles habituelles,
pour cbtenir

pq,a,qu,at = 6:1,:1’ :_S 6k,k'wq'<{jva}icz_+_q’ack+q’,al{-ha}) ({j‘a}lck+ - rack-,al{ba}> .
T q—q,
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On ne peut clairement sommer séparément les deux termes, sinon des quantités infinies appa-
raissent. La somme (2.36) est finie et vaut

1
[pq,a:P;h,a’] = _gaqLéa,a’ﬁq,q'- (237)

(est la relation centrale de la procédure de bosonisation. La relation (2.37) montre que les
opérateurs de densité forment une algébre U(1). Dans L’espace réel, les opérateurs de densité
valent

1 —i(k—k') 1 —igT
pa(z) = ¥E(e)pa(e) = 3 3 e cpa =7 3 €T pga (2.38)
kK’ q

et la représentation de I’algébre U(1) dans l'espace réel s’écrit
I
[pa(m),p:,(m')} = -—Eq-r-zab'ala;ﬁ'(m - z'). (2.39)

2.3.2 Base bosonique

On peut former des bosons a partir des opérateurs p, , de la fagon suivante:

Yt 1/2

a’;- = (L—q) Pq.R (2.40)
o 1/2

at, = (L—q) f—q.L, (2.41)

ol1 ¢ est positif. On peut vérifier que [aq,a:',] = b4,4'- On note
1 ™,
Hngh, {Na}) =[] (—.-5173(&2;) {Na}). (2.42)
o (Mg’

Les états [{n,}, {N,}) sont des états propres du Hamiltonien. Pour le montrer, on calcule le

commutateur [H?, pyq] = vFragpga, ce qui conduit & [Hg,a;'] = vp|gla} pour ¢ # 0, donc

[Hg,(a;')"q] = vF|q|(a;')"‘?, ce qui donne

H%{ng}, {Na}) = (w%w}; AR |q|aq+aq) [{na}, {Na}). (243)

q#0

On veut maintenant vérifier que {|{ny}, {Na}}} forme une base de l’espace de Hilbert. La
maniére la plus convaincante d’établir ce résultat consisterait a mettre en évidence l'isomorphisme
entre I’espace de Hilbert fermionique et bosonique. Nous nous contenterons ici d’identifier les
fonctions de partition & température finie sur la base des fermions et sur la base des bosons.
En effet, la fonction de partition est la fonction génératrice des dégénerescences. On note
& = exp (~fhw), olt fiw = 2wvp/L est Pécart d’énergie entre deux niveaux consécutifs. Comme
I’énergie est un multiple de fw, la fonction de partition s’écrit

Z(z) = gnz", (2.44)
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donc

10n7

mw(()), (2.45)
de telle sorte que pour montrer la complétude de la famille {n,}, {N,}), il suffit de montrer
que la fonction de partition calculée sur la base des fermions et sur la famille {{n,}, {N,}) sont
égales. Sur la base des fermiomns, la fonction de partition vaut

+o0 4
Zp = (H(l + e*ﬁ("‘%)’*”)) . (2.46)

n=1

Gn =

La puissance 4 provient de la symétrie particule-trou (le niveau de Fermi est entre deux niveaux
quantiques) et de la symétrie droite-gauche. Pour la famille de bosons, la fonction de partition

g'écrit
Zp = (ﬁ (Jf e-ﬁﬁ“‘f)) ( +f e*ﬁEn) . (2.47)

g=1 ng=0 n=—oo

La puissance 2 provient de la symétrie droite-gauche, et E, désigne 1’énergie de n fermions
empilés au-dessus du vide:

E, = Z(z - %)hw = %—nzﬁ,w, (2.48)
=1

de sorte que la fonction de partition sur la famille bosonique vaut

Zp = (ﬁ (f e‘f”f‘“"f)) ( f e—ﬁ"T‘”“z) . (2.49)

g=1 ﬂq=0 1I=—00

Afin d’identifier les deux expressions de la fonction de partition, on utilise 'identité de triple
produit de Jacobi?

+o0 +oo +oo
Yo vt A= T - ) [T+ v ) (1 4y 1112, (2.50)

=00 n=1 n=0

Avec y = 1, on obtient l'identité
“+o0
Z 2™ = [[ (14> - 2?7, (2.51)
n=-—00 n=1

qui permet d’identifier les deux fonctions de partition: Zr = Zg. La famille |{n,}, { No}} forme
donc une base de 'espace de Hilbert. Le Hamiltonien sur cette base vaut

T
HD:’UFE(NIZ%+NI2,)+Z”FIQI‘1;%= (2.52)
g#0

et 'opérateur d’'impulsion vant

P= Z (kF +IN ) No+ Y qaja, (2.53)

g#0

*Nous ne donnons pas ici de démonstration de cette formule, prouveée pour la premiére fois par Jacobi en
1829, Nous renvoyons le lecieur au chapitre XXT du livie de E.T. Whittaker et G.N. Watson A course of modern
analysis, Cambridge University Press (1927).
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2.3.3 Algebre de Virasoro

Nous allons maintenant mettre en évidence une algebre de Virasoro, ce qui permettra de calculer
la charge centrale. Dans le chapitre suivant, nous identifierons la théorie du liquide de Luttinger
avec un certain secteur de la théorie du boson compactifié, qui possede sa propre algebre de
Virasoro. L’identification précise des espaces de Hilbert du liquide de Luttinger et du boson
compactifié fera I'objet du chapitre 3. On définit le tenseur énergie-impuision du probleme de
Luttinger comme étant®

1 = +  _+
Tn.a = 5 Z pk,apn—k,a (254)
k=00
1 .
Tor = §N§+.Zka;§ak (2.55)
k>0
1
Tor = §N§+Zai—ka_k (2.56)
k>0

La raison pour laquelle cet objet est appelé tenseur énergie impulsion est la suivante: si I’on
consideére la théorie du champ bosonique compactifié ou non compactifié¢, on constate que l'objet
défini par (2.54) (2.55) et (2.56) est ’analogue du quantifié canonique du tenseur énergie impul-
sion classique?. Nous désirons calculer le commutateur des tenseurs énergie impulsion. Comme
pour le calcul de ’algébre U(1), il faut traiter avec précaution les termes du vide. Nous com-
mencons par oublier Pexistence de tel termes, que nous traiterons ensuite. En utilisant les
relations de commutation (2.37), nous obtenons aprés quelques lignes de calcul

a
[T‘La’ Tq'la’] = "2":'6&,“1((1 - q’)Tq+q";ﬂ' (25?)
Les termes du vide vont générer une extension centrale de 'algebre (2.57):
a
[Tq,m Tq‘.ﬂ’] = 560‘-‘!’(‘1 - ql)Tq+q’,a + baarAalg, ql)' (2.58)

Nous montrons dans un premier temps que A,(p,q) = Ba(p)dp+s®, et que U'on peut choisir

/Ba(‘i') =a.q+ baqa-
En posant T , = Toa et Ty o = Toa — Aal0,g)/q pour g # 0, on obtient

[ (;,a:Tq,a] = [TO,mqua] = —qTyga + Aa(O,q) = _ch;,a‘ (2-59)

Un changement de base permet donc de se ramener & [Tgq,Togl = —~¢T4a. On peut donc
prendre A,(0,¢) = 0 sans restreindre la généralité du probleme. On applique maintenant
I'identité de Jacobi entre Ty o,Tp o et Ty a:

[TO,O.) [TP,C!J Tq,a]} + [Tp,a: [Tq,a: TU,OL]] + [Tq,ﬂn [TU,Q:: Tp,a]] = 0) (2°60)

3Dans toute cette partie, nous notons = au lieu de ¢ = 2wn/L afin d’alléger les notations.

*Pour une introduction pédagogique sur la théorie bosonique libre de masse nulle, se reporter & l'exposé de L.
Gallot an Groupe de Travail. Les notes seront disponibles sur le serveur Wi de 'ENSLAPP,

®La démonstration se trouve dans le rapport de stage d’E. Billey intitulé Introduction cuz elgébres de dimension
infinie et théories conformes, effectué sous la direction de P. Sorba & 'ENSLAPP (1992).
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ce qui entraine (p + ¢)A.(p,q) = 0 et donc A,(p,q) = Ba(q)bpie. Et comme A,(p,g) =
—4.(q,p), on a fa(g) = —Fa(—¢q). En appliquant une nouvelle fois 'identité de Jacobi entre

T T4 et T, o, on obtient

(9 = 7)bp,—g-rBa(p) + (r — P)bg,—r—pBala) + (P — 7}br —p—gflalr) = 0. (2.61)
En spécialisant au cas p+ ¢ + r = 0, et avec » = 1, on obtient
(g - 1)Balg+1) = (g4 2)Balq) — (2 + 1)Ba(1). (2.62)

Comme Ba{q) = ~fa(~q), 1l suffit de calculer G,(g) pour g positif. L'espace des solutions est
de dimension 2. Comme f.(q) = g et Ba(g) = ¢* sont solutions, F.{¢) a la forme générale
Ba{q) = @aq + bag®, ce qui est bien le résultat anonncé précédemment.

Les coefficients a, et b, sont calculés en évaluant de deux fagons différentes (0] [T 4, T-1 o] |0}
et (0| [T2,a,T-2,a} |0). Pour celd, on remarque que

1 V2 o
TLR = 5 Z p:;api};k'a = 7&2-&2 + Z ‘\/E ]C + lﬂ,;:ﬂ.k_i_l. (263)
k>0 k>1
On en déduit que
(01 [Tl,a:T—l,a} |0) =0= 2<0,T0,R‘0) + (1 + ba =y + bcu (264)
donc as + b, = 0. On remarque également que ‘
1
Ton = Y VEVE+ 20 axyr + V2Ngay + §a§ (2.65)
k>0
1 :
Tar = 3 VkvVE+2a], 05+ V2Ngaf + 5(aq‘)z, (2.66)
k>0
et donc
1 1
(0] T2, Ta]l0) = F(0l(ax) (e VI0) = 5 (267)
= 40|To,rI0) + Br(2) = Br(2). (2.68)

Nous obtenons donc 8g(2) = 1/2. Par le méme procédé, on montre que Sr(2) = —1/2. On
peut donc obtenir les valeurs de a et b: agp = —1/12, ap = 1/12, bg = 1/12 et by, = —1/12. Le
commutateur des tenseurs énergie impulsion vaut donc

1
[Tq,a:Tq’,u] =a ((q - q,)Tq-i-q’,a + E‘I(qz - 1)§q+q’) . (2.69)
En posant L, = T, g et L, = 7", ,, on obtient 1’algébre de Virasoro de charge centrale ¢ = 1:
1
(L0 2y = (4= ) Lgpw + (e~ 1)bye (2.70)
- - - 1
[Lg, Lq’] = (4= 0)lopy + 590" = Dbguy- (2.71)

Le Hamiltfonien (2.52) et l'opérateur d’impulsion (2.53) s’expriment de fagon trés simple sur
cette algebre:
P = LO - Ig. (273)
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2.4 Opérateur d’échelle dans le secteur ¢ = 0, champs de Bose

On cherche 3 construire un opérateur d’échelle U, agissant dans le secteur ¢ = 0 et avec les
propriétés suivantes:

o U, est unitaire.
e {Un, U} =0.

» [, est un opérateur d’échelle, c’est-a-dire Ur|Nr, N} = [Nr+ 1, NL) et Up|Ng,Nz) =
\Nr, Np + 1}.

« Ya,¥g # 0, [Ua,aﬂ — 0 et [Ua,ay] = 0.

En particulier, c;:a se décompose a I’aide de U, et d’opérateurs de bosons. Nous cherchons &
écrire une telle décomposition. Les champs de bose apparaitrons alors naturellement. La forme
la plus simple & laqueile on peut penser est

Ul = zk:c?:'aé (k — a(kp + (2Ng + 1)%)) ) (2.74)

ce qui revient & ajouter un fermion au-dessus de la branche droite ou gauche selon le signe de

a. Pour cet opérateur, [Ua, a;"] # 0. En effet, en utilisant la propriété [pg,a, c:ﬁ} = §a,5c2‘+q’m
nous voyons aisément que (U, pgo] # 0. Afin de trouver un opérateur U, tel que [Ua, a;"] =0,

[«

nous écrivons U sous la forme

L
Ue = 42 / //2 dpeiokrg=il#a(@N® i (p)e=¥ale) (2.75)
—-Lf2

ol on a utilisé (2.23) et on 'on pose
ame
$alz) = _E_Na- (2.76)
Nous cherchons I'opérateur U, sous la forme (2.75), mais avec une expression modifiée pour ¢q,
de telle sorte que [Ua,a,;'] = 0. On suppose de plus que le commutateur ['a,ba(m),aﬂ est un

c-nombre, c’est & dire que ¥,z ) est une combinaison linéaire des modes bosoniques a;' et ag.

Sous cette hypothése, [Ua,aﬂ = ( équivaut &

[#a(2) + ($a(@))F,0F] $i(2) = § [¥d(2),]]. (2.77)
Ce dernier commutateur s’évalue simplement et I'on obtient
Yz
[gbﬂ(m) + ¢5(z ,a;r] Yh(z) = —i (%) e =yt (z) si ¢ > 0 (2.78)
= 0sig<0 (2.79)
[62(2) + ¢1 (), af | ¥E(z) = 0sig>0 (2.80)
1/2
= -1 (%%) e =y (z) si ¢ < 0. (2.81)
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Ces conditions sont bien satisfaites si 'on prend

T , or\1/2 igx
¢r(z) = T Nr- z';) (L—q) e a, (2.82)
T ) oar\Y/? _, .
¢L(E) = —TNL_ZZ (L_q) e a_g. (2.83)
g>0

Notons qu’il est possible d’inverser (2.75) et d’exprimer ¢! . en fonction de 1., ¥+ et U,. C’est
q k,a bl o

le point de départ du calcul du chapitre 4 (relation (4.23)).

2.4.1 Formulation Hamiltonienne en termes de champs de Bose

Le but de cette section est de poursuivre le paralléle avec la théorie du champ bosonique libre,
et d’écrire une formulation Hamiltonienne pour le gaz de Luttinger. Nous introduisons tout
d’abord les variables de phase 8, telles que

U = (—1)5*N=ace, (2.84)

Les signes sont choisis de telle sorte que {Ug, Uz} =0 avec[ER,EL] = 0. Les champs de phase
sont définis par

fa(z) = 0o + pa(z) + qbi(:z:) (2.85)

En exprimant 8,0,(z) en terme d’opérateur de densité, on montre que
27
Oc0a(z) = -fapa(z). (2.86)
D’autre part, on montre également que po(z) et 6,(z) sont canoniquement conjugués:

[0ur(2), pal(2')] = i8a,arfs, (z — =), (2.87)

En utilisant les modes bosoniques (2.40) et (2.41), on montre que

L 1 1
| (pale)? o = = S lalafaq + 3 N2, (2.88)
g#0
Le produit normal des modes bosoniques est défini par : atay := aJay et : aqa;ﬁ = a;',a.q. En

comparant (2.88) avec la forme (2.52) du Hamiltonien, on obtient
o_ VF L 2
7O = EZ/ dz : (8y0a(2))° : . (2.89)
< Jo

A partir de cette formulation, il est possible d’introduire un champ de Bose et son moment
conjugué

¢z) = (0a(z)+0(=)) (2.90)
(=) = prle)+ pu(e) (2.91)
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On vérifie que ¢ et II sont bien canoniquement conjugués: [p(=), I{z")] = 16(z — ¢'), et que le
Hamiltonien s’exprime sous la forme

L/2
vE 2 . 172
HO-—-——/ dr {: (6z0)% <114 2.92
2m JoLj2 a,( (Batp)” : 4 ) ( )
Cette forme du Hamiltonien est identique au Hamiltonien du champ bosonique libre {avec
vp = 1).

2.4.2 Fonctions de corrélations a température nulle de la théorie libre

La fonction de corrélation & deux points sur la branche droite est définie par
iGR(:E, t!w’, t') = 'iGR>($, tlm’, t’) + 1GRe (m, t|m', fr), (2.93)
avec

Gro (ot ) = ([N (e’ — 2)e HEDGO) VIO — 1) (2.99)
iGre(z,tlz, ) = ~(zezfitet). (2.95)

Comme le systéme est invariant par translation spatiale et temporelle, les fonctions de corrélation
ne dépendent que des différences z'—z et t'—¢. Nous notons Gg(z'—z,t'—1) = Grs(z,t|z',t").
On se propose de calculer la fonction de corrélation directement en terrnes de fermions, puis &
l’aide des bosons. Pour mener le calcul sur la base des fermions, il suffit d’utiliser la définition
(2.23) du champ de fermions. On obtient alors

1 ei%(ZNR-l—l)(m‘—th)eika
G%. (z,t) = — . 2.96
B> (1) 2L sin ¥ (z —wvrt) (2.96)

A la limite thermodynamique, |z — vt < L, et I'on obtient

etkpm

Ghs(z,t) = 5 (2.97)

2n (2 — vrt)’

On peut également effectuer le calcul en passant par la base bosonisée. Le resultat en lui-
méme n’est pas trés interessant dans le cas libre, mais la technique pour calculer la fonction de
corrélation & deux points sera identique en présence d’interactions, et ce sera la seule méthode
utilisable. On utilise les relations (2.75), (2.82) et (2.83) que l'on inverse selon

PH(e) = LV e ikregmibi @)y g mitale), (2.98)
La fonction de corrélation s’écrit alors
1 - .
iGhy(z,t) = E’etf(zN"‘“){m“”F'&)e’k” (2.99)
() e, —inp Y veldiefagt 3 (22)'%at
({Na}le g>0\Lg Te g0 VFI%e 20 ol g0\ T q|{NQ})‘

On utilise le fait que
Aetecnat 1IN 1) = e e |V, ) (2.100)
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pour obtenir

iG?D(m,L‘) = %eé%(zNRH)(m“vFﬂeika (2.101)

> (i_z)’ 2 ) exp - (z (%”'-;)/ *") 1A%

g>0

({NaH exp (

En utilisant le fait que efeB = el4BleBed 5i [A, B] est scalaire, on obtient

'LGR-}(:E t) ‘][;ei%(ZNR+1)(m—uFt)eikFu: exp (Z ?L%eiq(m—uFt)) ) (2102)

g>0

On utilise maintenant la relation

+o0 An

Z T = —ln{l-A), (2.103)

pour finalement retrouver 'expression (2.96).

2.5 Solution du liquide de Luttinger sans spin en interaction

Le terme d’interaction (2.29) s’exprime sous forme quadratique en terme des opérateurs de

.
H* = b7 > (94q D Pacliat 820 Pq,aP:{,ma) - (2.104)

g

densite

L’énergie de HY + H! dans le secteur ¢ = 0 vaut

% (’UNN2 + 'UJJ2> ; (2.105)

ol Uy = VF + G40+ G20 €t v7 = vF + gao — ga0. N et J sont les nombres de charge et de courant
donnés par {2.16) et (2.17). Dans les secteur q¢ # 0, le Hamiltonien vaut

5 Z lq] (94q(‘1 Qg+ Gy )+ g2q( -q + aqu —q)) (2.106)
q?éﬂ

Omn utilise une transformation de Bogoliubov pour diagonaliser (2.106):

bt = coshpga} —sinh pga_,. (2.107)

On vérifie aisément que [bq, bq } 64,4~ Le principe de la transformation de Bogolinubov consiste
& inverser (2.107), et a exprimer le Hamiltonien en terme des bosons b, puis & cholsir ¢, de telle

sorie que le Hamiltonien soit diagonal en terme des bosons b. Cette condition s’écrit

tanh 20, = —;}—?—%2_99,—4. (2.108)
q
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Le Hamiltonien du liquide de Luttinger devient alors

1 il 2
H=H"+H'= EZ(wq —ﬂuF]qD-l-qub;’bq-}- 5L (vNN2+UJJ ) ) (2.109)

g#0 q#0

ol

wyg = 1/vh — 93,14l (2.110)
L’énergie de point zéro peut étre éventuellement infinie, ce qui n’est pas source de problemes
car on peut soustraire le terme divergent. Le nouvel état du vide est cherché sous la forme

{Na})s = Aexp{z Aqa;'afq}[{Na}). (2.111)

g>0

Létat [{N4})s est le vide de bosons b: Vg # 0, bl{N,})s = 0. Cette condition fixe Ag:
Aq = tanh 2¢p,. D’autre part, le préfacteur A est déterminé par la condition p{({Na}{Na})p = 1.
On obtient alors

g>0 g>0

[{Nal})p = exp (— Zln cosh goq) exp (Z tanh qoqa;afq) H{Na})- (2.112)

Le préfacteur doit étre non nul, sinon le nouvel espace de Hilbert est réduit & {0}, donc le
traitement exposé ici concerne des interactions telles que 3 .4, soit convergente lorsque
g — +0o. Afin que la limite thermodynamique soit bien définie, on impose que limg_,0 @, =
o < +oo. L'opérateur d’impulsion (2.53) est également diagonal en terme de bosons b:

e
P= (kp + EN) T+ qblh, (2.113)
q#t

On peut modifier expression (2.53) de telle sorte que (2.98) soit encore valable, mais avec des
champs de fermions normal ordonnés en terme de bosons b. Pour cela, on part de (2.82) et
(2.83) et (2.98) exprimés en termes de bosons b, puis on effectue les commutations nécessaires.
Apres ces opérations, on obtient

2w

d}:(m) — L—l/ZEiQkae— Eq>0 (Lq) sinh? queid)i (z) Uaeiq‘)a(m) (2114)
avec l'expression modifiée de ¢o(2):

TE . o \ 2 —igx
dalz) = Of“E“Na +3 Z (m) e " Bobq, (2.118)
g#0
ou B, = 8{ag) cosh p, — 8(—aq)sinh @,
2.5.1 Fonctions de corrélations & température nulle de la théorie en interac-
tion

Le principe du calcul des fonctions de corrélation a déja été exposé lors du calcul des fonctions
de corrélation de la théorie libre. Nous nous contentons de donner le résultat:

iGrs(z,1) = L—lei(kp+ %(2Nﬂ-3-1))me—iz—”E(UN(ZNHHVJ(zJ+1)) (2.116)
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exp —22 (i—w) sinh? goq) exp (Z (%7[) eldmwet) cosh? o,
g0 9 g0 v 9

exp Z (%7[) e~ amtwat) ginh? cpq) .
a0 ~ 4

Nous utilisons cette relation dans le chapitre 4 pour déterminer & quelle condition le liquide de
Luttinger de taille finie peut étre considéré comme un liquide de Fermi.
2.5.2 Fonctions de corrélation a température finie de la théorie en interaction

Le principe du calcul des fonctions de corrélation a température finie est le méme que pour
les fonctions de corrélation & température nulle, sauf qu’il faut effectuer des moyennes sur une
distribution de bosons & température finie. Pour cela, on utilise la relation

(eab"'eo:'b) — eaa'(b+b>. (2117)

Afin de montrer cette égalité, nous notons ¢ = exp (—Aw), et le Hamiltonien vaut A = wb™h,
La fonction de partition est donnée par Z = (1 — g)~* et 'on peut écrire

ab_a'b 13 abt a'b
(ePe®) = = Zq (nle |n) (2.118)
4o n 1
= (1- q)ggq"(aa’)k(;')z (n - k). (2.119)

En permutant les sommes sur k& et n, on obtient

I ¢k (a

(et Z q ) 22 5, (2.120)

oil
—+oo
m+ k)
On montre par récurrence que
k!
S}c = W (2122)

On déduit alors aisément la relation (2.117). En utilisant la relation (2.117) dans le calcul des
fonctions de corrélation, on obtient la fonction de Green i température finie sous la forme

iGhs (2, t) = iGRrs(z, t)e~ 4, (2.123)
oll )
— T 1 —~iwgt 2 1qT : 2 —igx
Alz,t) =) (L—q) prrene L (cosh pqae'?® + sinh” pge ) . (2.124)

g>0
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2.6 Liquide de Luttinger & la limite infrarouge

On suppose que les interactions ont une portée R dans l'espace réel, et 1'on se place dans la
limite o L > R. Dans cette limite, il existe une théorie de basse énergie qui differe de la
théorie libre par une renormalisation des parameétres. Cette démarche est identique & celle de
Landau pour la théorie du liquide de Fermi. Dans le cas du liquide de Fermi, la théorie de
basse énergie est obtenue par renormalisation®. Par analogie au liguide de Fermi, on appelle
liquide de Luttinger la théorie effective. Notons que dans les deux cas, la théorie effective
posséde les mémes symétries que la théorie libre. Pour le liquide de Fermi, la théorie de Landau
est intégrable. Pour le liquide de Luttinger, la théorie effective est invariante conforme. La
différence essentielle entre les deux théories effectives est que la théorie de Landau possede des
quasiparticules, alors que le liquide de Luttinger est un non liquide de Fermi. Nous cherchons
donc le Hamiltonien de basse énergie sous la forme

Hz_l_jmdm(v H(8e0)? : Hupr? 1112 (2.125)
% _le [ T . i . i .

oil v, et v, sont a déterminer. Dans le cas libre, v, = vy = vp. Afin d’identifier v, et vy, nous
exprimons (2.125) en terme des modes bosoniques af et a;. A 'aide de (2.86), nous obtenons

(39)* = 7(pr—pr)’ (2.126)
I’ = (pr+p1)” (2.127)

D’autre part, on montre que

1 L L
/dm {prtpL)? = A (:I:Z E ”_2|7fl| (a;"afq + aqa,.q) + E Zl—:’a;aq +(Nrx NL)z) )
b gq7#0
(2.128)

Le Hamiltonien de basse énergie s’exprime de la fagon suivante, en utilisant (2.128):

1 1 1 T
H = 3(ve—0,) 3 lalofat, + 300 =9,) 2 lalaga—y 5 (vp+0a) 3 lalag g 57 (v T +0a V%),
g#0 g70 g#0
(2.129)

En identifiant {2.106) et (2.105) avec (2.129), on obtient v, = vy et v, = v, ce qui conduit au
Hamiltonien de basse énergie

Hwifmd( : (B0)? -112-) 2.130
= o _szm'vj.(m(p 7 R I (2.130)

On peut également calculer les fonctions de corrélation dans la limite infrarouge. Pour cela, on
suppose que les interactions sont de la forme ¢, = pf(1/R — |q]). Outre les facteurs de phase,
la fonction de corrélation (2.116) contient trois facteurs:

¢ un terme lié & la catastrophe d’orthogonalité 7

2 1/R ¢ —2sinh? p
exp (—2 Z -E-E- sinh? goq) ~ exp (—2 %4 sinh? <p) = (%) . (2.131)

q>0

5La renormalisation du liquide de fermions est exposée dans I’article de revue de R. Shankar Renormalization
group approach to interacting fermions, Rev. Mod. Phys. 66, 129-192 (1954).
"Ce terme est dit & P.W. Anderson, voir Phys, Rev, Lett. 18, 1048 (1967).
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Ce préfacteur est nul a la limite thermodynamique, c’est-a-dire que la fonction de corrélation
est nulle & la limite thermodynamique.

e Un terme lié au produit normal des bosons sur la branche droite:
2 2
21wyt L >°°5h ‘*’( 1 )msh v
27 p—Hwat—gT) 012 ~ o 2 - - 9.132
P (Z Lqe cos (Pq) ( 2um z — vgt+ € o )
g>0
ol vg = /unvy. La prescription € > ( assure la convergence des séries géométriques.
o Un terme lié au produit normal des bosons sur la branche gauche:

2T ilwettqz) L ke 1 sinh? i
exp (Z et i %) - (27«) (m) . (2.133)

g>0

Au total, la fonction de Green dans ia limite infrarouge devient

r 32

1 " R)25mh 7] 1
1) = ——-*FFF | —
GR>(m7 ) 271,8 (27‘_

1 sinh? 7]
. ( , , ) . (2.134)
z — vgt + i€ \(z — vgt + i€)(z + vgt — i€)

Si ¢ # 0, la fonction de corrélation (2.134) reste critique. A l’aide de (2.134), on peut obtenir
le comportement de n{k) & la traversée de la surface de Fermi. En effet,

: +oo ) R 2sinh? & 1 1 sinh? ¢
I (W) ( ) 9.
na(k) = 5 f_m e o7 % 18 \2? 1 62 ’ (2.135)
ot § = —R/27. Ce choix de § assure que n(kr) = 1/2. En utilisant Ia partie principale, on
obtient o
1 1 \®s2 p+oo gin (k — kp)a (R 500 ¢
ky=-—|— —_— | = dz. 2.136
ra(k) 2 (27r) f_m z (m) i ( )

Pour la théorie libre, on retrouve bien ng(k) = #(kr — k). Pour la théorie en interaction, on
pose u = z(k — kp), et 'on obtient qu’au voisinage de la surface de Fermi,

1 .
np(k) -~ 5 o (k - k)b’ e (2.137)

En comparant (2.131) et (2.137), on voit que les mémes échelles d’énergie d’interaction intervi-
ennent dans la catastrophe d’orthogonalité et dans I’absence de surface de Fermi. Nous avons
donc mis en évidence un mécanisme qui brise le caractére liguide de Fermt & une dimension: la
catastrophe d’orthogonalité. Nous verrons dans le chapitre 4 un second mécanisme qui inter-
vient en taille finie et au nivean dynamique: la destruction de la quasiparticule par interférences
destructives.

2.7 Séparation du spin et de la charge

2.7.1 Le modéle

En présence de spin 1/2, il apparait une interaction supplémentaire: I'interaction g;, qui cor-
respond a une diffusion er arriére, avec un transfert d’'impulsion de 'ordre de 2kg. Le vertex
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k-2k --q k
=
L,o

g i
! R,-0

kK’ +2k+q K’

Figure 2.11: Vertex de Vinteraction g;.

correspondant est dessiné sur la figure 2.11. Cette interaction ne s’écrit pas sous forme d’une
interaction densité-densité et n’est donc pas intégrable. Cependant, il est possible de la traiter a
l’aide du poor man scaling®, et de montrer qu’il existe un domaine dans lequel g; est irrelevant.
Nous nous plagons dans ce cas, et nous pouvons donc oublier le terme g; et le modele devient
intégrable. De plus, on ne traite que la branche droite avec des interactions g4. Pour un modele
4 une branche, on peut également utiliser la transformation de bosonisation. Comme dans le
cas & deux branches, on peut montrer la complétude de la base bosonisée. On note py, les
opérateurs de densité pour un spin o. Alors, le terme d’interaction H* s’écrit

TG3a
HY = = > PaePa-o- (2.138)

g>0,0

On a pris une interaction locale. Afin de diagonaliser H° + H*, on passe aux combinaisons de
charge et spin:

. O\ 1/2

Pa Iq) (Pt Pal) (2.139)
. o \1/2

99 = L—q (Pat =~ Pal)- (2.140)

Les combinaisons de charge et spin vérifient [pq, p;}] = [crq, 0;}] = bg,4. Le Hamiltonien devient

T
¥id :UPqu;;pq{-vqua;'Jq-l- E(ﬂpNz—i-v,Jz). (2.141)

q>0 q>0

oli les vitesses de charge et de spin sont données par v, = vp+ge et v, = vp—gaet N = Ni+ N,
J = Ny — N|. Le Hamiltonien est donc diagonal en terme des variables de spin et de charge,
avec des vitesses de propagation différentes pour les deux types d’excitations. De cette propriété
découle I’existence d’une séparation du spin et de la charge. Nous allons illustrer cette propriété

81’application de cette technigue an modeles de fermions unidimensionnels est exposée dans I'articie de revue
de J. Solyom: The Fermi gas model of one-dimensional conductors, Adv. in Physics, 28,201-303 (1979)
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de deux fagons différentes: tout d’abord en calculant la fonction de corrélation & deux points,

puis en étudiant la propagation d'un paquet d’ondes gaussien®.

2.7.2 Fonction de corrélation a deux points
Nous ne reproduisons pas les détails du calcul de la fonction de corrélation puisque nous avons
déja exposé les techniques de calcul. Le résultat est:
Gr>(z,t) = ~i{0,0]eH iy (z)eHiyF(0)]0, 0) (2.142)
1 1
= —e .
2L \/sin (—E—(:c — y,t)) \/sin (Z(z — vot))

A la limite thermodynamique, z < L et v,t,v,t € L, de sorte que la fonction de corrélation &
la limite thermodynamique vaut

t'ka

I . 1 1

Gr>(e,t) = or° ) VT =V /T — st
Ces relations appellent plusieurs remarques. La fonction de corrélation (2.143) posséde deux
singularités: une pour la charge et une pour le spin. Il s’agit bien 13 d’une brisure du car-
actere liguide de Fermi, qui se manifeste au niveau dynamique, pour des temps suffisamment
longs comparés & z/gs. Il convient également de noter qu’il n’apparait pas de catastrophe
d’orthogonalité dans ce systeme a une branche, puisqu’il n’y a pas de rotation de Bogoliubov.
Nous avons donc un troisiéme mécanisme de brisure du liquide de Fermi, qui, tout comme la
catastrophe d’orthogonalité ou la destruction du paquet d’ondes par interférences destructives,
respecte 'intégrabilité.

(2.143)

2.7.3 Propagation d’un paquet d’ondes gaussien

Nous allons maintenant propager un paquet d’ondes gaussien soumis & la séparation du spin et
de la charge. On choisit kr = 0 dans la suite pour simplifier. Dans un premier temps, nous
propageons le paquet d’ondes sans interactions. Ensuite, nous propagerons le paquet d’ondes en
présence d’interactions. A l'instant initial, le paquet d’ondes est constitué de spins T, posséde
une largeur A dans I'espace de Fourler, telle que A » 2xvp/L. Le paquet d’ondes est centré
autour de ky, que I'on suppose trés grand devant 27vp/L, ce qui permet de supposer que le
paquet d’ondes est formé uniquement d’états de type ‘particule’. L’état quantique du paquet
d’ondes & 'instant initial est donc

[1¥o) = (—) 1/4Zexp( (k Akzo) )CIH0,0). (2.144)

k>0

Cet état est normé. Pour propager (2.144), on utilise la représentation de Heisenberg de
l'opérateur CI et, comme la relation de dispersion est linéaire, le paquet d’ondes ne s’étale
pas:

¥1(z,1) = P{(z — vrt). (2.145)

*Pour une étude plus détaillée de Ia séparation du spin et de la charge, nous renvoyons le lecteur a ’article
de J. Voit Charge-spin separation and the spectral properties of Luttinger liquids, Phys. Rev. B 47, 6740-6743
(1993)
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Nous allons maintenant analyser la propagation du paquet d’ondes dans le milieu en interaction.
En utilisant la représentation du champ fermionique 'q[)?'(z) en terme des modes de charge et de
spin, puis en utilisant la représentation de Heisenberg, nous obtenons

2 \/? Lz dy Uekg)? .
|or(t)) = (E) 11/4/—”2 I kZ:e T2a? gTMWeTtL (2.146)
. >0
exp Z ( ) -—i‘!(y—vpt)p:;) exp ( Z ( ) —iQ(y—vat)a-;') UTiO,O)_
q>0 q>0

On désire calculer le recouvrement {z 1 |41(3)). Pour cela, nous écrivons |z T) = qp?”(m)w, 0) et
nous développons 1/)?’ (z) en fonction des modes de charge et de spin. Le recouvrement s’écrit
finalement

o\ 1/2 z1/4¢ L[z dy oy — (0] gz ‘
@1l = (3) ke T (2.147
A L -y L g
T —igly—z—vpt) T —tq(y-a—vsi)
exp E (—) e~9(y===vet) | oyyy Z (-—) e
oo vLe o\l
Les sommations sur q peuvent s’eflectuer explicitement pour obtenir
'A1/2 Lj2 d ) - o 2.2
dr(z,t) = Zwllqe"%%fm ;” emi(ko—E e Frvrte— 535 (2.148)
1 1

(sin Z(y — @ — v,t))"/? (sin T(y — = — wo1))"/?

L’expression (2.148) est une convolution du paquet d’ondes gaussien par la fonction de Green
(2.142). Comme la fonction de Green présente deux singularités intégrables, le paquet d’ondes
se scinde en deux composantes approximativement gaussiennes localisées en z 4 v,t et @ 4 v, 1.

2.8 Liens avec les théories de chaines de spin

Nous présentons deux points communs entre la théorie du liquide de Luttinger et les théories
et chaines de spin'®. Nous montrons tout d’abord que le mécanisme qui déstabilise 'ordre de
Néel 3 une dimension est analogue au phénomeéne de catastrophe d’orthogonalité dans le liquide
de Luttinger sans spin en interaction. D’autre part, nous montrons comment la théorie de la
chaine de spins 1/2 s’exprime en terme de liquide de Luttinger. L’analogie entre les théories
de chaines de spin et la théorie du liquide de Luttinger est que dans le deux cas, les théories
effectives & basse énergie sont critiques bidimensionnelles pour certaines valeurs du spin. Pour
certaines valeurs du spin, les théories de chaines de spin admettent donc une théorie conforme a
la imite infrarouge, mais dont la charge centrale est différente de celle du liquide de Luttinger
(qui vaut 1)1,

1¥Pour une revue sur les chaines de spin, voir I. Affleck, Quantum spin chains and the Haldene gap, J. Phys.
1, 3047-3072 (1989). On peut aussi se reporter au chapitre 4 du livre de E. Fradkin Field theories of condensed
matter, Frontiers in Physics, Addison-Wesley Publishing Compagny (1991).

1 Pour une étude de Ia chaine de spins 1/2 en termes de bosonisation non abélienne, se reporter & I. Affleck,
Critical behaviour of two dimensional systems with continuous symmetries, Phys. Rev. Lett. 55, 1355-1358




2.8. LIENS AVEC LES THEORIES DE CHAINES DE SPIN 41

2.8.1 Ondes de spin

On part d’'un Hamiltonier de Heisenberg pour des spins quantiques antiferromagnétiques lo-
calisés sur un réseau euclidien en dimension d:

1 — — zZ QZ
H=1J )Si,sj = J(Z) (E(Sjsj + 575F) + 8 SJ-) , (2.149)
(i, i

oll les spins obéissent & 'algébre de spin usuelie [S“,Sb] = 3€*°8°, avec §2 = s(s + 1). Dans
la limite semi classique, le spin s est supposé grand et on utilise la représentation en terme de
bosons de Holstein et Primakov. Sur le sous réseau A,

i . ita 1/2
§* = V2sat[1-— (2.150)

25

1/2
ata
St = V2s|1- - a (2.151)
5% = s—a'a, (2.152)
ol [a,aT] = 1 On peut vérifier qu’il s’agit bien d’une algébre de spins. Sur le sous réseau B, on

utilise la représentation

b+b 1/2
8§ = \/2_3(1—2—3) b (2.153)

b+b 1/2
§t = a2t (1 - 2—5) (2.154)
§% = —s+bth, (2.155)

ot [b,b%] = 1 Dans la limite ol s est grand, on utilise les approximations suivantes: sur le sous
réseau A, § ~ /2sat, §T ~ v/2sa et sur le sous réseau B, S ~ 4/2sb et St ~ /2sbT. Le

Hamiltonien & l'ordre s devient

H=17Y —s*+s(axby +afb] + afay + b5y ) - (2.156)
(x.y)

En utilisant les modes de Fourier
2 .
o = 77 e ey, (2.157)
k
le Hamiltonien prend la forme

H=27sd)" (e (boic + af b7y ) + (afax + bfby) ) (2.158)
k

(1985). Pour une généralisation a des spins quelcongues, voir I. Afleck and F.2.M. Haldane, Critical theory of
guantum spin chains, Phys. Rev. B 36, 5281-5300 (1887).
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N
ol

_ 1 k.6
Te = zd;e : (2.159)

Cette forme de Hamiltonien est similaire & (2.106) et se diagonalise par la méme technique. On
pose

ek = coshpay —sinhgpbty (2.160)
dy = coshpyby —sinhggat,. (2.161)
Le Hamiltonien est diagonal en terme de bosons c et d & condition que ¥ = — tanh (2¢y). On
a alors
H=3 w(cfex+ didy) (2.162)
k

ol la relation de dispersion vaut wy = 2Jd(1 — v )*/% La dispersion est relativiste & la limite
infrarouge: wy ~ 2d/2Js|k| si k — 0. 1l n’existe pas de gap & cause de la présence des modes
de Goldstone ¢ et d. Le fondamental est donné par une expression analogue & (2.112):

= 1 +pt
|GS) = 11'{[ (Cosh ‘Pk) exp (%jtanh (pkakb_k) |0). (2.163)

Nous sommes maintenant en mesure de calculer la correction a I’aimantation d’un site du sous
réseau A

(857) = = zkxa;;ak). (2.164)
Pour cela, on établit d’abord que
(ot axe) = tanh? oy ((5fbi) +1) (2.165)
A cause de l'invariance par échange des réseaux A et B (on suppose un nombre pair de sites),
{afax) = (b by), et donc
(AS*) = _% % (1= -1). (2.166)

A une dimension, la correction (AS?) diverge logarithmiquement dans I'infrarouge. A une
dimension, I’état de Néel est instable vis-a-vis des fluctuations quantiques. Cette instabilité est
dde au fait que 1’état fondamental (2.163) contient une infinité de bosons de type a et b. C’est
également la raison pour laquelle la fonction de Green du liquide de Luttinger est nulle a la
limite thermodynamique.

2.8.2 Chaine de spin 1/2

Dans le cas de la chaine de spins 1/2, il est possible d’effectuer une transformation de Jordan-
Wigner qui fermionise la chalne de spins. On appelle kink l'opérateur

n—1
K, = exp (m 3 Sjs;). (2.167)

=1
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On définit alors ¢, = K,So, qui vérifie (¢i)? = (¢} = 0, {5, em} = Smm et {cn,om} =
{c}, et} = 0. Les opérateurs ¢ sont donc de nature fermionique. Le Hamiltonien de Heisenberg

est généralisé au cas d’une anisotropie
H= JZ ( (87851 + ST5H) +v5F 1+1) : (2.168)

En terme des fermions, le Hamiltonien s'écrit

1
H= JZ(C iy + efic) + 'NZ J(nig1 = 3), (2.169)

=1

ou n; = c ¢;. Le terme XY peut étre diagonalisé par transformation de Fourier:

dk
HXy:fﬂwkack, (2170)

oll wg = Jcosk. Le terme d’Ising est alors une interaction pour le gaz de fermions de Jordan-
Wigner. La différence avec le cas du liquide de Luttinger que l'on vient de traiter est l'existence
d’un résean et donc I’apparition de processus umklapp. Apres bosonisation, les interactions
contiennent une interaction courant-courant ainsi qu'un terme de sine-Gordon. On peut montrer
par renormalisation que pour y < 1, 'interaction de sine-Gordon est non relevante et la chaine
de spins est dans le régime XY. Le domaine ¥ < 1 est une ligne de points critiques, avec une
décroissance algébrique des fonctions de corrélation. Si -« > 1,1l se développe un gap et la
chaine se trouve dans le régime d’Ising.







Chapitre 3

Liquide de Luttinger et boson
compactifié

Le but de ce chapitre est d’établir la correspondance entre la théorie du liquide de Luttinger
3 la limite infrarouge et la théorie du champ bosonique compactifié. Dans un premier temps,
nous revenons sur la théorie du gaz de fermions libres avec une relation de dispersion linéaire,
qui n'est autre que la théorie de Dirac bidimensionnelle. Nous analysons dans ]a section 3.1
les symétries classiques et la section 3.2 est dédiée au calcul des fonctions de partition dans
les différents secteurs. Nous calculons ensuite les fonctions de partition du boson compactifié
(section 3.3) puis nous identifions la théorie de Dirac et le boson compactifié a la section 3.4.
I’identification se fait au niveau d’égalités entre fonctions de partition.

3.1 Théorie de Dirac bidimensionnelle classique

3.1.1 Action et formalisme Hamiltonien

Nous décrivons la théorie de Dirac sur un cylindre muni de la métrique ds? = vZdt? —dz? ol z
est périodique modulo L = 27. Nous avons introduit une vitesse de Fermi vp pour les besoins
d'une future identification de la théorie de Dirac & la théorie du gaz de Luttinger. Les matrices

< sont définies par
0 1 0 -1 .
70 = ( 1 0 ) =T, ;yl == ( 1 0 ) = 7,0'2’ (3.1)

qui vérifient {y*,¥*} = 29" avec

= ( é _01 ) = 03, ‘ (3.2)

De méme que pour la théorie de Dirac en dimension 4, 'action vaut

Siy] = f dadt ($1°00% + vedy' 19) , | (3.3)
ol le spineur ¢ vaut
_{ ¥
Y= ( b ) ; (3.4)

45
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et ¥ = ¥pT4° = (v},+4}). Comme pour le liquide de Luttinger, l'indice R désigne la droite
et L la gauche. En introduisant les coordonées du céne de lumiere gt = t*z/vp et Ox =
(8o & vpd1) /2, l'action prend la forme

S[y] = ivF/dm+d:c_ (vho-vr +9i0:91). (3.5)

Les équations du mouvement s’écrivent d_v¢pg = 0 et J42r = 0. Le champ g dépend
uniquement de z, et 17 dépend uniquement de z_, ce qui justifie les notations g et ¥r.
Afin d’écrire une formulation hamiltonienne, nous remarquons que les moments conjugués sont
Igr(z) = if(z) et I{z) = if(z), soit en notation spinorielle I(z) = ip(z)y°. Le Hamil-
tonien vaut alors

"= T:vpfdm (W (2)8cwr(z) - 9 (2)0uvin(=)) (3.6)

Ce n’est autre que le Hamiltonien (2.28) du gaz de Luttinger avec kg = 0.

3.1.2 Symétries
Symétfie globale U(1)

Soient O et O deux observateurs qui décrivent le champ de deux fagons différentes, reliées par
'i,[}o:(mo.t) = eiﬂ'l,lfo(:ﬂo) (37)

avec 2o = zp et f une constante. Les équations du mouvement sont invariantes lors de
cette transformation. Le courant de Noether associé & cette symétrie U(1) vaut J# = ¥y,
et vérifie §,J# = 0. En coordonnées du cone de lumiére, ’équation de conservation 5’écrit
OpJ™ +8.J% =0, avec J* = ¢F by et J~ = ¥}ipr. Le courant conservé associé a la symétrie
globale U(1) correspond donc aux opérateurs de densité (2.38) du liquide de Luttinger (a une
constante multiplicative pres).

Invariance conforme Minkowsklenne

Tout comme le boson libre de masse nulle, le fermion libre de masse nulle posséde 'invariance
conforme. Soit deux observateurs O et Q' qui se déduisent 'un de 'autre par une transforma-
tion conforme Minkowskienne: z}, = fi(z§) et 25, = f_(z5). Les fonctions fy et f_ sont
C'™ bijectives. Comme les champs portent un spin non nul, la transformation conforme des
coordonnées 5’accompagne d’une transformation des champs

¥8(v0) = ¥(z0) (£1(s5)) " (3.8)
Wh(z0) = vhilzor) (f.(25)) """, (3.9)

On peut aisément vérifier que les équations du mouvement sont invariantes. L’invariance con-
forme implique existence d’une infinité de quantités conservées. Une transformation conforme
Minkowskienne infinitésimale s’exprime comme z, = o1 + epy(z4), et les courant conservés
s’écrivent

Terle = Tayl(zy,zo)pp{zs) (3.10)
Jp-lx = Ta(z4,z-)p_(z-), (3'11)
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ol les composantes du tenseur énergie impulsion sont

oL — —
T, = ———0uth — nuL = iy, 00y — N iy, 3.12
i a(ap'l/)) ?10 7?;1 7# 'Zlb r'ql-l ‘y P’gb ( )
A des coefficients multiplicatifs prés, on obtient, en coordonées du céne de lumiere:
Ty = wWidivr (3.13)
T__ = o vy (3.14)
To_ = T_, =0. (3.15)

Comme Too=Toy + T4 +T_4 +T__ =T4 4 + T__, nous avons
Too = i ($5049m + ¥70-vr) (3.16)

et on retrouve donc H = [ Tpodz.

3.1.3 Conditions au bord pour les fermions

Pour prendre une trace sur l’espace des états fermioniques, avec des conditions aux limites
périodiques ou antipériodiques, on est amené a prendre des conditions aux limites antipériodiques
dans la direction temporelle. Or, dés que l'on prend des conditions aux limites différentes de
PP (périodiques dans les deux directions), on est forcé de considérer tous les jeux de conditions
aux limites possibles par transformation modulaire. Nous montrerons que la théorie du boson
libre compactifié a la méme fonction de partition sur le tore que la théorie fermionique, mais a
condition de sommer sur les quatres secteurs de la théorie fermionique.

Pour les conditions aux limites périodiques, ¥q(z + 27) = to(z), et la décomposition en
modes §’écrit

1 =
Yalz) = o= _Z €™t . (3.17)

L'indice « désigne la branche, avec la convention « = 1 = Ret @ = —1 = L. Avec des
conditions aux limites antipériodiques, ¥.(z + 27) = —1f4(z) et la décomposition en modes
s’écrit
1 ] intd)
%(m):E Yo e i (3.18)
TL—=—00

Les modes ¢, , sont les coordonnées du champ au niveau classique. Au niveau quantique, ce sont
les opérateurs de destruction de fermions dans le mode n, analogues des opérateurs introduits
au chapitre 2.

3.2 Quantification canonique de la théorie de Dirac bidimen-
sionelle

3.2.1 Algeébre fermionique, Hamiltonien et opérateur impulsion

Au niveau classique, le coordonnées du champ sont les ¥,(z) et les moments conjugués sont
ipF(z). Les régles de quantification canonique pour les fermions donnent donc les anticommu-
tations fermioniques usuelles

{da(z), Yur(z")} = 0 (3.19)
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{$d(=), 93"} = 0 (3.20)
{$2(2), du(a')} = Gaublz—2'). (3.21)

Les modes sont définis par
Il)ba m e.m'mén oy 3.22

ot n est entier pour des conditions aux limites perlodiques et demi entier pour des conditions
aux limites antipériodiques. Cette définition des opérateurs de champ est identique a (2.23).
En terme de modes, les relations de commutation canoniques s’écrivent

{é"la’ém'a'} = {.n ('R ma'} = 0 (3-23)
{éjl-,ax ém,a'} = §a,a’§n,m- (324)

Le vide est choisi comme dans le chapitre 2: les états sous la surface de Fermi sont remplis et
les états au-dessus de la surface de Fermi sont inoccupés. Cette définition conduisait & un vide
unique car seul le secteur antipériodique était considéré. Cependant, il subsiste une ambiguité
dans le secteur périodique. En effet, dans ce secteur, le vide est quatre fois dégénéré. Sur chaque
branche, on peut choisir de placer électron sur la surface de Fermi (kg = 0) ou choisir de placer
un trou sur la surface de Fermi. Ces 4 vides possibles possédent la méme énergie et la méme
impulsion. Nous devons donc tenir compte de I’existence d’un vide quatre fois dégénéré dans le
secteur périodique.

Afin de symétriser les deux branches, nous notons 5;'; R= é;'; g et I;;: L= é'__"n, 1, de telle sorte
que le Hamiltonien vaut

"= Zn (: BI,RI"J,‘,R T+ 13:,L1;ﬂ,5 :) . (3.25)

La prescription d’ordre normal est la méme que celle du chapitre 2. Nous notons également
Nna = bﬂ abna pour © > 0 et N,m = b,,_ abna pour nn < 0. Avec ces notations, le Hamiltonien
devient

H= R Z |ﬂ'|(Nn,R 4 Nn,L) - 2vp Z . (3.26)
n n>»0

Le facteur 2 provient de I’existence de deux branches droite et gauche. Afin de donner un sens

a la somme
2o (3:27)
>0

nous utilisons la renormalisation ¢, qui permet d’attribuer des valeurs finies & des sommes a
priori divergentes:

bo=Y n=-% (3.28)

n>0
Cija = Z(n + 5) = %. (3.29)

n>0

1Pour une introduction & la renormalisation ¢, se référer au cours de P. Cartier dans From number theory to

physics, M. Waldschmidt, P. Moussa, J.M. Luck, C. Itzykson Ed., Springer-Verlag (198%).
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Le Hamiltonien est maintenant entierement déterminé dans chaque secteur:

Hp R (Z |n|(Nor+ Nnp)+ é) (3.30)

Hy = wp (Z in|(Nng+ Nuz) — 11—2) : (3.31)

L’opérateur impulsion ne dépend pas du choix du schéma de renormalisation et nous retrouvons
Vexpression (2.22)

P =3 |nl(Nngr — Nop)- (3.32)
i
Dans la suite, nous utiliserons les notations
B = N |nifiag+h (3.33)
It = Y |niNE +h, (3.34)

ot h = 0 dans le secteur périodique et h = 1/8 dans le secteur antipériodique, de sorte que

i o= vp (ﬁg‘ iy .1%) (3.35)

P = LB ILL (3.36)
3.2.2 Fonctions de partition A température finie

A partir de maintenant, les quantités auxquelles nous nous intéressons sont différentes de celles
étudiées au chapitre 2. Nous cherchons & évaluer les fonctions de partition

Zp = Tip (e PHret?r) (3.37)
Za = Tra (e FHactPs) (3.38)
dans les secteurs périodigues et antipériodiques respectivement. Nous notons

T = 21_7r (8 +ifvr), (3.39)

et g = exp (2in7), § = exp (—2inT). Avec ces notations, ainsi que (3.33) et (3.34), les fonctions
de partition s’expriment comme

7 = Tr (M sighéar)., (3.40)

On peut effectuer explicitement le calcul des traces dans chaque secteur pour obtenir

2

+oo
Zas = (qg)—I/M H(l+qn+1/2)z (3.41)
n=0
+oo 2
Zpa = Alqg) VPTG + MY (3.42)

n=1
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ot ‘PA’ (fAA’) signifie ‘conditions aux limite (anti)périodiques spatiales et antipériodiques selon
l’axe du temps’. Le préfacteur 4 dans (3.42) provient du fait qu’il existe 4 vides dégénérés dans
le secteur périodique. Afin de prendre des conditions aux limites périodiques dans la direction
temporelle, nous notons ) i n

(—1)F = (= 1) 2 Bl (3.43)

Les fonctions de partition périodiques en temps s’écrivent
2

4o
M-y

n=0

Zpp = Trp ((_1)13‘84&?}’?6%8}3?) = 0. (3.45)

Zap = Trg((~1)FePHacPa) = (gg)=1/* (3.44)

L’égalité (3.45) s’explique par le fait que dans le secteur doublement périodique, a chaque état
qui posséde un fermion sur un des points de la surface de Fermi correspond un état qul me
posséde pas ce fermion. La contribution de ces deux états s’annule lorgue ’on prend la trace.
Nous utilisons maintenant 1'identité du triple produit de Jacobi (2.50) que nous rappelons ici:

+oo + oo ~+o0
Z ynqn2/2 — H(l _ qn) H(l + yqn+1/2)(l + y‘lq”H/z). (3.46)
n=——o0o0 n=1 n=0
En spécialisant (3.46) au cas y = 1, ¥y = ¢'/? et ¥ = —1, nous obtenons respectivement
z ! Jrf | (3.47)
A4 = T3 gz :
() | =
1 +00 L(n_l_i)z 2
Zra = e | 2 0 (3:48)
1 -I_ZO:O 12 2
Zasp = (~1)"gz™"| , (3.49)
()l | =
ou n{q) est la fonction de Dedekind
Lt
()= g% [](1-4"). (3.50)
n=1

3.3 Fonctions de partition du boson compactifié

On cherche a calculer la fonction de partition de la théorie du champ bosonique compactifié.
On appelle R le rayon de compactification, c’est-a-dire que @ et ¢ + 27 R sont identifiés. Nous
travaillons sur le tore Tr = C/T" o T est le résean I' = w1 Z + woZ. L’action sécrit

Se] = 2 /T V|2 (3.51)

~or
Nous considérons le jeu de conditions aux limite [, €], o € = k/N et ¢ = k'/N, définis par les
conditions de monodromie
wlz4+w) = @(z)+27Re (27R) (3.52)
ez +wy) = (z)+2rRe (27 R). (3.53)
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Rappelons que la monodromie compte le nombre de fois que le champ g'enroule antour du cercle
lorsque P'on décrit un c6té du parallélogramme. Nous voulons calculer la fonction de partition

Do = /{‘ ) DipleStl. (3.54)

3.3.1 Instantons

Nous cherchons les solutions instantons avec le choix des conditions aux limites [¢,€¢']. Tout
nombre complexe z s’écrit de maniere unique z = zwy + tws, ol (z,t) € IR2. On note 7 le
parametre modulaire du tore: 7 = wy Jwy. Nous avons alors

R
s = Re (3’—) Relr) 1 (--) (3.55)
wy I m(T)
Im(z/wq) '

t = —L =L 3.56
Im(z) (3.56)
Les instantons sont des solutions classiques, donc des fonctions harmoniques sur le tore avec

des conditions aux limites [¢, €'}, et donc de la forme

wr(z,t) =27R ((n+ €)z + (m + €)1), (3.57)

avec (m,n) € Z*. La solution (3.57) est la seule de monodromie (n+¢, m+-€'). Pour simplifier les
notations, nous introduisons v = 27 R(nte) et w = 2 R(m+€'), de sorte que pi(z,t) = zv+iw.
L’action d’une configuration (3.57) du champ vaut

Steil = & [, (Ve =2 [ (a.0n) (rr) 20, (3.58)
o Dp est une cellule élémentaire du réseau T. On calcule immédiatement
B.pr = 55: ('i'v—i- IT:’(T) - f;((?)v) (3.59)
Bepr = %1— (z‘fv— IT:ET) + f;((?) ) (3.60)
de sorte que
(8:01)(0zp1) = 4|j1|2 ((w ;j;(;)”)z + vz) . (3.61)

Nous pouvons maintenant obtenir l’action d’un instanton de monodromie (n + ¢, m + €) qui

vaut
S[@ernetm] = 2T R2gIm(7) ((n +€)® + (m +e -}i‘zg)(n * E)) ) . (3.62)

3.3.2 Calcul des fonctions de partition

Si ¢ vérifie des conditions aux limites de type [€, €] et si Peynerpm est une solution classique de
monodromie (€ + n, € 4+ m), alors ¢ = ¢ — Peqnel+m 1’2 pas de monodromie. On en déduit que

S[Ws+n,€"+m + qf’] = S[QBI + S[ﬂoe-%-n,e‘-}-m]- (363)
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On en déduit que la fonction de partition se factorise sous la forme

Z[e,e’](g: R) = Zf Z e_Siwﬁ'"'d""mL (364)
(m,n)eZ?

Z¢ contient les contributions des fluctuations sans monodromie et des modes zéro. Nous calcu-
lons maintenant séparément la contribution des instantons et la contribution des fluctuations?.
Nous commengons par la contribution des instantons. L'idée est d’effectuer une sommation de
Poisson pour arranger la contribution des instantons & la fonction de partition. Si f est une
fonction L2 sur IR, on définit sa transformée de Fourier

+o0 . .
(F.F)(y) = /_ dze? ™ f(z). (3.65)
Alors, la formule sommatoire de Poisson s’écrit
+oo +oo
Y. fn)= 3 (Ff)(n). (3.66)
Nous utilisons (3.66) avec
21 R
F(z) = exp (_ I; (Tf)’ (z + ¢ — Re(r)(n + e))z) : (3.67)
On montre aisément que
i Im(T) 1/2 wIm(T) )
— p2in(e'— Re(r)(n+e)Im _ 2
(FAw)=e (—2R2g) exp (- 5707 (3.68)

A Vaide de (3.66), on déduit immédiatement une expression pour la somme sur m dans (3.64),
et finalement la contribution des instantons qui vaut

2
(Im(ﬂr))”z A GRLYGE )
2R%g

s (n+ory-z275) 2_ (3.69)

q
(m,n)cZ?
Les fluctuations sans monodromie dans (3.64) contribuent au préfacteur seulement, et le calcul

est en tout point identique & celui qui est mené dans le cas du champ bosonique libre. Nous
trouvons finalement I'expression de la fonction de partition avec des conditions aux limites [¢, €']:

1 L+ 1.2 122
Z o gRZ — e—szrmE q§Pn+,,m§5Pn+,lm, 3.70
AR = T 2, (510
neZ+te
ol
= nRVG+ (3.71)
Pnm — 7T g 2R\/§ B
Pam = nRVG— (3.72)

2R3’

2Ces calculs sont présentés dans les motes de L. Gallot pour des conditions aux limites périodiques, par
Vintégrale de chemin et par la quantification canonigne. Nous nous concentrons surtout sur la partie ‘instantons’
qui dépend explicitement de € et ¢’. Les fluctuations sans monodromie contribuent seulement au préfacteur qui
est le méme que pour le champ hosonique libre.
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3.4 Théorie de Dirac et boson compactifié

3.4.1 Somme sur les quatre secteurs

La somme des fonctions de partition sur le quatre secteurs est évidemment invariante modulaire.
Nous notons

1
ZDirac = 5 (Zaa + Zap + Zpa+ Zpp). (3.73)

Cette somme vaut explicitement

2
1 m? _me 1
Z.Dirac = T w12 Z qTffT + - q;—(m-i-%)? (374:)
I7(q)] (m, ) € 22 2 meZ

m = m(2)

Cette somme s’écrit également sous la forme
Z.D'i'rac — 4.1_2 Z q%(ﬂ+2m)2_q_é(nw2m)2' (3.75)

(@)} (m,n)E %P :
On en déduit donc que :

ZD'ET'C:C = ZEG,O](}‘) (376)

La théorie de Dirac libre sommée sur le quatres secteurs s'identifie donc avec le boson compactifié
pour un rayon de compactification gR? = 1.
3.4.2 Identification dans le secteur AA

Nous prenons maintenant gR* = 1 puisque c’est le point pour lequel la théorie du boson
compactifié s'identifie & la théorie de Dirac. Les fonctions de partition bosoniques (3.70) valent

1

By = T 3, @CTEIpoE) (3.77)
D) ez
1 m Lty _Lin..2)2
oy T P o (1)rgettE (D) (3.78)
ne (n,m)eZZ?
]. " 1 m
Zug = Ty @ttEgletaEy (3.79)
|"7(Q)E (nm)E?
1 Lipablymy2 Lyl m
21 ) PO GO i EAAE AR it 2 (3.80)

2
P ez

D’autre part, nous séparons Za4 donné par (3.47) en deux termes

S odFgr 4 Y, gy, (3.81)
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Le premier terme de la somme (3.81) se transforme en remarquant que l'application
g: /i /
(k,)vr— (k41 k=1) (3.82)

est une bijection de Z?* sur l'ensemble des couples d’entier {m,7i) tels que m = W(2). La
réciproque de g est donnée par

g !l (m,m) — (m;m,m2m> . (3.83)
En utilisant cette bijection, on transforme le premier terme de (3.81) selon
Z q""ziq;“; = 2 q%(“*'m)gq%(”‘m)z (3.84)
{(m, ) € v/ (m,n)EZ2
m = m(2}
= 3 Gt ElEteT) (3.85)
(m,‘n) € Z?
m= 0(2}
et donc 4 A
- Z quq%_ = - Z[G,O] + ZD,l . (386)
MO (e 72 1 )
m = m(2)
De la méme fagon, on transforme le second terme de (3.81) en utilisant la bijection
h: T — 7P (3.87)
(k) — (k+1,k—1+1) (3.88)
de ZZ? sur I’ensemble des couples (m,m) tels que m % 7(2), et on obtient
m?_m? 1
Y ot =g (Aa - Ay) (3.89)
(m,m) € i
m Z m(2)
En rassemblant les équations (3.81), (3.86) et (3.89)}, on obtient
1

3.4.3 Identification dans les secteurs AP et PA

Par transformation modulaire 7 — 7+1 et 7 — —1/7, on iransporte I'identité (3.90) aux autres
secteurs:

Zap = > (Zpa(l) + Zp (1) + Zp 1y — Zpp (1)) (3.91)

B = B
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3.5 Identification du liquide de Luttinger et du boson com-
pactifié

Nous avons diagonalisé au chapitre 2 le Hamiltonien du liquide de Luttinger en interaction
(relation (2.109)). Nous spécialisons la relation {2.109) au cas ou les interactions sont locales.
En d’autres termes, on se place dans la limite infrarouge et dans le cas oil la taille du systeme
est grande devant la portée des interactions. Le Hamiltonien du liquide de Luttinger vaut alors

- -~ - vs - 1 -
H&Lu“) = ('US - ’UF) (Z n) — 2up Z n}l +vs Z TL(MR'R -+ Mn,L) + I(aNg + EJZ)
nelN ne]N+1§ nelN*

(3.93)
Le premier terme provient de la transformation de Bogoliubov et le second terme vient du pro-
duit normal du Hamiltonien libre. Les opérateurs M, r et M, 1, sont les nombres d’occupation
des orbitales bosoniques. En utilisant les notations du chapitre précédent, nous avons M, g =
b;“bq avec g > 0 et Mn,b = bfqb#q avec ¢ > 0. Damns le dernier terme, o = /vy /vs. En utilisant
les relations (3.28) et (3.29), nous obtenons

& (Lutt F % 1 vs Y 1
B =g (I 18- )+ 2 (ai? 4 277), (3.94)
o
szR = Z ‘J’LM“‘R (395)
nelN
f = S M,y (3.96)
nelN

L’opérateur d’impulsion du liquide de Luttinger en interaction est donné par (2.113) et vaut

I 1 . .
pit) - SN+ 3 n(Mor - M), (3.97)
nElN
La fonction de partitien du liquide de Luttinger vaut alors
Z‘(qrrtf) - Tr, (e_ﬁﬁ'gfdutt)eigﬁibutt)> . (3.98)
En notant )
™= o= (8 +ifus), (3.99)
et ¢ = exp (2i77), nous obtenons
Lu i o\ L(yN2il L
2y = X (@) g et (3.100)
P 2% 2
N = J(2)

Nous écrivons N =n+met J=n—m,oll n = Np et m = Ny, avec les notations du chapitre
2. La fonction de partition se met alors sous la forme

szj;‘“): 1 _ glalet D+ +(Hat D)= Jm +i(a=L)mm (3.101)
LICY it

glalet =)t (Gt Dt i le—Dmm (3 102)
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Apres un peu d’algébre, on obtient

gLutt) _ 1 Z q%(\/a(”%mhal_ﬁ(ﬂ—m)) a%(ﬁ(#)“#&(”“m)) . (3.103)
AA 2
|7?(9)| (m,n)cZ?

Cete fonction de partition peut s’écrire également sous la forme

2 2
o /a+ T L /a—-m
250 = | Y+ )» e G AT
IW(Q)! (n,m)eZ? (nm)€(Z+1/2)x &
m = 0(2) m = 1{2)
1
= 3 (Z{a,o](\/a) + Zp, (Vo) + Zpx y(Va) - Z[%,o](\/a)) : (3.105)

Les spins intervenant dans {3.104) sont de la forme

Apmm = % (n\/a+ %)2 - % (n & — 2—%)2 = nm. (3.106)

Il n’apparait donc pas de statistiques exotiques dans le probléme en interactions.

3.6 Conclusion

Nous avons donc montré une relation précise entre la théorie du liquide de Luttinger et la théorie
du boson compactifié, qui s’identifient au point

gR? = Ja = (”—N)1/4. (3.107)

v

Notons qu’une telle identification a déja été effectuée dans un contexte de chaines de spins®,

mais sans une identification précise des fonctions de partition.

Yoir par exemple le cours de Y. Affleck Field theory methods and guantum critical phenomena dans Les
Houches, Champs, cordes et phénomeénes critiques (1988).
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Article 1

Breakdown of the Fermi Liquid picture in one dimensional
fermion systems:
connection with the energy level statistics’

R. Mélin, B. Dougot and P. Butaud
CRTBT-CNRS, 38042 Grenoble BP 166X cédex France

Using the adiabatic switching of interactions, we establish a condition for the existence of
electronic quasiparticles in a Luttinger liquid. Tt involves a characteristic interaction strength
proportional to the inverse square root of the system length. An investigation of the exact
energy level separation probability distribution shows that this interaction scale also
corresponds to a cross-over from the non interacting behaviour to a rather typical case for
integrable systems, namely an exponential distribution. The level spacing statistics of a spin
1/2, one branch Luttinger model are also analyzed, as well as the level statistics of a two
cotpled chain model.

1J. Phys. I France 4 (1494) 737-756
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The field of strongly correlated electron systems has recently stimulated interesting discus-
sions which are sometimes challenging some more traditional ideas on the many body problem.
For instance, Anderson has proposed that the low energy properties of & two dimensional Hub-
bard model are not properly described by a Fermi liquid theory [1]. In a recent paper [2], he
emphasizes that this question requires a non perturbative treatment, and a careful consideration
of boundary conditions. As a consequence of the difficulty of the problem, a lot of effort has
been recently dedicated to numerical investigations either with Monte Carlo methods or exact
diagonalizations [3]. However, the available sizes remain quite small, and the interpretation of
these results is often delicate. A rather different approach has been proposed [4] recently with
the hope to develop new tools for extracting more information from finite systems studies. These
works have shown that for a large class of low dimensionnal strongly correlated systems, the
energy levels exhibit statistical properties rather well described by random matrix theory. For
instance, a regime of energy level repulsion is clearly seen in most investigated cases, at the ex-
eption of integrable models such as the nearest neighbor or the 1/r? interaction Heisenberg spin
chain. Such a behavior has been extensively discussed in the context of quantum chaos. More
precisely, it has been verified that many time reversal symmetrical classicaly chaotic systems
generate a spectrum in good agreement with the Gaussian Orthogonal ensemble predictions [5].
By contrast, simple integrable systems yield in general uncorrelated energy levels and the usual
exponential distribution for energy level spacings [6]. '

In this paper, we are investigating some possible connections between simple physical prop-
erties of an interacting Fermi system, such as the existence of long lived electronic quasiparticles
and the energy level distribution. Intuitively, if the energy levels of the interacting sysiem keep
a simple one to one correspondence with those of the non interacting system, we expect on
one hand Fermi Liquid Theory to be valid, and on the other hand the statistical properties of
the spectrum to remain qualitatively similar as for the free electron case. The interpretation
of random matrix behaviour is not straightforward. It may simply indicate that a model is
non integrable. For a normal Fermi Liguid, electronic quasiparticle are expected only at low
energies compared to the Fermi energy. Furthermore, already for the particle-hole phase spaces,
interactions induce new collective modes, such as the zero sound, and the idea of a one to one
correspondence with the non interacting gas does not hold for the whole spectrum. Clearly, it
would be very interesting to see if the spectrum of a normal Fermi Liquid exhibits some features
which would distinguish it from a random matrix Hamiltonian. However, this would likely re-
quire an intensive numerical effort (since best candidates would be at least two dimensionnal
systems). For the sake of simplicity, and the motivation of doing analytical calculations, we
have concentrated in this work on a one dimensional model, namely the Luttinger model [7],
which is integrable at any coupling strength. Interestingly, this feature holds for any system
length [8]. Furthermore, it provides a good example of a non-Fermi liquid, which can be viewed
as a non translation invariant fixed point for many interacting systems in one dimension.

This paper is organized as follows. A first part investigates the condition for the existence of
electronic quasiparticles, using the adiabatic generation of eigenstates. An existence condition is
established, from the combined requirement of having a negligeable generation of non adiabatic
components and absence of decay. This criterion is satisfied if the interaction strength is less
than a constant divided by the square root of the system length. As expected, no quasiparticles
are found for an infinite system at any finite value of the interaction parameter. This result is
also rederived from a simple a nalysis of the single particle Green’s function for a finite system.
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The second part is devoted to the study of the level spacing distribution as the interaction is
gradually increased. We show that the typical interaction scale locating the departure from
the highly degenerate non interacting system towards a more generic integrable model with a
Poisson distribution is the same as the previous one. So, for this simple situation, noticeable
change in the energy level distribution is reflected by the disappearance of electronic quasiparti-
cles. Then, the last two sections of this paper are dedicated to variants of this model, namely in
the spin 1/2 case and forward scattering only, for both one and two coupled one dimensionnal
systems. A brief conclusion summarizes our results.

4.1 Adiabatic switching on of interactions

A formal way to generate quasiparticles in an interacting Fermi liquid is to apply the Landau
switching on of interaction procedure, namely to start from a free particle added above the Fermi
sea, and to switch on interactions adiabatically. The corresponding time dependent hamiltonian
is:

H = HO + Vged, (41)

where the interactions term Vg is switched with a rate e

Provided it is successfull, this procedure establishes a one to one correspondance between the
free gas excitations, and the dressed excitations of the Fermi liquid, namely, the quasiparticies.
For a Fermi liquid, the validity condition of this procedure is [9]:

T(Ek) & ¢ L e, (4.2)

where ¢; is the energy of the quasiparticle, with respect to the Fermi surface, and I'(¢) is the
decay rate of the quasiparticle. For & normal Fermi liquid, one can show [9] that I'(e) = €.
At small energies, I'(ex) < €k, so that it is possible to choose a rate ¢ to perform the switching
on procedure.

The aim of this section is to investigate under which conditions the switching on procedure
is valid in a one dimensional Luttinger liquid. We shall henceforth exhibit an inequality similar
to equation (4.2) for the rate € in the case of a Luttinger liquid.

4,1.1 Introduction

We first wish to sum up some results concerning the formalism developped in [8]. This wiil also
permit us to fix the notations, which shall be used in the rest of the paper.

The fermions are on a ring of perimeter [, with periodic boundary conditions, so that the
wave vectors are quantized (k = %*n, with n an integer).

As we treat only low energy properties of & spinless, one dimensional Fermi gas, the curvature
of the dispersion relation may be neglected. The two linear branches in the dispersion relation
emerging from each extremity of the Fermi surface are extended to arbitrary energies. This
linearized model is the Luttinger gas model, which hamiltonian is:

HO = vp Y (pk — kp): CapChp (4.3)

kp
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where vp is the Fermi velocity and p = +1 or —1 labels the branch (right or left). We shall also
use the real space field 4 («) associated to the right (left) free fermions. Furthermore, c;‘p is

the Fourier transform of 4 (=):

Ljz

s PF (2)e*da. (4.4)

c;:p = [71/2
Notice that the sign of the phase factor is not arbitrary, but is chosen such as right moving

fermions with a positive wave vector propagate to the right.
Because of the presence of an infinite number of fermions in the ground state, the density

Pap = Z : CLq,ka.p . (4.5)
k ‘

operators

have anomalous commutation relations (Schwinger terms):

Lpg
[Pap: Pqip] = _gépp’éqq" (4.6)

They may consequently be used to build a set of boson creators af (g # 0}. To handle the real
space bosonic field, one needs to define

TT . 2 i
Bp(a) = py Np— i) 9(?@)(@)””8 ay. (4.7)
g#0

The g = 0 modes correspond to charge and current excitations. Their algebra involves the
unitary ladder operators U, constructed in [8]. They act only in the ¢ = 0 sector, and increase
by one the charge on the p branch. The complete form of the bosonic fields, including the ¢ = 0
modes, is:

9?(3) =bp+ @p(m) + @;’(m), (4'8)

where 9_1, is the phase conjugate to N,.

We shall also use the important relation to pass from a real space boson description to a
real space fermion description:

‘If'"(m) = LTV2gmipkre, o—ifp(z) (4.9)

— Lﬂ1/2e-ipkp-me-i(};(m) Upe—i(ﬁp(m)'
Expressed on this new basis, the free hamiltonian becomes:

T
HO :vFZiq|ajaq+vFE(N§+ N}, {4.10)
g#0
where Ng (Ng) denote the number of right (left) moving fermions added above the vacuum
state. In terms of charge N = Np + Ny and current J = Ng — Ny, variables, the energy of the
charge and current excitations is: vpo(N? + J2).

Note that the action of the boson creation operators and of the ladder operators on the
ground state generates a basis of the Hilbert space. The completeness may be shown [8] by
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comparing the genmerating functions of the degeneracies (ie the finite temperature partitions
functions) for both the free electrons basis and the boson basis. The notation for the kets of

al )
((nqr))l/2 10) (4.11)

q-

the second basis is:

[{Np}, {ngd) = [J(0)" 11

P g70

We now briefly describe the formalism to deal with interactions. The two-particle interac-
tions term is written as:

s
H = I ZVQPQPP"Q_P' (4.12)
Pe )

For simplicity, our treatment does not include interactions between fermions lying on the
same side of the Fermi surface. Only g, interactions are relevant in the physics we shall develop.
One important feature of the interactions V, is that they are cut off for impulsions greater than
the inverse of a length scale R. We shall use the following expression of V, (for ¢ < 1/R):

Vo =VI(1-(gR)%). (4.13)

The intensity of the interactions is parametrized by V', and the shape of V; is parametrized by
&. The bosonized form of the interaction Hamiltonian H? is:
T

Vi
it = YA vp)N? + YA vp)J? + ) aVylagal, + aga_y) (4.14)
q»0

The total hamiltonian is diagonalized by the following Bogoliubov transformation:

b7 = cosh pgaf — sinh pga_g, (4.15)
where the angle @, is defined as:
v
tanh2p, = ——=. (4.16)
vF

The total hamiltonian reads, after the Bogoliubov transformation:

ris

H=Eg+ ) weblb, + 5T

q#0

(vNNz-i-’t}_]Jz). (4.17)

The effect of the interactions is to give a non zero ground state energy:

1
Eg = 5 Z(wq — vpq), (4.18)
q
where
wy = (vg — V) ?al. (4.19)

Interactions also shift the energies of the oscillators from vg|q| to wy. Finally, charge and
current excitations acquire different velocities vy = vge ¥ and vy = vge??. In these relations,
¢ is the infrared Limit of ¢, and the sound velocity vg is related to the infrared limit of the
dispersion relation (4.19):

vs = limg_o(vh — V2)'2 (4.20)
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In the presence of interactions, one needs to normal order the field 1/;;(3,) in terms of b;’
bosons, which leads to the following expression of @,(z) :

$.(z) = p L — 1Y (8(pq) cosh o, — 6{— pg)sinhip,)e9%h,. (4.21)
g70

The fermion field reads, in terms of bosons:

P (z) = LY 2 exp {— Z )(sinh goq)z}e_ipk"'me—"@;’"(“’)Upe—i@?’(m). (4.22)

Q>G

4.1.2 Interaction picture for ¢/zI{N,})

Ast — —o0, the system is made up of a right moving fermion, with an impulsion & added above
a Dirac sea [{N,}), and interactions are vanishing. This section deals with the propagation of
this state, ¢j5{{Np}), as interactions are switched on.

The first step is to decompose the state ¢jz{{Np}} into bosonic modes. The action of ¢} on
the vacuum [{Np}) in the ¢ = 0 sector is simply to increase by one the number of right moving
fermions, by the action of the ladder operator Ug.

To obtain the action of CZR in the g # 0 sectors, we first Fourier transform C;:R into the real
space field ﬁpg(m) for right-moving fermions.

We replace the expression of ¢} (=) in (4.9) by its expression (4.7) in terms of bosonic modes
af. The developpement of the exponential e~*#r(#) leads then to an expression of cjz|{Np})
as a linear combination of bosonic states, with occupation numbers {n,}:

rl{Ne}) = 36 (Z gng — (k — (kp + %(zNR + 1)))) (4.23)
{“q} g>0
= (ZW) D HNR+ LN {ng)). (4.24)

Q>O

The delta function insures that only bosonic states with a total impulsion equal to & — kg —
Z(2Ngr+1) survive in the decomposition. As no interaction couples the two branches, creating
a right-moving fermion does not generate left moving besons,

The second step is to propagate the bosonic wave packet (4.23). Instead of dealing with the
rather complicated superposition (4.23) of bosonic states, we focus on the propagation of a single
term |[{Np}, {ng}). We shall use the bosonized form of the two-body interaction hamiltonian,
and look for a solution of the time dependent Schrédinger equation:

Aeb Aad)nt®) (0,3, (g ialt) (4.25)

The "int” label stands for an interaction picture. The initial conditions are:

{0l {Np}, (1 int() = HNp}, {ng}). (4.26)
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The bosonic states are propagated under the form of a coherent state:

[V, }, (g Pime(t) = N (zq(t))e 4 0nabd TT e 0055950 {1, ), {1, }). (4.27)

g>0
The prefactor N(z) normalizes [{Np}, {ng})int(t):

ﬂg'H-

N{z) =TI (t-1zl?) " - (4.28)

q>0

To determine the time dependent ¢({ng},t) and {z,(t)} functions, we first change z,(t) into
ug(t), with z,(t) = ug(t)e®”r2, and then identify both sides of the Schrodinger equation. We
obtain first order non linear differential equations for {ug(¢)} and ${{ny},t): '

du;()+2wﬁ'quq(t) = qVy(t)(1 — w2(1)) (4.29)
dqx{;q}_’t) = ;D(nﬁl)qu(t)fqu@), (4.30)

We have discarded in equation (4.30) a term depending only on N and J, which leads only
to a global phase factor. Translated in terms of ¢ and z, variables, the initial conditions
(4.26) simply mean that ¢(t) and z,(t) are vanishing as t — —oco. These differential equations
describe the propagation of a single component of the wave packet (4.30). The propagation of
the summation is obtained as a superposition of the different components after propagation:

(ckR|{N Mine(t) = Z é (Z gng — (k — (kr + (2NR + l)))) (4.31)

{rq} g>0

11 \/n—q[( ) " H{NR+1, N}, {ng e (2). (4.32)

g>0

4.1.3 Adiabaticity condition

We are looking for a solution of equation {4.30) which depends only on the variable s = €t, in
the small ¢ limit. It is possible since the external time dependance in equation (4.30) involves
only et. We assume then ug(s) = ul(s)+ eul(s)+ O(e?). Neglecting the O(e?) terms in equation
(4.30) leads to:

Zivpqug(s) = gV(s)(1— u&o)(s)z) (4.33)
du?
d—sq(.s) + 21'7.;Fgu,g1)(s) = —2qVq(s)ugG)(s)ugl)(s), (4.34)

where:

Vo(s) = V0. (4.35)

q
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The purely adiabatic solution u( )( ) is given by:

ug(.s) = V:(‘S)(—'up +\/vE — Vo(s)?) = itanh g (s). (4.36)

Using this solution in equation {4.34) gives the first finite € correction:

W) =gy EFv'q(éa)z)“&‘Ws)- (4.37)
The adiabatic preparation of eigenstates is achieved if |u )!6 & |u ( ) for s = 0, which
leads to: wpe s (635)
2q(vé — Vz) ' '
This condition depends explicitely on q, and is satisfied for any value of q if
€ < 4rvp/ L. (4.39)

Here, we assume a weak coupling, namely |V,| « vp. It should be noticed that this upper
bound on ¢ is a much more restrictive condition than the corresponding upper bound in equation
(4.2) for a Fermi liquid. We interpret this as a consequence of the fact that the quasiparticles
of the Landau theory are not exact eigenstates of the interacting system. They are obtained
in a situation where the thermodynamic Limit is taken first, whereas the generation of exact
eigenstates would require € to go to zero as the typical spacing between energy levels. QOur
criterion {4.39) corresponds to this second situation. This choice has been motivated by the
possibility to construct the exact eigenstates of a Luttinger liquid.

4.1.4 Adiabatic propagation in a Bogoliubov subspace

The aim of this section is to propagate a fermion during the switching on procedure. We
suppose that the condition (4.39) is satisfied, and we now look for a minoration of e. We
first search an approximation for the evolutlon operator in the limit ¢ < S vp. At the order
¢, the evolution operator U.(0, ~00) realizes the Bogoliubov transformatlons of angles {¢]
correspondmg to the rotation of the basis of eigenstates as interactions were switched on from
zero at time ¢ = —oo to {yg} at time ¢t = 0. We shall note U°{0, —o00) the corresponding part
of the evolution operator. U° must have the property that:

UDa;'(UD)*l = cosh tpga;’ — sinh cpga_q. (4.40)
This equality is verified if U° has the following form:
= exp {3 pllofa%, — aga-y)} (4.41)
g>0

To see it, we differentiate each operator U} (U%)™! and U%._o(U%)~! with respect to g and
solve the differential system.

However, at higher orders in ¢, the evolution operator must take into account the phase
factor ¢({n,},t), the evolution of which is given by the equation (4.30). Assuming that the
propagation is adiabatic, we approximate Imu,(2) in (4.30) by Imu(t):

Imuy(t) ~ tanh @) (s = et). (4.42)
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We use the expression (4.35) for V,(t), and integrate the differential equation (4.30) for the
phase factor ¢({ny},1). A constant (infinite) phase factor associated to the propagation of the
ground state is factored out. Thus, we obtain the form of the evolution operator in the adiabatic
limit (at order € for the operator 7% and at order 1/e for the phases):

U.(0,—00) = erxpi{zgniﬁ((pg)z} (4.43)
g>0
. qn vE
= e (X iladat, - spasgbern (00 T (0. (4.44)
g>»0 g>0

In the integrations, we have assumed that the interactions are weak, and the phase factors are
given, at the lowest order in tpg.
Phe rest of this section is devoted to the calculation and the interpretation of the overlap:

F(z - 2') ~ Fz,2") = (N} ¥a(e)0, (0, ~00)¥4(@)UL0, ~0)[{Wp}),  (4.45)

between the dressed fermions ¥} (z)U(0, —o0)|{Np}}, and the bare ones: TE(z"YU7(0, —o0)|{Np}).
To perform it, we use the expression (4.22) of the field for right moving fermions, and the ap-
proximation (4.44) for the evolution operator. The computation is straightforward, and F(z,z')
is the product of three terms:

1) a phase term

N = exp {—i(kp + %(2NR + 1))z — z)}, (4.46)

corresponding to the propagation in the ¢ = 0 sector.
2) A term corresponding to the left moving bosons normal ordering in (4.45):

G, = exp{- Z i—q;(sinh 9%} (4.47)

g>0

3) A term coming from the right moving bosons normal ordering:

2r m_mfwif'_(_"”_g)_z
Gy(z,z") = exp{> 7% al it (4.48)
g>0
The result for the overlap is:
1
F(z,z') = —ENGng(m,m’). (4.49)

The G4 term contains the usual physics of the orthogonality catastrophy [10]. If gog is assumed

ta be constant between g = %’r and ¢ = 1/R, and zero afterwards, and if L > R, G can be
calculated as: I
G = (E)—sinh“ v’ (4.50)

In the weak coupling limit, one can deduce the characteristic interaction scale associated to the

orthogonality catastrophy:
L

Ly
=) (4.51)

Voe. = vr(ln
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To obtain the energy scale associated to the G term, we use the relation (4.13) and approximate

the phase as:
Q’UF(LPS)Z 3 q(VD)Z q(VD)Z o
- - = o + T (gR)*. (4.52)

The first term is linear in g up to the impulsion scale 1/R. The second term is associated to
smaller impuilsion scales. The formers are relevant for a quasiparticle. If % is the impulsion
of the quasiparticle with respect to the Fermi level, the energy scale Ve associated to the
dephasing is given by:

kY en
e Y = 2 4.3
2 (o) = o, (4.53)
that is:
drvpe 1/2
= . 4.54

The switching on procedure shall henceforth be successfull provided the intensity of interactions
V is much smaller than Vgepn(k}, that is:

k 2 k x
M & E. (4‘55)
drup

4.1.5 Conclusions

For the switching on procedure to create a quasiparticle, the conditions (4.39) and (4.55) have
to be simultanecusly satisfied, that is:

kV2(kR)"

4
—p. 4.56
dmug s L vF ( )

This inequality is satisfied if the following consistency condition is fullfilled:

LS S

VS LRy

(4.57)

As we shall see, this condition has a simple interpretation on the spectrum of the Luttinger
model. At this stage, we should again emphasize that the upper bound an ¢ is more restrictive
than in Landau theory. If we use the more usual condition that the spread in energy is smaller
than the average density of the wave packet, equation (4.58) is replaced by:

kV2(kR)™
# & € & kug, (4.58)
drup
and the consistency condition is:
4
v Viyp, 4,
<<((kR)a) v (4.59)

The absence of Landau guasiparticle in the thermodynamic limit is then atributed to orthogo-
nality catastrophy, as indicated by equation (4.51).
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4.1,6 Comparison with the Green’s function

In this section, we calculate the Green’s function for the finite size Luttinger model:

Grlz,t;2',t) = —i{({N}eH ™ p(a)e gk (a) (N 100 — £)  (4.60)
—(z = 2"t e 1)}

and reestablish the consistency condition (4.57). Note that in equation (4.60), [{N,
denotes an cigenstate of the interacting system.

To calculate the Green’s function, we use the expression (4.9) of the field 1% (z) in terms of
the Bose field, and normal order the expression (4.60) of the Green’s function with respect to
the bosonic modes b;’. The computation is straightforward, and the result is:

Grls t:a,t) = %ei(kp+1r/L)(m'—a:)ei%(UN(2N+1)+u;(2J+1))(t'—t) (4.61)

exp (-2 Z smh cpq
q>C|

1exp (Z(L_q) (cosh ‘Pq)z i’ _I)e_i‘*’q(t'~t))

g>0

27 ., . ol ) e (4
EXP(Z(L—q)(smhcpq)ze a( ) g iwg(t t))]

q>0
—[z & 2t = 0 - 1)}

The dispersion in the frequencies leads to decoherence after a time ¢;. (k is the impulsion
of the quasiparticle, with respect to the Fermi level). tx may be estimated in the same way as

we did for Ugepn, and one finds:
2rvp

V2k(kR)>
For a system of size L, the wave packet is stable, provided it can cross the ring without
decoherence:

i = (4.62)

vpty > L, (4.63)
that 1s: o
e Y 2 4.64

Up to some numerical dimensionless constants, this criterium is the same as the consistency
condition (4.57) for the switching on of interactions.
4.2 Level statistics of the interacting Luttinger model

4.2.1 Introduction

We first need to find out a proper sector of the Hilbert space, in which we shall compute the
level statistics. We note Hjy the subspace with given current J and charge N.
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In the free case, the boson basis of Hyy can be organized as follows: consider all the sets of
occupation numbers {nl} such as, for all ¢, ng = 0 or 2 = 0. The corresponding states |[{ny})
are annihilated by any pair destruction operator: aga_,/{n3}} = 0. Starting from |{n]}}, and
creating pairs generates a subspace Hpuirs({ng}). A basis of Hpairs({ng}) is made up of all the
states [{n] 4 p|y}} with arbitrary occupation numbers for the pairs {pg}y»0. Hn is the direct
sum of all the Hpairs({ny}) subspaces.

The subspaces Hpai”({ng}) remain stable under the action of the interaction hamiltonian
H', so that they are appropriate to the study of the levels evolution.

We choose N = J = 0 and drop the energy term associated to {nJ}, since we always handle
differences between consecutives levels. The energy levels are given by:

Yy (4.65)

B({n}) = _ 2vrqny(1 —

2>0

where we use the expression (4.13) for V.

4.2.2 Description of the algorithms

In this section and the next paragraph, we use reduce units for the energies and impulsions: w
is an energy divided by %T’UF and q is an impulsion divided by %’
The degeneracies of the Luttinger model are given by:

= Z §{w — Z'qnq). (4.66)

{nq} g0

Replacing the § function by its integral representation leads to:

Liz (g 1 ,
w) = — — T 4,67
9(w) ./_L/z L ql;IO 1 — ew® ( )

Let g(k)(w) be the number of different sets of occupation numbers, having the property that:

w=_ln. (4.68)
=k

Of course, g(l)(w) = g(w). The integral representation for g(k)(w) reads:

4 ®)w) foz de H emwe (4.69)

L2 L I g

Using the integral representations for g(k)(w), we obtain the following recurences:
¢ * N w Z g (w - v), (4.70)

which aliows us to numerically compute g(w).
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With a similar recursion, we may generate all the states of the free Luttinger model: the
states with an energy w are obtained by adding a boson with an impulsion v on the states with
an energy w — V.

As far as the interacting Luttinger model is concerned, we need to generate all the energy
levels with an energy inferior as a given cut-off wg. Since there are an infinite number of {evels in
the sector under consideration, we need to introduce such a cut-off to compute the statistics. We
shall then compute the statistical properties of this set of levels. If a sufficient number of levels
with an energy inferior as wp has been generated, the statistical properties are independant
on wg. To generate the levels, we remark that the frequencies of the oscillators increase with
their impulsion. So that we successively fill up the individual oscillator levels, starting with the
smallest frequencies.

4.2.3 Level statistics
Degeneracies of the free Luttinger model

Using the recursion relation (4.70), we computed the degeneracies of the first 800 levels of the
free Luttinger model. The asymptotic form of the density of states may be derived in terms
of initial fermions. The partial degeneracies for n-particles n-holes excitations in a one branch

= Y s Y wl) - k). (4.1)

{ki}izl...n ‘[ki}i=l...n 2=l i=1
The sets {k;} ({k'}) are the impulsions of the holes (particles), and are constrained by the
Pauli principle k; # kj (k! # k) for all indices ¢ # j. This sum is approximated by assuming a
constant density of states, neglecting the Pauli exciusion principle, replacing the discrete sum

model are:

by an integral:

() —w1 w—{w) +u.twin_1)
) = f wlf / dwgn(w — (@ + o+ wn))  (4.72)

The multiple integral is readily evaluated and leads to:

2n-1

Z 6w Z GG !)‘2"(% T (4.73)

n=1
For sufficiently large energies, the sum may be approximated by its saddle point value, approx-
imately reached for the following value of n:

n* = \/g (4.74)

23/4
g (LU) ~ (271_)3/'2

The degeneracy evaluated at n = n* is:

1 —77 €XP V. (4.75)

We computed the summation (4.73) in order to test the accuracy of the saddle point approx-
imation, which is plotted on figure 4.1 The exact degeneracies of the Luttinger model reveal
to be inferior as the saddle point asymptotic form, which is imputed to the exclusion principle
(figure 4.1).
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5) 3 3
(log g(w) + 5 log Vi — ZlogQ + - log 27)

1.1 . : l '

Figure 4.1: Degeneracies of the free Luttinger model, compared to the saddle point approxima-
tion.

{log g(w) — 2log2 + 2log2m + 3 log V@}/v/8w is plotted as a function of y/w. This function
equals 1 for the saddle point approximation. In plot (1), g(w) is the exact degeneracies. As
expected, the saddle point approximation overevaluates the degeneracies since it takes into
account particle-hole excitations forbidden by the exclusion principle. In plot (2}, all the terms
of the summation (4.73) are taken into account. The saddle point approximation in (4.73)
underevaluates the degeneracies, and becomes exact at high energies.
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Qualitative structure of the spectrum

The evolution of some energy levels as a function of the interactions is plotted on figure 4.2. In
this spectrum, we distinguish two regions:

1) No level crossings are present at sufficiently small energies and interactions. The free
Luttinger model (V = 0) belongs to this part of the spectrum. In this region, the statistics are
ill defined for they strongly depend on the energy cut off.

2) If E and V are large enough, level crossings occur, and level statistics are Poisson statis-
tics. The convergence of the statistics as a function of the energy cut off eg is shown on figure
4.3. Here, we emphasize that these level crossings occur because the Luttinger model remains
integrable at any value of the coupling constant.

To characterize the separation between these two regions of the spectrum, the location of
the crossings is estimated in the following way: as the intensity of interactions V is equal to
gero, the spectrum is made up of equidistant degenerate levels, separated by an amount of
energy AE = %”'UF. As V is turned om, the degeneracies are lifted. We focus on a single fan
of levels. All the levels are degenerate if V = 0, and their energy is E® = 2vpk, where k is the
total impulsion of the states. For a given value of V, all the levels lie between Enin, and Egq.
Emin is obtained as all the quanta are in the smallest energy state (namely g = 2L—”"uF), so that:

2

V2.,
Bomin = 2uphk(l ~ ——£2)1/2, (4.76)
UF

E, ..z corresponds to a state with one quantum in the highest g = k state:

v,
Emez = 2'UF’I‘:(]- - 3_2_)1/2- (477)
F

As the interaction parameter V increases, the levels evolve and the first crossings occur as the
width of the fan E, .. — F,uin is of order AE. This condition defines the interaction energy
beyond which crossings exist:
T
V* = (e ) Pr. 4.78
Via bosonization, the free Luttinger liquid is described as a set of harmonic oscillators with
commensurable frequencies. As interactions are switched on, the oscillator frequencies vary and
become incommensurable. In [6], Berry and Tabor show that a system with a finite number
of generic harmonic oscillators does not exhibit level clustering. It appears that increasing the
number of oscillators with incommensurable frequencies generates clustering.

Quasi particle destruction and level spacing statistics

The condition (4.78) separates two regions of the spectrum. The same energy scale controls
the existence or the absence of a quasiparticle in a Luttinger liquid, in the sense of adiabatic
continuation of exact eigenstates. We have thus shown that the structure of the spectrum of
the finite size Luttinger liquid is related to the succes or the failure of adiabatic generation of
eigenstates from the non interacting fermion system.
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Figure 4.2: Evolution of some levels as a function of interactions. (g is a linear decreasing
function of ¢, such as @g—0 = 2.5a, and @ >261/2« = 0. @ parametrizes the interaction strenght,
and the energy is in units of 'UF%T. For the plot to be readable, all the levels are not shown.



4.2. LEVEL STATISTICS OF THE INTERACTING LUTTINGER MODEL 73
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Figure 4.3: Evolution of the level spacing statistic as a function of the cut-off eg. @y is a
decreasing linear function, such as w,—g = 0.25 and Pagiz = 0. The statistics converge slowly
to a Poissonian distribution ("expo”). The statistics are plotted for ey equal to 5, 9, 13. The
number of levels taken into account in the statistics is repectively: 4196, 97438, 1048214.
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Limit R =0

Consider the case of the two branch Luttinger liquid with % = 4o, and a constant interaction,
namely, for all ¢, V; = V. In that case, all the bosonic modes keep their coherence whatever the
value of . The deccherence time g, given in (4.62), is infinite. The condition (4.55) associated

to the dephasings is always verified whatever the value of ¢. The only remeaining restriction for
the switching on procedure to be successful is thus:

=oF 4.79
e 5 (4.79)

The level statistics are singular in this limit. The degeneracies of the fan of levels are never
lifted, whatever the intensity of interactions V. The degenerate levels depend on V in the
following way:

E(ing) = " 2upang(1 - (L)1, (4.80)

v
g>0 F

However, we note that the overlapp between the eigenstate thus constructed and the state
obtained from the action of the bare electron operator on the interacting ground state is van-
ishing according to equation (4.50) since R = 0.

4.3 Level spacing statistics for a spin 1/2, one branch Lut-
tinger model.

The rest of the article is devoted to the study of some models derived from the two branch,
spinless Luttinger liquid model. We begin with the one branch Luttinger model, with spin 1/2,
and a g4 interaction. The kinetic energy term is:

o= Z’Up(k —kg): Czo_cka. 5 (4.81)
ko
where the label ¢ denotes the spin component along the z axis. The interaction is given by:

ga
HY =23 paspi—s (4.82)
qff

The usual spin and charge combinations:

rig

cr = (E)I/Z(qu‘*‘qu) (4.83)
T

55 = (L—q)”z(f’qqul), (4.84)

have bosonic commutation relations, and the total hamiltorian H = H® 4 H* is diagonal in
terms of spin and charge variables:

H:'UgZqC;Cq+USZqS;Sq+vF%(NTZ+Nf). (4.85)
g>0 g>0
g4

4 L . —_ 94 i —
The charge and spin velocities are: vp = vp + 5w and vs = vy — 2%,
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The g4 interaction is switched on adiabatically:
ga(t) = gqe®. (4.86)
The evolution operator is:

95

Ue(o: ”OO) = exp {'—"i Z 9 Q(nCQ - TLSQ)}, (487)
e
g>0
where ngq = CFC, and nsy = S S5, The overlap
F(z,z') = ({Np}¥1(2" )00, ~00) ¥ (2)Ue(0, —00)[{ Np}) (4.88)
is found to be equal to: |
1 1

F(z,e') = %ei(%{”ﬁl)*’w)(f‘m’) (4.89)

. 0 . e ’
(1 _ et%(m—-m"—ﬁ;))]_/z (1 _ etgi:(m—mf_l_a;t_ )1/'2

k4]
Spin charge separation is effective if the real space separation is of order a“%, which leads to the
energy scale for spin charge decoupling:

. Ar%e
914 = (4.90)

where k is the impulsion of the quasiparticle with respect to the Fermi surface. The switching
on procedure is sucessful provided g§ < g}. Since the transformation (4.83) is independent on
the interactions, there is no upper limit for the rate of switching on e.

In the same way as for the Luttinger liquid, the sector of the Hilbert space has to remain
stable under the action of the evolution operator {4.87). Since U.(0, —o0) is diagonal in term of
charge and spin variables, the relevant sector has a given impulsion k. This sector corresponds to
a single fan of levels, with no crossings, except for g4 = 0, leading to singular statistics. One may
compute the statistics in the whole Hilbert space, namely to superpose the uncorrelated blocs
with different impulsions. The statistics still remain singular. The degeneracies of some levels
are not lifted for any value of the interaction g4. These singularities correspond to remaining
degeneracies as the impulsions of the charge and spin part are specified independently, and
are reminiscent of the degeneracies of the free Luttinger model. The spectrum exhibits further
singularities at non zero level spacings, due to the linear dependence of the levels in gy: the
statistics do not become poissonian even though uncorrelated sectors are superposed. Note that
many degeneracies, and the singularities at non zero level spacings are expected to disappear
if g4 is not a constant as a function of q. In this more generic case, the Poisson statistics is
expected.

4.4 Level spacing statistics for a model of 2 coupled chains

We now discuss the level statistics for a model of two coupled Luttinger liquids. This model is
solved in [11] and we first remind some results.
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The two chains kinetic energy is given by:
H=wp Y (k= kr): ¢fpyChao {4.91)
koo
where « labels the chain and ¢ the spin. The interactions consist of a g4 term:

2L Z pkmfpka—a'? (492)

koo

and of a hopping term between the {wo chains:

HY =13 ¢f . theao (4.93)
koa
Only the case of two coﬁpled one branch models is treated. This is sufficient since no interaction

couples right and left fermions. Fabrizio and Parola {11] were able to diagonalize the hamiltonian
H = H%+ H*+ HL. The excitation spectrum of the model exhibits four branches:

(q) = upg | (4.94)
e{g) = usq (4.95)
erla) = 2wyt u)g (e — o)) 4422 (4.96)
e(a) = F(uptudg -y (H(up — oo 422 (4.97)

The ground state is such as all the states with a negative energy are occupied, and all the
states with a positive energy are empty. We computed the level statistics for a toy model with
only the e_(g) branch, in a sector of given total impulsion g. We study the evolution of the
statistics as the dimensionaless hopping constant t; = m is fixed, and 44 =
statistics exhibit a cross-over between two regimes as gy decreases This cross- over is controlled
by the same lenght scale £ = —"i as in [11]. ¥ ¢ < 1, the statistics are singular, with a
sharp peak at s = 0. In this reglme the dispersion relation e_(¢) may be approximated as:

(a) = {up + wo)g - 281, (4.98)

The linear g dependance induces high degeneracies in the excitation spectrum, leading to a
sharp peak for zero separation.

In the opposite regime (g€ > 1), the statistics are poissonian. The corresponding spectrum
is plotted on fig. 4.4. In that case, the curvature of the dispersion relation e_{q} is no longer
negligeable, and individual fermion levels car no longer be considered as equidistant.

Notice that the cross-over observed here is similar to the case of the one dimensional, one
branch Luttinger liquid with g-dependant interactions. In both cases, the dispersion relation is
linear as the interaction parameter is set to zero (corresponding to a highly degenerate spec-
trum), and becomes non linear as interactions are switched on (leading to a random spectrum).
This transition is independent of the bosonic or fermionic nature of the particies. In the one
dimensional Luttinger liquid, we dealt with bosons, and the particles under consideration in
the case of the two coupled chains are fermionic.
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Figure 4.4: Level spacing statistics for the model of two coupled chains in the regime g€ > 1.
Only excitations of the lowest energy branch e_(g) are taken into account, and the analysis is
restricted to the 1p—1k and 2p—2h excitations only, for parameters equal to: p = 200, tper = 20,
g = 0.5, with the following notations: p is the total impulsion divided by %’-, tper = Lt and

TUR
g = 2:::;:' 24000 states were generated. The value of the parameter ¢£ is 100.
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Figure 4.5: Level spacing statistics for the model of two coupled chains in the regime g¢ > 1,
with the four excitation branches. Only lp — 1h and 2p — 2k excitations were taken into
account. The parameters are set to: p = 100, tp., = 100, g = 0.5 and g = 50. The number of
computed levels is 42692. Among them, 8293 separations are equal to zero. For visibility, the
level statistics is cut off for separations inferior as 0.05, which supresses the large pic at zero
separations.
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What happens if we now take the four branches into account? In the regime g£ > 1, we
observe a peak for s = 0, coexisting with a poissonian distribution for non zero separations {see
fig. 4.4, where the peak is suppressed for clarity). The peak for s = 0 is due to the degeneracies
in the excitation spectrum, induced by the presence of the two linear branches. An exemple
of such degenerate configurations, with 2 particle hole excitations is as follows: the two holes
have impulsions h; and hg, and belong to the e_ branch. The particles with impulsions p, and
py are on the linear ¢, branch. Consider an other excitation, deduced from the previous one
as follows: the holes have the same impulsions (k] = hq and hj = hz). The impulsions of the
particles are such as p; + p2 = p} + p}. Since all the particles belong to the same linear branch,
these configurations are degenerate.

Thus, the existence of the two regimes g€ > 1 and g < 1in the coupled chains is reflected
in the statistical properties of the spectrum. To summarize, we have studied a special class
of models, since they are integrable for any value of the coupling constant. In general, a non
interacting fermionic quasiparticle can be described as a linear combination of degenerate eigen-
states, which undergo an energy splitting as interactions are switched on. This is responsible
for the decay of such a quasiparticle state, and provides a lower bound for the switching rate ¢,
in the process of adiabatic construction of quasiparticles. The same degeneracy lifting has been
found to modify the energy level spacing distribution, from a singular behaviour for a degener-
ate, non interacting system, to a more generic Poisson distribution already observed in many
integrable systems. We should stress that both aspects are non universal features of the models.
More precisely, they depends on the complete g-dependance of the interaction functions g; and
g4. By contrast, universal properties such as correlation function exponents depend only on
the ¢ = 0 limit of the couplings. We have seen that the vanishing of the quasiparticle residue,
due to orthogonality catastrophy is also such an universal property, independant on the fine
structure of the spectrum and its statistics.

In this paper, we couldn’t address the question of strongly correlated fermion systems leading
to gaussian orthogonal ensemble ((G.0.E.) statistics. However, the present work indicates that
one of the most interesting questions is whether the difference between G.O0.E. or Poisson
distribution is a universal feature of a low-energy fixed point or not. Our paper has been
dedicated to fine tuning phenomenas within an integrable class of models, and the lack of
universality found here is not surprising. Intuitively, the difference between Poisson and G.O.E.
statistics s much more robust and might still be a way to distinguish between several physically
non equivalent fixed points.

R. M. whishes to thank J.C. Anglés d’Auriac for help with programmation, P. Degiovanni
for discussions about bosonisation and acknoledges the hospitality of NEC Research Institute
where part of this job was performed.
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Chapitre 5

Théorie de Landau du liquide de
Fermi

Ce chapitre présente la théorie de Landau du liquide de Fermi. On fait I'hypotheése qu'il ex-
iste des quasiparticules et on cherche alors a en déduire les conséquences pour les grandeurs
observables. Dans le chapitre 6, nous nous attacherons a retrouver le liquide de Fermi & partir
d’une approche microscopigue en utilisant la bosonisation de la surface de Fermi. Pour écrire
ce chapitre, je me suis inspiré du livre de P.W. Anderson!, du livre de Pines et Noziéres?, ainsi
que du livre de J.W. Negele et H. Orland®.

5.1 Notion de quasiparticule

5.1.1 Branchement adiabatique des interactions

La notion centrale de la théorie de Landau du liquide de Fermi (écrite par Landau autour de
1957) est la notion de quasiparticule. Si les interactions au sein d’un systeme de fermions sont
sufisamment faibles, le systéme est dans un état liquide. Si la force des interactions augmente,
il peut se produire une instabilité du liquide vers un état solide, le cross-over se produisant
pour une interaction de Pordre de la vitesse de Fermi, qui sera définie par ia suite. On dira que
les fermions sont dans 1’état gazeux s’ils n’interagissent pas entre eux. Dans l’état gazeux et
3 température nulle, les fermions occupent une mer de Fermi: du fait du principe d’exclusion,
les fermions s’empilent & raison d’un fermion par ensemble de nombres quantiques dans I'état
d’énergie minimale. Avant de définir ce qu’est une quasiparticule, il convient de définir la notion
de particule. On apelle particule un état & une particule occupé au-dessus de la surface de Fermi,
et trouun état & une particule vide au-dessous de la surface de Fermi. La notion de quasiparticule
s'appuie sur ’existence d’une procédure de branchement adiabatique des interactions, a partir
de I’état gazeux. Durant le branchement adiabatique, les états de méme symeétrie sont SUPpPOSES
ne pas se croiser, et restent approximativement dans le méme ordre. On se restreindra donc aux

LP.W. Anderson. Basic notions of condensed matter physics, Frontiers in physics, The Benjamin/Cummings
publishing compagny (1984),

). Pines and P. Nositres, The theory of quantum liguids, vol. I Normal Fermi liguids, Advanced book classics,
Addison-Wesley publishing compagny (1966).

?J. W. Negele and H. Orland Quantum Many particule systems, Frontiers in physics, The Benjamin/Cummings
publishing compagny (1990).
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systemes dits normauz, c'est-a-dire tels que les interactions ne génerent pas d’états liés, comme
c’est le cas pour la théorie BCS de la supraconductivité. La théorie que nous allons décrire
s’applique & *He liquide, au gaz d’électrons dans les métaux et & la matiére nucléaire. D’autre
part, on effectuera la simplification d’oublier le spin, qui n’apportera pas grand chose puisque
Pon exclut a priori les systemes supraconducteurs. L’utilisation d’électrons fictifs sans spin ne
changera qualitativement pas la physique que nous allons décrire. Cependant, nous sommes
conscients du fait que le spin joue un réle crucial pour d’autres modeles de liquides quantiques,
tels que le modeéle de Hubbard, pour lequel le traitement suivant est inadapté. On prend
lexemple de la physique nucléaire afin de donner une illustration expérimentale a la notion de
quasiparticule. Il existe des résonances géantes, visibles dans les sections eflicaces de réactions
lorsque 'on ajoute un nucléon dans une réaction. Ces résonances géantes peuvent s’interpréter
comme le fait que le nucléon s’installe d’abord dans un état de quasiparticule, qui n’est pas
un état propre exact du systéme. Au cours du temps, cet état décroit dans quelques dizaines
ou quelques centaines d'états propres exacts du systeme. Une quasiparticule ne correspond
donc pas & un état propre exact du systeme. Cependant, sur une échelle de temps courte
par rapport & la durée de vie de la quasiparticule, on peu! considérer que la gquasiparticule
remplit un état & une particule. Sur le plan théorique, on définit® une quasiparticule par
une expérience de pensée qui consiste 4 partir du gaz au temps t = —oo et & brancher les
interactions avec un temps de branchement de ordre de 1/¢. Les informations expérimentales
gue nous avons données auparavant sur les état de type ‘quasiparticule’ dans la matiere nucléaire
permettent d’imposer des conditions sur le taux du branchement des interactions . La premiére
condition sur le taux de branchement est que la résolution en énergie permise par la procédure
de branchement des interactions soit petite comparée & I'énergie des états propres. Si l'on veut
propager adiabatiquement une excitation du gaz d’énergie ¢, il faut que 1/e 3> 1/¢g, soit encore
¢ € €. La seconde condition que doit vérifler le taux de branchement est que le temps sur
lequel les interactions sont branchées soit petit comparé a la durée de vie de la quasiparticule,
sans quoi la quasiparticule s’est décomposée sur les états propres exacts du systéme avant méme
la fin du branchement des interactions. 8i 'on désigne par 7 la durée de vie de la quasiparticule,
Ie taux de branchement doit étre tel que ¢ » 1/7. Les deux conditions énoncées ci-dessus se
resument en

1
- & € & €. {5.1)
Un liquide quantique est descriptible par la théorie de Landau & condition gu’il existe un taux

de branchement satisfaisant (5.1), ¢’est-a-dire a condition que la condition de compatibilité

i

— 5.2

- < € ( )
soit bien vérifiée.

5.1.2 Regle d’or pour le liquide de Fermi en dimension d > 1

On se propose de montrer & l'aide de la regle d’or de Fermi que la condition de compatibilité
1/7 < € est bien satisfaite pour le liquide de Fermi en dimension d > 1. Pour ce faire, on
doit évaluer le temps de vie de I’état constitué d’une particule d’impulsion initiale k habillée
par les interactions. L'effet des interactions entre la particule et ia mer de Fermi est de créer

Yen suivant les idées de Landan,
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K’+q

k,

Figure 5.1: Diagramme de Feynman symbolisant I’habillage d’un fermion d’impulsion k par une
paire particule-trou. L’état intermédiaire est constitué par deux fermions d’impulsions k — q et
k' + ¢, ainsi que d'un trou d’impulsion k’.

des paires particule-trou. A Pordre le plus bas en interaction, on considere uniquement le
processus d’excitation d’une seule paire particule-trou, c’est-a-dire I’habillage du fermion initial
d’impulsion k par une paire particule-trou. L’état habillé correspond a ume quasiparticule
simplifiée. L’état intermédiaire sera constitué de deux particules d’impulsions k — q et k' + q,
oli q désigne le transfert d’impulsion. Ce processus est schématisé sur le diagramme de Feynman
de la figure 5.1. Par convention, une fidche vers la droite symbolise une particule et une fleche
vers la gauche un trou. La variation en énergie due & la présence de la paire particule-trou
s'obtient au second ordre de la théorie des perturbations comme

AE = qudk' V{a)" _ (5.3)
€k—q 't €kiyq — €k — € — W

Dans cette expression, k' est en-dessous du niveau de Fermi, k' + q et k — g sont au-dessus

du niveaun de Fermi. Le signe de la petite partie imaginaire au dénominateur est choisi de telle

sorte que la partie imaginaire de AF, qui s’interpréte comme l'inverse du temps de vie de I'état

intermédiaire, soit positive. On déduit de (5.3) le temps de vie 7 de I’état & trois corps

% - f dqdk'|V(q)[*Tm ( ! ) | (5.4)

€k_q + €krsq — €k — €k’ — in

Comme ) 1
11?1_% P = PE —ré(z), (5.5)
on obtient )
Z=m f dqdk'8(ex_q + exrrq — €k — )|V (@) (5.6)

L’intégrale double correspond & l'espace des phases du diagramme de la figure 5.1, que l'on va
maintenant évaluer grossierement. La premiére approximation consiste a supposer que V(q) est
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une constante V indépendante de g, ce qui revient & choisir des interactions locales. A cause
de la contrainte imposée par la fonction 6 de Dirac

ek — 1= {exq = ) (g — #) — (e — p), (5.7)

et comme les énergies e — g, €x_q — M, €kr1q — M et — €+, sont positives, les energies e g — 4,
€x'+q — M €t —€ + p sont dans D'intervalle {0, €x), ce qui permet d’évaluer simplement 'espace
de phases de l'intégrale (5.6) et d’obtenir I'approximation suivante pour l'inverse du temps de

vie de la quasiparticule
1

2772
=~ e — @)V (5.8)
-
Cependant, cette expression n'est pas homogéne. Afin de ’homogénéiser, il faut diviser par la
puissance troisiéme d’une énergie. On choisit de normaliser par rapport & I’énergie de Fermi
€7. Finalement, on peut majorer 'interaction V par I'énergie de Fermi, qui n’est autre que la

condition a laguelle le systéme reste liquide. On obtient done la minoration suivante du temps
de vie de ’état & trois corps qui représente une quasiparticule a ’ordre le plus bas en interaction:

1 < (_E’S____'“_)_z_ (5.9)
T €f

Comume, par définition du potentiel chimique, ¢ — p — 0 si |k| — ky, la condition de compati-
bilité (5.2) est automatiquement vérifiée pour des quasiparticules au voisinage de la surface de
Fermi en dimension supérieure a 1. En dimension 1, cette condition n’est pas vérifiée, ce qui
prouve que le liquide quantique de dimension 1 n’est pas un liquide de Fermi. Dans ce cas,
on obtient un Lquide de Luttinger, que 'on se propose d’étudier dans un chapitre ultérieur. Il
s’avere que dans le domaine perturbatif, le liquide de Luttinger sur un anneau de taille finie est
un liquide de Fermi sous réserve qu’une condition de compatibilité analogue a (5.2) soit vérifiée.
On démontrera cette relation au chapitre 4, en étudiant la propagation adiabatique des états
dans le liquide de Luttinger.

5.1.3 Paramétrisation des interactions dans la théorie de Landan

Dans le reste de ce chapitre, on note € l’énergie des fermions libres, comptée par rapport
au niveau de Fermi. L’énergie d’interaction entre les quasiparticules k et k' est motée fy y.
Une configuration de quasiparticules est notée {ény }, ou dny = +1 pour une guasiparticule et
dn = —1 pour un quasitrou, c’est-a-dire que

157?.k = Ty — nﬂ, (510)

ng = (s — ) (5.11)

a température nulle, 1 désignant le potentiel chimique. L’énergie d'une configuration de quasi-
particules s’écrit (I’énergie du fondamental étant choisie nulle):

1
dF = ? epdny + o\ }g{ Sy bnygdny:. (5.12)
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L’énergie d'une quasiparticule d’impulsion k renormalisée par la présence des autres guasipar-
ticules est notée & et vaut

&F 1
= — = - .'6 i .
&= =&ty % Fi ke Om (5.13)

La dérivée seconde de I’énergie donne l'interaction entre quasiparticules

6*E

Snybny:’ (5.14)

%ffk,k' =
ce qui montre que les parametres des interactions fi ks sont symétriques: fi o = fxr k. Comme
on ne s’'interesse qu'a des excitations particule-trou localisées au voisinage de la surface de Fermi,
k et k' sont localisés sur la surface de Fermi, et, pour un systéme invariant par translation, fy ks
ne dépend que de I’angle # entre k et k/. On peut donc développer les parametres de Landau
fixr sur la base des polynémes de Legendre:

4 oo
fx = 3 fiPi(cos ). (5.15)
=0

En utilisant la relation d’orthogonalité des polynémes de Legendre

i 1
# / Pi(cos 8)Py(cos 8)d(cos ) = &1, (5.186)
-1

la relation (56.15) s’inverse selon

!
£ = g—ii—l/dﬂﬂ(cos 0) ficer- (5.17)

En pratique, on se contente des premiers coeflicients, ce qui donne seulement un petit nombre
de parametres phénoménologiques a la théorie. Comme on le verra par la suite, on peut relier
les premiers coefficients f; & des quantités accessibles expérimentalement. Ainsi, f; est relié ala
masse effective, et accessible via une mesure de chaleur spécifique; fy est relié a la compressibilité
du systéme,

5.2 Propriétés d’équilibre du liquide de Fermi normal

Un des paramétres important de la théorie est la masse effective M*, définie en terme de vitesse
de groupe a la surface de Fermi

dep, k¢
Vi = = T (5.18)
et de méme,
Vi = Vieg = (5.19)

M*

Comme on va le voir, la masse effective M* est reliée a la chaleur spécifique du liquide de Fermi.
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5.2.1 Chaleur spécifique du liquide de fermi

La distribution de quasiparticules & température non nulle obéit a la statistique de Fermi-Dirac,
dont la fonction de distribution est donnée par

n(T) = [1+ exp Bl — )] (5.20)

f est défini par § = 1/kgT, oit kp est la constante de Boltzmann. A température nulle, les
équations (5.10), (5.11),(5.12) et {5.20) forment un systeme d’équations auto-cohérentes. Cepen-
dant, afin de calculer la chaleur spécifique, il n’est pas nécessaire de résoudre ce systéme com-
pliqué & condition que I'on ne s’intéresse qu’au comportement dominant a basses températures.
En effet, le terme proportionnel & §ny dans (5.12) donne une contribution & I’énergie propor-
tionnelle 3 T? et donc une chaleur spécifique linéaire, alors que le terme d’interactions entre
quasiparticules de (5.12) contribue & des ordres supérieurs & la chaleur spécifique. La chaleur
spécifique a 'ordre linéaire en T' est indépendante des parametres fy ks, et le calcul se méne de
la fagon suivante. Tout d’abord, 'énergie s’écrit

§E = ) exbny (5.21)
k
= > wlk|(ny(T) - 13+ > wslk|nj(T) (5.22)
kv|k|<kf ,lkl)k,

On veut maintenant transformer les sommations sur k en des intégrales sur I’énergie. Pour cela,

on utilise
S Ak = [dEY s — E)I(E). (5.23)
k k

Dans cette expression, la somme

> é(ex — E - p) (5.24)
k

compte le nombre d’états d’énergie E par rapport a I'énergie de Fermi. Cette quantité est
continue a la traversée de la surface de Fermi dans les systémes qui nous interessent, et 'on
fait I’approximation qu’elle est constante au voisinage de la surface de Fermi. On note N(0) la
densité d’états par rapport au niveau de Fermi:

N(0)= Zﬁ(ek ). (5.25)

En utilisant (5.18), la densité d’états au niveau de Fermi s’exprime selon

Mk
a2

N(0)= ﬁfﬁlﬂkzdkﬁ(w(k ~ k) = (5.26)

En utilisant la densité d’états au niveau de Fermi, on peut transformer les sommations (5.22)
en utilisant

%%:f(k) - N(O)/dEf(E), (5.27)

ce qui donne

o +oo E Feo %
— = 2N — dFE = 2 zf —au. .
|4 (0) fo 1+ expfSE B =2N(0)k5T o l4exp udu (5.28)
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En utilisant le résultat

oo e 72
/r:. l+4expu 12 (5.29)
on obtient e .
T
— = — N(0)k5T?. 5.30
7 = TN Ok (5.30)
La chaleur spécifique est reliée & I’énergie par la définition
1 /36K
_ 1 5.
ey v ( 3T )V, ( 31)
ce gui permet d’obtenir
2 1
ey = %N(D)k%T = SMkgk3T. (5.32)

Une mesure de chaleur spécifique & l'ordre linéaire en 7' donne donc acceés & la masse effective
M*. Pour *He, le rapport M*/M vaut environ 3  pression nulle. Pour les composés a fermions
lourds, tels que Ce Cug Sig, U Pt3, Uy Zny7 et Ce Aly, M*/M vaut environ 102 & 103,

5.2.2 Compressibilité et vitesse du son

Ta compressibilité x d'un fluide est définie par

1 aP opP

= VI = g 5.33

< AT (5.33)
onl p= N/V est la densité. La vitesse du son c dans le fluide est reliée & la compressibilité par
la relation usuelle

. 1P 1
T M B8p  Mpx
On cherche maintenant & exprimer la compressibilité en fonction des parametres de la théorie de

Landau. Pour celd, on remarque que l'énergie libre est extensive, et qu’elle peut par conséquent
s'exprimer sous la forme

(5.34)

F(T,V,N)=Vf(T,p), (5.35)
oil f est énergie libre par unité de volume. La compressibilité se réexprime en fonction de f
selon
1
~ =y 2 4r,0) (5.36)
On peut aussi exprimer la compressibilité a I’aide du potentiel chimique
oF g
= — = —Ff{T, p). .
b=a5 = g,/ 0e) (5.37)
La compressibilité devient alors
1. o (5.38)
X 4 dp '

Afin de calculer 8u/8p, on remarque que u = &, ol € est la fonctionelle (5.13) de ény, et on

abtient
Brfnk, ak}f

dp

O _ 66’“’ Z Flke, K

5 (5.39)
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En utilisant le fait que p = k7/6%°, on obtient dks/dp = 27%/k%. D’autre part, dény/dks =
6(|k| — k¢). En utilisant en outre {5.18), 'expression (5.39) se transforme en

u o2 27r2f dk'’ ] ;
£ = o | o= flkg, KNE(JK'T — K 5.40
= aw ] e ke KK k) (5.0)
27? 1
= — | d . 41
M*kf+47r_/ 25(%) (5.41)
La compressibilité s’exprime donc comme
1 pkj
— = 14+ F 5.42
| . 1) (5.42)
ol les coeflicients F; sont définis par
keM*
F = ;wz fi= NS (5.43)

Connaissant la masse effective M* par une mesure de la chaleur spécifique, on obtient Fy par
une mesure de compressibilité. La relation (5.42) indique que le liquide de Fermi est stable a

condition que
Fy > -1 (5.44)

Nous verrons ultérieurement qu’il existe une condition de stabilité analogue a (5.44) pour tous
les coefficients Fj.

5.3 Théorie cinétique du gaz de quasiparticules

Jusqu’a présent, la distribution nj ¢était indépendante de l'espace et du temps. On applique
maintenant au syteme une petite perturbation dépendant de l'espace et du temps, et l'on
suppose que le systéme répond i cette perturbation de facon linéaire. On est donc amené i
introduire une fonction de distribution ny(x,t) dépendant de ’espace et du temps. Le principe
d’incertitude n’est pas violé sil'on se restreint & des phénomeénes macroscopiques. Ayant supposé
une réponse linéaire du systéme, chaque mode de Fourier peut &tre traité séparément. Il suffit
donc de considérer un mode de Fourier particulier.

n(x,t) = np + 5nk(q,w)ei(q‘x_‘”t). (5.45)

Le principe d’incertitude de Heisenberg donne lieu a une incertitude en impulsion de 'ordre
de hq et une incertitude en énergie de l'ordre de Rw. Cette incertitude est & comparer avec
[’échelle de variation de n{f( a la température T, qui vaut kgT. On déduit donc que la relation
(5.45) 2 un sens a condition que

hquy < kT {5.46)
hw <« kgT (5.47)

Sous ces hypotheses, I’énergie est une fonctionelle de ény(x,t). La forme la plus générale du
développement a l'ordre 2 de 'énergie en fonction de dny (x,t) est

§E = Zk:deE(k=X)5nk(X)+ % > _//dXdX'f(ank'x’)ffnk(X)Mkf(X') (5.48)

k. k!
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On simplifie (5.48) en faisant plusieurs hypotheses. Tout d’abord, le systeme est invariant par
translation, donc f(kx, k'x') ne dépend que de la différence x—x'. D’autre part, on ne s’interesse
qu’s des forces & courte portée, ne jouant que sur des distances de l'ordre de la taille atomique
(c’est effectivement le cas pour *He). Comme la perturbation est macroscopique, dny(x) varie
sur des échelles macroscopiques, et est donc constant a I’échelle des interactions. On peut donc
remplacer dans (5.48) ény(x’) par ény(x).Ces simplifications conduisent & la forme suivante de
'énergie

§E = f §E(x) (5.49)

SE(x) = D ebny(x)+ -2%7 Y Fowe b (X)8mye (x), (5.50)
k k k!

fix = f dx' f(kx, k'x').  (5.51)

A cause des interactions & courte portée, les relations définissant les interactions sont locales.
On est maintenant en mesure d’écrire I’égquation de transport des quasiparticules. Selon (5.50},
Dénergie d’excitation locale d’une quasiparticule est égale &

'e'k(x) = e, + %—- Z fk‘k;6nkf(x). (552)
kf

Landau a considéré un gaz de quasiparticules indépendantes, décrites par un Hamiltonien clas-
sique &(x). On va donc s’attacher & écrire une théorie cinétique du gaz de quasiparticules.
L’écoulement des quasiparticules dans I'espace des phases (x,k) est soumis tout d’abord a un
entrainement V& dii a la vitesse de la quasiparticule, et également i une force de diffusion
—Vx&, qui pousse les quasiparticules vers les régions d’énergie minimale. L’équation de trans-
port, en I’absence de collisions, traduit la conservation des quasiparticules sous ces deux actions.
Soit 6N (x,k,?) le nombre de quasiparticules autour du point de coordonnées (x,k), dans un
élément de volume (6x, 6k). Alors,

SN(x,k,t) = 6N(x + V&t k — Vxebt,t + 6t) (5.53)

3 cause de la conservation du nombre de quasiparticules lors de I’écoulement dans I’espace des
phases. En développant 'équation (5.53) sous la forme

Vb N . Vyédt — VAN V&bt + 06Nt =0, (5.54)
et en utilisant v
on obtient
dny .
a1 + V- V&g — Vieng-Vxeg = 0. (5.56)

| L'équation (5.56) contient ny qui est la fonction de distribution totale. Il faut extraire de (5.56)
une équation de transport pour les quasiparticules excitées uniquement. En utilisant (5.45), on
obtient

Adny(x,1t)

C200) 4 vy Vb, 1) - %an]o( Y fiexe Vb (%,2) = 0, (5.57)

kt
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ol 'on a utilisé

Ving = —vib(ex — u), (5.58)
et ol P'on ne s’interesse qu’a des excitations proches de la surface de Fermi. Les deux premiers
termes de (5.57) décrivent l'écoulement dans ’espace des phases de quasiparticules totalement
indépendantes. Le dernier terme est di aux interactions et correspond a I'écoulement de quasi-
particules drainées par I'inhomogénéité de la distribution d’excitations. On peut réexprimer
(5.57) & P'aide de la différence 67 entre la distribution de quasiparticules et la distribution de
quasiparticules & 1’équilibre local

T = (& — i) = 0(p — &) (5.59)
i température nulle. On a la relation suivante entre dmy et fny:
67 = np —n'(& @) (5.60)
= g —n(e — ) + (n (e — p) — 2" (& — 1)) (5.61)
an (e —
PR LG Sl D VY (5.62)
Oex
En utilisant (5.13), on obtient
1 Ong (e — p)
Ty = -——— Wbny 5.63
8Ty = fny v Ber ;fk,k Tk ( )
A température nulle,
Ony (e — 1)
Il (e - ), (5.64)
€k
ce qui permet d’écrire la relation (5.63) sous la forme
_ 1
6Ty = dny + v ka’klﬂsnklfs(ﬁk — 1) (5.65)
k.l

En comparant les expressions (5.57) et (5.65), on voit que I’équation cinétique peut s’écrire sous
la forme compacte

%(x, £) + vi. Vb (x, 1) = 0, (5.66)
qui contient la dérivée temporelle de ény et la dérivée spatiale de §7y. Les dérivées spatiales
correspondent a une diffusion, proportionelle au gradient de I'écart de la distribution par rapport
a ’équilibre local. Jusqu’a présent, on n’a pas tenu compte des collisions entre quasiparticules,
similaires aux collisions de la théorie cinétique des gaz usuels. On associe & ces collisions une
fréquence de collision ». Comme les collisions sont inhibées par le principe de Pauli, v est
petit & basse température. Les collisions n’interviennent donc qu’a basse fréquence w < v pour
les phénomenes de viscosité, conduction thermique, etc. L'effet des collisions est alors pris en
compte par une intégrale de collision I{ény) qui mesure le taux de changement de ény di aux
collisions. L’équation de transport en présence de collisions s’ecrit donc

Bﬁnk
gt

Cette équation associée & 'expression (5.65) de émy, forme un systeme d’équations intégrales

-+ Vk.vxéﬁk = I(ﬁnk) (567)

pour ény.
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5.4 Expression des courants

On note J(x,t) la densité de courant de particules & l'instant ¢ au point x. On pourrait étre
tenté de donner l'expression suivante pout J(x,t)

I(x,1) =) vibny, (5.68)
k

dans laquelle chaque quasiparticule porte un courant vy Cette forme de la densité de courant
de quasiparticules est fausse car une quasiparticule entraine le milien avec elle 4 cause des
interactions. Il faut partir de Péquation de conservation de la matiére

dp :
— =10 .69
VJ + B , (5.69)
dans laquelle on peut écrire
Sp(x,t) = Z dny(x, ). (5.70)
k

Afin d’écrire Péquation (5.69), on somme sur k P’équation de transport (5.67), et 'on utilise le
fait que

> I(6my) =0 (5.71)
k

pour obtenir ’équation de conservation de la matiere

aép _
_5.t_ + VX Zk:vkénk = 0’ (572)

ce qui permet d’identifier la densité de courant de particules

I(x,t) = > vibiiy. (5.73)
k

Au lieu de 6ny, il faut donc utiliser la différence 67y entre la fonction de distribution et la
fonction de distribution a l’équilibre local.

L’équation de conservation de I'impulsion s’obtient en multipliant I’équation de transport
(5.67) par kg, en sommant sur I'impulsion, et en utilisant le fait que

N kal(ény) = 0. (5.74)
k
On obtient finalement 5
2 (D Kabm) + 3 VxpTlag = 0, (5.75)
4
k 8
oll I'on a identifié le tenseur énergie impulsion
Mo = Kavip6ik(x). (5.76)
k

On dérive la conservation de ’énergie en multipliant I’équation de transport (5.67) par gy,
en sommant sur k et en utilisant le fait que

> e d(ény) = 0. (5.77)
k
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On obtient alors

%(Zekénk) + VxQ =0, (5.78)
k

ol le vecteur courant d’énergie Q est

Q= Z ExVEITY - (5.79)
k

Dans les expressions (5.73), (5.76) et (5.79), il apparait un terme di a I’écoulement des quasi-
particules en interaction avec la guasiparticule que l'on considéere. Ce terme peut &tre mis
explicitement en évidence en utilisant la relation (5.65) entre §%iy et ény.

5.5 Relation entre la masse nue et la masse effective

Dans cette partie, on cherche a utiliser I'invariance galiléenne du liquide de Fermi. En exprimant
I’énergie dans un référentiel au repos et dans un référentiel en translation rectiligne uniforme par
rapport au référentiel au repos, on déduit une relation entre la masse nue et la masse effective.
I’opérateur de courant est donné par

J= Z kﬁ (5.80)

ot k; est 'tmpulsion de la ¢-iéme particule et M sa masse nue. A condition que le systéme soit
invariant par translation {ce qui exclu le cas des métaux qui possedent un réseau de Bravais),
Pimpulsion totale k est un bon nombre quantique, et

J=— 5.81

= (5.81)
On se propose tout d’abord de redériver 'expression (5.73) du courant par une autre méthode.
Pour cela, on remarque que le courant total est donné par

3= (oY e, (5.82)

oll |p) désigne un état excité du systéme. On cherche & décrire le systéme dans un référentiel
se déplacant a la vitesse —q/M par rapport au référentiel au repos. L’effet de la translation
rectiligne uniforme est de déplacer la surface de Fermi, ainsi que les quasiparticules excitées
d’une quantité q. L’énergie d’interaction est la méme dans le référentiel au repos et dans le
référentiel en mouvement. Par contre, I'énergie cinétique varie de

(ki+4q)? kK —aqki | ¢
Z oM oM _; M + 2M (5.83)

T
Si q est petit, la correction en énergie est donnée par la théorie de perturbation au premier
ordre

¢ E

1)) + 0(a?) (5.84)

(el >

= qJ +0(q*). (5.85)
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quasitrous quasiparticules
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dans le referentiel / dans le referentiel
' mobile
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Figure 5.2: Translation de la surface de Fermi lors du changement d’observateurs.

Le courant s’obtient donc en dérivant 1’énergie par rapport a q:

dFE

Jo=—.
dgy

(5.86)

Dans P’état fondamental, le courant est nul par symétrie, donc dEy/dg, = 0. On va réaliser
la translation de la mer de Fermi et des quasiparticules en deux étapes. Dans un premier
temps, on translate les quasiparticules et ensuite on translate la mer de Fermi. On considere
pour simplifier un état dans le référentiel au repos ne comportant qu'une seule guasiparticule
excitée d'impulsion k, et on translate d’abord le mode k seul sans modifier la surface de Fermi.
L’énergie ¢ varie d'une quantité q.vy, ce qui donne une contribution vy au courant, d’apres
(5.86). On translate maintenant la surface de Fermi, ce qui engendre une modification bny de
la fonction de distribution. Le changement d’énergie totale s’écrit

E

0F = q.jx = q.vk + v Z Sk 0nx, (5.87)
k!
ol
on?
by = —q. Vi = —QVie - (5.88)
Ekl

correspond & la formation de gquasiparticules d'un c6té de la surface de Fermi, et de quasitrous
de 'autre c6té lors de la translation de la surface de Fermi (voir figure 5.2). En insérant (5.88)
dans I’énergie (5.87), on obtient bien ’expression (5.73) de la densité de courant de particules.
D’autre part, dans le cas d’une seule excitation de type quasiparticule, la relation (5.73)
fournit V'identité
k 0
jk E= H =V — %% fk,k’g":};:vk" (589)
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Dans un systéme isotrope, comme 3He, ji et vy sont paralléles & k. On peut alors effectuer la
sommation de ’équation (5.89) & 'aide de (5.15) et de (5.19), pour obtenir

1 ksf1
VAR TR (5:90)

soit
M* ka“ F1

= =14
M =145
oll I'on a utilisé la relation (5.43) reliant F; & f;. Le liquide de Fermi est stable & condition

gue la masse eflective M* soit positive. Dans le cas contraire, le systeme gagne & créer des
quasiparticules et la mer de Fermi est instable. La condition de stabilité imposée par la masse

(5.91)

~ effective s’écrit
Fy > -3, (5.92)

5.6 Stabilité de la mer de Fermi vis-a-vis des modes collectifs

On se propose de généraliser les relations (5.44) et (5.92) pour tous les coefficients F;. Pour cela,
on consideére une distorsion quelconque de la surface de Fermi, paramétrisée par ks(9), et on
cherche & quelle condition la mer de Fermi est stable vis-a-vis d’une telle distorsion. La fonction
de distribution s’écrit ny = #(k;(8) — [k|), ce qui permet d’obtenir les nombres d’occupation
ény au second ordre en bkjy

fmic = 0(ky(8) - 1kl) -~ (ks — k) (5.99)
= cwcf(e)a(kf—Ek!>+3(ékf(9))2£ (ks ~ 1K) (5.94)
= Sk (0)6(ks — IK]) = 5(0ks(6)) 600 = I (5.95)

La variation d’énergie par unité de volume induite par la distorsion de la surface de Fermi vaut

E—uN 1
§ (T) 7 zk:(ek — p)bny + 2V2 g;‘, Tk xednydnyg, (5.96)

ot §ny est donné par la relation (5.95). Le premier ordre du développement de 6((E — uN)/V)
en puissances de ks(4) s’annule:

§ (555 = 5 e - miks(0)6(ky — k) = 0 (5.97)
k
Au second ordre,
s (232 - Z(ekf (5k5(0)) 576 = D) (5.98)

+ra O ik S(IK| — k)G = hp)oks(8)6k4(8') + O(683).
Ik’
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En remplagant les sommations par des intégrales, on obtient

5( . ) - Sﬂ/ cos 0)(8k(6))? (5.99)
1

2T )4/ d(cos 6)d(cos 0') £(6, 8' Y6k (8)8k(0') + O(652).

En développant §k¢(#) sur les polynémes de Legendre

k(8 Zkng cos 8), (5.100)

et en utilisant (5.16), ainsi que la relation

4z

l Pl(fl]_.flg), (5101)

/P{ I'l1 ng)P[(ng n3)dﬂz 5[ [.'2

on obtient

/d (cos 8)(6ks(8))? = Z f (5.102)

1

4k fi
U -
fd (cos 8)d{cos 0') F(8, 8')8k(8)8k ¢(6' EI: TP (5.103)
Il ne reste plus qu’a reporter (5.102) et (5.103) dans la relation (5.100) pour obtenir
E - uN\ _ vsk il 3
) = ok .1
( v ) 417222l+1 o) Ok, (5.104)

Le liguide de Fermi et stable & condition que la surface de Fermi ne se déforme pas spontanément,
a condition que

Fr> —(2041) (5.105)

pour tout [ > 0. On retrouve bien les relations (5.44} et (5.92) que l'on avait obtenues & partir
de la positivité de la masse effective et de la compressibilité.

5.7 Solutions de 1’équation de transport

Les solutions de I’équation de transport (5.66) en ’absence de collisions décrivent les excitations
naturelles du liquide de Fermi. Ces excitations sont de deux types, de structure tres différente:
les quasiparticules localisées et les modes collectifs. On considére des excitations périodiques
dans 'espace et dans le temps, caractérisées par une fonction de distribution

dng(x,t) = 5nk(q,w)ei(q'x_“’t) + c.c. (5.106)

La fréquence w est grande par rapport & la fréquence de collision v, ce qui permet de négliger
P'intégrale de collision. L'équation de transport devient alors

— wény(q,w) + q.vdm(q,w) = 0. (5.107)
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En remplacant 67y par son expression {5.65), on obtient
an® 1
(q.vi —w)bny — q.vg (8_61() % ?fk,klénkl =0 (5.108)

Cette équation, qui s’applique & la fols aux quasiparticules localisées et aux modes collectifs,
n’a de solution que pour certaines valeurs de w.

5.7.1 Quasiparticules localisées

Damns le cas d’une seule particule ajoutée avec un momernt kg, la distribution correspondante a
(5.106) s’écrit

571.1{ = 5]{']{0. (5109)
1l faut en plus tenir compte du fait que le milieu se polarise & cause des interactions. La
quasiparticule nue (5.109) est alors habillée par un nuage de polarisation induit par les autres

quasiparticules, et dny prend la forme
nx = bk + o (5.110)

ot £y décrit le nuage de polarisation et est de 'ordre de 1/N. £y n’est pas négligeable car il
existe de l'ordre de N valeurs possibles pour k. L’excitation représentée par (5.110) est appelée
une ezcitation ndividuelle du systéme et kg joue un rdle central pour cette excitation. En
appliquant I’équation de transport au cas k = kg, on obtient

w = q.Vi, (5.111)
et les autres termes disparaissent a cause du facteur 1/V. La relation (5.111) fixe w pour q
donné. En collectant les termes d’ordre 1/N pour k # kg, on obtient d’aprés (5.108)
1 n? 1 an®
. - — 59 . [ r — 57q. e . 2
(Vi — w)ék = 779V afk)% figebie = 7 aVi( Mg (5.112)

On remarque que le mouvement de £y est forcé par le mode k = kg, ce qui est caractéristique
d’une excitation individuelle.

5.7.2 Modes collectifs

Les modes collectifs représentent un mouvement cohérent de 'ensemble des quasiparticules
autour d'un état d’équilibre. Dans un tel mode, la notion de quasiparticule en tant qu’objet
individuel perd sa signification. La structure des modes collectifs est contenue dans (5.108),
lorsque la fonction de distribution s’étend de facon continue sur I’ensemble de la surface de
Fermi. On utilise comme variable dynamique le déplacement normal wy de la surface de Fermi
au point k. Les variables ény sont reliées aux déplacements par la relation

ony = b(eg — p)vpuy (5.113)

et l'équation de transport s’écrit, en terme de déplacements de la surface de Fermi:

1
(q.vg — w)uy + vq.vkz S b{exr — pyuy = 0. (5.114)
k¢
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Figure 5.3: Fonction de distribution ny(R) pour le son zéro. On a représenté en pointillés
la surface de Fermi non déformée et en trait pleins la surface de Fermi. Les deux figures
correspondent & R = 0 et B = 7 /¢ respectivement.

En remplacant la somme discréte par une intégrale et er sommant sur k’, on obtient

] -
(cos 8 = \)u(®) + - fdﬂ’u(ﬂ’)F(k,k’) —0 (5.115)
T
oll la définition de A est
w

Les modes propres correspendent 4 des valeurs discrétes de A. On suppose dans la suite que
Ia fonction d’interaction F' est une constante Fp et on étudie le mode collectif corespondant,
appelé son zéro. Sous cette hypothése, I'égquation (5.115) devient

4
(cos @ — XNu(Q2)+ Fy CZ:_ /dﬂ'u(ﬂ') =0, (5.117)

qui a pour solution
cos

Q)=C—— .
i) A —cosf’ (5.118)
ou la constante C vaut i
En reportant (5.118) dans (5.119), on obtient
sm 6 cos @ A, A4l
=5 ) WS = (5.120)

Si Fy > 0 (interaction entre quasiparticules répulsive), il existe une seule solution avec A > 1.
Dans ce cas, le son zéro n’est pas amorti. 51 —1 < £y < 0, la solution de (5.120) est complexe,
et représente un son zéro amorti. Si Fy < —1, le son zéro est instable. Les déformations de la
surface de Fermi correspondant au son zéro sont représentées sur la figure 5.3







Chapitre 6

Bosonisation du liquide de Fermi

Ce chapitre est consacré a la présentation de la technique de bosonisation de la surface de
Fermi en dimension 2 ou 3. Pour simplifier, nous nous placerons en dimension 2, mais les
généralisations & la dimension 3 sont immédiates. L’idée est de décrire les excitations de la
surface de Fermi par des champs de Bose, tout comme 3 une dimension. La différence essentielle
avec le cas unidimensionnel est que la procédure de bosonisation de la surface de Fermi est
un procédure d’intégration approchée, alors qu’a une dimension, la bosonisation est exacte.
Toutefois, les approximations effectuées sont justifiées a postériori par le fait que 'on retrouve
bien le liquide de Fermi. Nous donnons au chapitre 8 une autre jusiification: nous obtenons -
des statistiques de miveaux intégrables pour le liquide de Fermi (méme avec un petit nombre
d’électrons et un petit nombre d’orbitales), ce qui valide I'approche via une théorie intégrable.

Les premiéres tentatives de bosonisation de la surface de Fermi en dimension supérieure a
1 datent des travaux de A. Luther!. Dans des travaux non publiés, F.D.M. Haldane? a ouvert
la vole & la formulation actuelle de cette théorie, qui & été développée ensuite par A H. Castro
Neto et E.H. Fradkin® et par A. Houghton et B. Marston®.

6.1 Algébre de Kac-Moody en dimension 2

Le principe de la bosonisation de la surface de Fermi est de paver la surface de Fermi par
des sphéres de rayon A, tel que le rayon de courbure de la surface de Fermi soit grand devant
A, et tel que A soit grand devant les transferts d’impulsion lors des processus de diffusion de
fermions. On suppose donc de fagon ad hoc l'existence d’une physique simple & basse énergie,
qui s’averera étre celle du liquide de Fermi.

La surface de Fermi munie du pavage par les spheres est représentée sur la figure 6.1. Chaque
sphere est indexée par un entier a. On définit alors les opérateurs

Pa = 2 Bk + 3l — 3 Inq (k) (6.1)
q

LA. Luther, Tomonoga fermions and the Dirac equation in three dimensions, Phys. Rev. B 19, 320-330 (1979),

217ai utilisé les photocopies des transparents du séminaire de F.D.M. Haldane 4 new look at the Fermi surface
donné a 'Université de Brown en novembre 1991.

*A.H. Castro Neto and E.H. Fradkin Bosonization of Fermi liquids, Phys. Rev, B 49, 10877-10892 (1994);
Ezact solution of the Landau fized point via bosonizaiion, Phys. Rev, B 51, 4084-4104 (1995).

*A. Houghton and B. Marston, Phys. Rev. B 48, 7790 (1993).

101




102 CHAPITRE 6. BOSONISATION DU LIQUIDE DE FERMI

"

sphere n-1 sphere n sphere n+1

é

N

etats a enlever

Surface de
Fermi

Figure 6.1: Pavage de la surface de Fermi bidimensionnelle

avec
nq(k) = Cﬁ_quclﬁq/z' (6.2)

Dans Pexpression (6.1}, nous avons noté f,(k) la fonction caractéristique de la sphére a. Tout
comme & une dimension, il faut utiliser un produit normal lors de I’évaluation du commutateur
[Pq,a> Pqt,a’], €t 1'on obtient

[Pq!ﬂip(l'.&'] = 50,01"5(!4'(1'.0 an(k’ q) (nok‘l'q/z - ni){—qu) ? (6'3)
k

ot la contrainte Cy(k, q) vaut

Ca(k,q) = Ok + %)Ba(k - %)Ba(k' + %’)ea(k' - 5121). (6.4)

Afin de simplifier le commutateur (6.3), nous utilisons ’hypothése que la surface de Fermi est
plate dans chaque sphere a. Nous appelons ng la normale a la surface de Fermi dans la sphére
o. Afin de préciser la condition de non courbure de la surface de Fermi, nous imposons qu’il
n’existe pas de paire particule trou avec un angle # > 7 /2, ot ¢ désigne I'angle entre ky et le
transfert d’impulsion q. L’angle maximal § est tel que

T 27
1 0— - < — .
an ( 2) ST (6.5)
ce qui impose la restriction
4lk 1/2
Ag( ”'Lfl) . (6.6)

On a donc Pencadrement

2 4 ks \ 12
w-"i<<A<(7r[ fl) . (6.7)
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Cette condition montre que, dans la limite L — o0, le cut-off doit également tendre vers 0
plus vite que 1/+/L et moins vite que 1/L. Cette limite n’est donc pas la véritable limite ther-
modynamique, dans laquelle le cut-off A serait constant. De méme, ce n’est pas la limite dars
laquelle s’effectue la renormalisation de la surface de Fermi®. Sous les hypothéses précédemment
énoncées, le terme dominant du commutateur {6.3) devient

[Pae Part] = baarbyiqr oV a(ana), (6.8)

ou V = L? et la longueur découpée par la sphére a sur la surface de Fermi a une mesure (27)%a.
Le terme de droite dans (6.8) représente le nombre d’états contenus dans le paralélogramme de
la figure 6.1. Cependant, il est clair que 'on a surévalué le commutateur {6.3), en particulier
lorque q est faiblement incliné par rapport & la surface de Fermi. En effet, il faut alors enlever
4 (6.8) le nombre d’états contenus dans le triangle hachuré de la figure 6.1. Les relations de
commutation prennent alors la forme ‘

[Pq.a:Pq‘.a’] = 8ot bqtq 0V a(q Do) (1 +0 (B"l%:‘llgl)) . (6.9
Sachant que 'on travaille sous les hypothése |q| < A < [ky|, il est 1égitime de négliger les cor-
rections au commutateur et de supposer correcte la relation (6.8). Cependant, I’algébre définie
par (6.8) n’est pas assez forte pour permettre d'intégrer le liquide de Fermi car les excifations
sont moyennées sur une sphére de rayon A. Afin d’augmenter le nombre de générateurs de
I’espace vectoriel bosonique, nous définissons

Pq(kf) = 29 (A"
k

A Tordre 1 en |k|/|k¢|, nous obtenons

) ng(k). (6.10)

k—kf—%DH(A—‘kwkf-f-%

k;— K
{Pq(kf)noq’(k’f)} = by+q 0V a{q.n)F (L‘%A—fl) ’ (6.11)

avec F(z) = 1 —z si [z} < 1et F(z) = 0si ¢ > 1. Dans (6.11), n désigne la normale a la
surface de Fermi. Nous définissons alors

ag(ks) = pq(ks) siqvi, >0

. 6.12
af(ky) = p—q(kys) siq.vy, <0 (6.12)

Cette définission est analogue & (2.40) et (2.41) dans le cas unidimensionnel, et conduit a des
relations de commutation de nature bosonique

. ks~ K]
[G’Q(kf)aa'q'(kf)} = NaVl]qvi, [F | =7 | (6q.a’ + bq-q'); (6.13)
oll Ny = a/vy est la densité d’états locale
1
N = 3 D0 0(8 = [k = kyl)é(p - e). (6.14)
k

5Voir la Tevue de R. Shankar Renormalization group approach to interacting fermions, Rev. Mod. Phys. 86,
129-192 {1994).
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Les systémes que nous considérons posseédent une surface de Fermi isotrope et n’ont pas de
singularité de Van Hove, Nous pouvons donc remplacer Ny par sa limite lorsque A — 0O:

Np= N(O) = %Za(# — &) (6.15)
k

La densité d’états au niveau de Fermi a déja été introduite au chapitre 5 (équation 5.25). Les
opérateurs (6.13) sont définis de telle sorte que la mer de Fermi soit un état de plus haut poids:

aq(ks)|FS) =0 (6.16)

On utilisera de préférence les opérateurs

ba(ks) = (N(O)Viavi, ) aqlky) (6.17)
qui vérifient I'agébre
ks - K
b (ke), 550K = (b + bqoq)F (%) - (6.18)

L’algébre (6.18) est non locale car les opérateurs bq(ky) et b;,(k'f) ne commutent pas nécessairement
st ky # k. Il subsiste en effet un terme de ‘contact’ lorsque ky et k/ sont & une distance
inférieure & 2A. Afin de simplifier, on prend d’abord la limite A — 0, puis ensuite la limite
thermodynamique. 1l est clair que cette fagon de procéder est inconsistente avec la condition
(6.7) A » 2x /L. Cependant, nous adopterons cette fagon de faire®, qui conduit & une algébre
de commutation locale sur la surface de Fermi

[Balls), b8 (k)| = b, ket (6,00 + barar)- (6.19)
Dans la limite simplificatrice A — 0, la somme (6.11) ne contient qu'un seu! terme et vaut

palks) = ng(kys). (6.20)

6.2 Etats cohérents et opérateurs de fermions
6.2.1 Etats cohérents
Nous définissons les opérateurs d’états cohérents
1
= - —_— kiln.q(k .
10 =e0- 3 (g ) falkidnmalin) (5.21)
_f:q o
et mettons en évidence certaines de leurs propriétés. L'unitarité U/ ! = U* impose que
$q(ks) = ¢_q(ks). (6.22)

#C’est ce que font A.H. Castro Neto et E.H. Fradkin, mais sans mettre en évidence Uapproximation effectuée.
Le traitement complet de 'agebre {6.18) reste une guestion ouverte.
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En utilisant les modes b¢ (ky), nous pouvons écrire (6.21) sous la forme

1/2
Ul4) = exp —k%’ (m) (balkn k) — Falkpbalks)).  (6.23)

Le symbole ¥/ signifie que la somme est prise sur les vecteurs d’onde tels que q.vyg, > 0. Les
états cohérents résultent de laction de U[¢] sur la mer de Fermi:

lel) = Ulgll FS). (6.24)

On vérifie que les états |[¢]) sont des états propres de 'opérateur d’annihilation:

1/2
ba(k )[4 = - (N—(U)gm) da(ks)|[4) (6.25)
sl q.viy > O et /
ba(~kp)8]) = - (m) Fa(—k)9) (6.26)
! .

si q.vis > 0. On peut écrire I’état cohérent |{¢]) sous la forme

9D = e (—é > (ﬁ(l—) |¢q(kf)|2) (6.27)

k;.q O)[q'kal

1/2
ex f ————1—— *
p (}z:; (N(O)iq-\fkfl) bq(kf)) |FS) (6.28)

D’autre part, le recouvrement entre états cohérents vaut

([Glle) = exp (féz’(m) 1 |)(l¢q(kf)[2+|90q(kf}!2)) (6.29)

kf,(] qu'ka

I 1 e
exp (Z (m) ¢q(kf)90q(kf)) '

k_qu

On voit que les états cohérents sont automatiquement normés: ([¢}|{¢]} = 1. Comme tous
les états cohérents, la famille |[¢]) génere I'espace de Hilbert mais n’est pas libre puisque le
recouvrement entre deux états cohérents est non nul.

6.2.2 Les opérateurs de fermions

La construction des opérateurs de fermions dans le cas bidimensionnel est moins rigoureuse
que dans le cas unidimensionnel puisque 'on va identifier des algébres de commutation sans
chercher & identifier les espaces de Hilbert. En suivant Luther, nous décomposons le champ de
fermions

1 iK.x
P(x) = 7 ;.«: kxey (6.30)
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sous la forme

P(x) =D ¥(x,ky), (6.31)
kg
o T(x, ky) = flky)el ks, (6.32)

Nous imposons de plus que [nq(k), f(ky)] = 0 et que [nq(k), J(x,ky)] soit un c-nombre. Sous
ces hypotheses,

90, kg) mg(K7)| = [7(%, kg), na (k)] Tl ky). (6.33)

D’autre part, on utilise les relations de commutation des fermions pour obtenir

[WX): Z'ﬂq(k)] = e y(x), (6.34)
k

On suppose que ’'on a le droit d’en déduire que
(9 (x, k), mq(Kp)] = 6, 1o e 0¥ B (x, Ky). (6.35)
En identifiant (6.33) et (6.35), nous obtenons
[7(x, kg), nq(ky)] = e 729X, (6.36)

Sous toutes les simplifications réalisées dans la section 6.1, nous voyons que le choix

T(x, kg) = — qu me-fq-xn_q(kf) (6.37)

assure bien la commutation (6.36). Nous voyons donc que l'opérateur e?(XK5) et Popératent
q b P
(6.21) s’identifient & condition que

bq(Ky) = eI X by o (6.38)

Nous notons |ky,x,t) 1'état cohérent (6.24) obtenu avec le choix (6.38). Le propagateur des
fermions s’exprime de facon simple a P'aide de |ky,x,¢):

Gr>(x,t) = (FS|¢+(X,?5)’¢7(U,U)IFS> = Z ?(kf)f(k’f)(kfix:tlk’ 0, 0)' (6'39)
kK

Nous allons maintenant nous consacrer au calcul du recouvrement (kg,x,t/k%, 0,0} dans le cas
libre.

6.3 Le cas libre

Le terme cinétique du Hamiltonien vaut

H=3":cfey:. (6.40)
k
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En utilisant les modes fermioniques, on monire que
(B0, nq(k)| = —a.vi,malky). (6.41)

La commutation (6.41) doit étre réalisée pour ks et q quelconques (pour q.vy; > 0 et pour
qQ.Viy < 0). La relation de commutation (6.41) est effectivernent réalisée pour le Hamiitonien

H = q%’mn_q(k)nq(k). (6.42)

Encore une fois, il ne s'agit pas 14 d’une identification des espaces de Hilbert, mais d'une
identification des algébres (donc moins rigoureuse). Le Hamiltonien {6.42) peut s’exprimer sous
la forme '

7
H® = 3" "q.vi,bd(ks)bg(ky). (6.43)
Q.ka

Nous avons donc maintenant facilement acces aux fonctions de corrélation. Pour cela, il faut
évaluer les éléments de matrice de I'opérateur dévolution entre deux états cohérents

((ellU(¢, 0)l[&)o (6.44)

On utilise le fait que’
exp (Ab*h) exp {ubT)|0) = exp (,(Le“‘b+) |0Y, (6.45)

pour obtenir

[T O@ = exp (wéz'(m) (lsoq(kf)|2+|¢q(kf)|2)) (6.46)

k;q

’ 1 —i|q.vy  lE
exp (Z (m) la-visl@q(ks)Pqlky)e la kf;)‘

kiq

Afin d’obtenir les fonctions de corrélation, il faut utiliser la prescription (6.38). De plus, nous
ajoutons un facteur exponentiel dont le but est de régulariser les intégrales dans 'ultraviolet.
Nous avons donc

— E|(1~ka|
— 1q.X _
vq(Py) dp, x e T exp ( Sveg (6.47)
- f|q‘Vk'fi
= by, — e A
‘Pq(Pf) ])_f,kjl exp ( 2|kafl ): ‘ (6 8)

"Soulignons que cette méthode est beaucoup plus simple que celle utilisée par A.H., Castro Neto et E.H.
Fradkin dans leur article. La méthode préconisée per ces auteurs consiste 3 écrire une formalisme d’intégraie de
chemin pour la surface de Fermi. 1l semble bien qu’il n'y ait pas lieu de recourir & la méthode d’intégrale de
chemins.
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ot on prendra la limite e = 0%. En reportant les relations (6.47) et {6.48) dans la fonction de
corrélation (6.46), nous obtenons

' _ €la. vyl
(kf,x,ilkf,0,0)o = exp( ZN VEqVk_f| p("___T)) (6.49)

!ka

1 1 flq-vk’fl)
exp{ ——-) ——————exp|——7
( QZq: N(O)V|q.vk1f| ( |vk,f]
1

' . €|Q-kaf
e X — q.vie|t —

A cause de la divergence logarithmique dans l'infrarouge, le recouvrement (6.49) est nul si
ks # k. Nous obtenons done

1 W{q.x—lg. vy [t) Elq'kaE
k¢, x,t1k%,0,0)0 =6 ' E - q ks 1) ex )
(kegs 2] e o ky K} exp( N(O)Viq.kai (e )e p

q !ka|
(6.50)
Il reste maintenant & évaluer la somme sur q dans (6.50). Nous décomposons q en une partie
tangentielle q) et une partie perpendiculaire gq; = (q.n)n. La somme sur qj| contribue seulement
a la densité d’états. En effet, la sommation est du type

d—2 4 1 o4-2

et ne dépend pas de x & longue distance, Afin d’évaluer le préfacteur associé i la sommation

Sur q;, nous remarquons que la densité d’états vaut

N(O)z(_é%g/%%fddqq“(n)dﬂ(n)a( ~yra) = g vff f &g, (6.52)

oi la sommation sur q s’effectue dans le repére local de I'intersection de la surface de Fermi et
de ['angle solide df2. D’autre part, nous pouvons écrire

S = [ 5 [ P @ @) (6.53)

q

Nous déduisons de (6.52) et (6.53) que

S = V'UFN(O)/dq”. (6.54)
q
Nous déduisons de (6.54) que

+oo .
(kg x, ¢k}, 0,000 = &k, jo, exp (“f =l (1~ e (e, X~1Vies 1) e"eq”) (6.55)
’ 0 )
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L’intégrale sur q s’effectue explicitement en utilisant la relation

T

+oo g :
f P01 - ettm)eme® = In {1 — i%). (6.56)
a

Pour montrer (6.56), il suffit de décomposer €*** en série entiére. Nous avons alors

'Z:E&kflkr
(kg %, [k}, 0,0)0 = L, (6.57)
ny X+ [Vicg |t 4 de
qui correspond au résultat attendu pour la fonction de corrélation du gaz de Fermi.
6.4 Liquide de Fermi en interaction
6.4.1 Continuum et mode collectif
Le terme d’interaction du liquide de Fermi vaut
1
1 __ + +
H = W Z U(q)ck.}_q/zckwq/ZCkfﬁq/‘zck’+q/2' (658)

kk,q

Etant donné que l'on travaille dans la limite A — 0, ce terme d’interaction prend la forme

B = 2 3 Ula)ng(p)na(p) (6.59)
kk g

ol les opérateurs particule-trou ng(p) sont de nature bosonique. En terme des modes b3 (ky),
le terme d’interaction prend la forme

H! = Z ! \/(q.ka)(q.vk})N(O)U(CI) (bg(kf)bq(k}) + bé(ﬁkf)bQ(“k})
ky K.q

+ bg(—ky)bq(~Ky) + by (~K))bg(Ks) - (6.60)

Afin d’utiliser des notations plus sympathiques, nous indexons les points de la surface de Fermi
par un entler et nous notons

q.vy; = vslals;, (6.61)

avec s; = cos 8, et nous utilisons les notations bq(k;) = b; et bq(—k;) = a;. Avec ces notations,
le Hamiltonien prend la forme

H =3 vflalH(a), (6.62)
q
avec
H(q)= Z 8; (b;"bi + a:'ai) + g Z LT (b;"bj + aj'aj + a;b; + bja;f) , (6.63)
i 1,3

ot g = N(0)U(q). Pour simplifier les notations, nous avons oublié I'indice q dans (6.63). Le
Hamiltonien (6.63) est quadratique en terme de bosons. Nous allons le diagonaliser par une
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transformation de Bogoliubov généralisée, définie par

b, = Z (ﬂ/f{,[ﬁ[ + Nillaf) (6,64)
I

a; = Z (Milgag + Ni,zﬁ?) . (6.65)
)

Les nouveaux opérateurs bosoniques vérifient [ﬁ;,ﬁ;‘] = [a;, a,ﬂ = by et [y, Br] = [ar, ] = 0,
ce qui impose les contraintes

bij Y (MigMjg— NigNjj) (6.66)
i

0 N (Mg Njy — NoygMy)) . (6.67)

i

il

De plus, le Hamiltonien doit étre diagonal en terme des nouveaux bosons, c’est-a-dire
H=3"5{88+ofu). (6.68)
H
En effectuant les relations de commutation appropriées, nous obtenons
(S;—s)M;p = gZ_\/sTs;(MjJ + N;1) | (6.69)
b
(S1+s;)N;yy = —QZ VEs (Mg -+ Ny (6.70)
3
Les énergies sont alors définies par I’équation implicite
1=y Z gfi—sz- (6.71)

Le continuum particule-trou correspond aux solutions telles que —1 < S; < 1. Les modes
collectifs sont tels que |Sy| > 1. Les fréquences propres du continuum sont déplacées d’une
quantité d’ordre 1/N (ol N est le nombre de points sur la surface de Fermi) par rapport aux
fréquences propres de la théorie libre, alors que le mode colllectif se détache du continuum.
Nous examinons successivement les deux types de solutions.

Continuum

Etant donné que les fréquences propres S; dans le continuum sont décalées d’une quantité 1/N
par rapport aux fréquence propres du probleme libre, on cherche & prendre la limite S; = s.
On suppose de plus que

1
lim == Z (6.72)

ce qui permet d’obtenir & partir de (6.69)

5.0
M;; = Zig/s1Cibi) + Q—-Q(l - &:1), (6.73)

Sp— 83



6.4. LIQUIDE DE FERMI EN INTERACTION 111

ou

C = Z V5 (M + Ny (6.74)

L'expression (6.72} de Z; dépend expliciternent du nombre de points & la surface de Fermi.
La relation (6.73) n’a donc de sens que si le produit Z;C) ne dépend plus de N a la limite
thermodynamique. Comme nous le verrons pius loin, c’est effectivement le cas. En utilisant
(6.70), nous obtenons
5,C
Ny = G (6.75)

¥
8i + 85

ofl nous avons pris directement la limite S; = s; dans (6.70). En remplagant (6.73) et (6.75)
dans Pexpression (6.74) de €7, nous obtenons

1 2 5%
Z- L (1 0y 352‘) . (6.76)
it 7

Nous cherchons maintenant & trouver une expression pour le produit Z;C;. Pour cela, nous
utilisons les relations (6.66) et (6.67) dans lesquelles nous remplagons M;; et N;; par leurs
expressions (6.73) et (6.75). Nous obtenons alors les identités

Z“'Ciz - Z;C? 202s
§ij = 6:;27C2g%si + g% /5:55(si + 35) (-T;—g" +y° T 2)‘( ! 7 (6.77)

i Sj 7 51 - SJ- Sl - 3?:
et
Z,'Cl-z— Z.0% 202
0= Z 2J J"E'Z 2 2l3; 2% (6.78)
& =8 I (sf - Sj)(sz - s?)

ce gqui montre que

Ciz; = : (6.79)

D’autre part, on montre que

252 N 2 do
3
Z 2 ar (slfo & -~ cosd W) N, (6.80)

2 _
T ST

car la partie principale de l'intégrale (6.80) s’annule pour js;| < 1. Nous obtenons donc finale-

ment
g 8181
M, = & - X
! 1’l+l-|-Ng'Sz-wSi (6.81)
g §¢51
N,y = ——— e, 82
! 1+ Ngsp+s; (68)

qui constitue la solution de la transformation de Bogoliubov dans le continuum.
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Mode collectif

Dans le cas du mode collectif, nous obtenons 1’équation

gZ 52 = (6.83)
qui prend la forme
U(@)T(S) =1, (6.84)
olt II(5) est la fonction de polarisation R.P.A.
w dil q.uvy
o{— N(O —_— 6.85
(qvf) O 5o avs (6.85)

L’équation (6.84) est donc I’équation des modes collectifs.

6.4.2 Propagateur du liquide de Fermi

La premiére étape consiste & exprimer les états cohérents en terme de bosons a et 8. Pour
cela, on part de la définition {6.23} des états cohérents et on remplace les opérateurs bg(ky) et
bi(ky) par leur expresssion (6.64):

) = exp |- (W) (|¢7(1)| (M, Ng))

uhq
exp | — Z (____i__) " d(i) M; zﬁ?_ (6.86)
i N(0)V]qivys; '

. 12
exp Z (_]\7()———) P(1)N; 10 )|FS)

T 0)Vig|vys;

Etant donnée la forme (6.68) du Hamiltonien, il est immédiat de calculer le propagateur (en
utilisant la relation {6.45)):

= exp |- S ) :
([¢l]U(£,0)[[¢]) = exp qu (2N(0)V!qi7—"f5i) ((|¢( )2+ ()2 M Ng,z))
o 1 ¢ 1 e—2Stlalvyt
’ i.%.:q (N(O)Viqlvf\/ﬁj) Pi)4(5) M M e f) (6.87)
& . i 1V e —iS||qluyt
p i,_%;q (N(O)VJqlvf\/?i?j) P(i)(J)NiaN; f)

Pour que les états cohérents décrivent des états fermioniques, nous devons appliquer les pre-
scriptions ¢(5') = §; ; et (i) = e*V*§; » qui conduisent a

Bx050,0) = e (Z(N(o);iqw) (Mi’li Ni’z)) (6.8

Lq
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exp Z ( L )(Mi!"M'Je‘i(Q-X“StIQMt)_i, Noi NV ~1{qx+5rIQ|‘Uff)) .
1i79 N(O)qul'vf /58y 58y

On peut également s’interesser au propagateur entre points de la sphere de Fermi n’appartenant

pas ai méme hémisphére. On obtient alors

- . ~ ex 1 Mi%z + Niz,l
(t,x,t|4,0,0) = P (% (N(O)V}qch) ( ” )) (6.89)

1 MiaNsi\ ¢ itqax-Slaqpst) | —i{axt Sigvse)
exp(z (v (Mot b ).

Lh:hfl

Le symbole” signifie que l'on a remplacé les opérateurs b; par les operateurs a; dans ’expression
de U[¢]. Afin d’évaluer les sommes sur l'indice [ dans (6.88) et (6.89), nous utilisons les relations
(6.81) et (6.82). Nous obtenons ainsi

. . /5,8 . .
JM'I. N 1quy St — 51: RT-UFY-H L# qupsit _ iguss;it )
; RELERL: € + T+ Ngsi—s; (e e ) (6.90)
Slﬁlqvfslt
V51 6.91
+(1+N) Z (s1—8:)(s1— 85) ( )
La double singularité s’exprime a ’aide du théoreme de Poincaré
1 1 1 1
P =P - 26(s1 — s0)8(s1 — 85 92
(s1—si)(st— ;) si—s; (Si“‘si sa»“a‘) oSl sc)blon - i), (6:92)
ol N5
§(sp— 8;) = ———b _
(80— s0) = o \/1_—32 (6.93)
On obtient alors
: 1 gN % s — 1
M{ Ni wqu St =11 - ( ) 1 (5;: L Atqupsit (___) . '
; e ( Ti\Tygw) 1252 ) %€ TO0\w (6.94)
De méme, on montre que
- 1
> NNyt = 0 (—) : (6.95)
; N

Nous sommes maintenant en mesure d’exprimer la fonction de corrélation (6.88) sous la forme

: : R . 1 N(O)U(q) 2 q i{quegst—q.X
{t,%,%|7,0,0) = {4,x,t|7,0,0)oexp (— Zq: IN(0VorV (1 T N(O)U(q)) —é(l — eHavy q )) _

9
(6.96)

En utilisant les mémes techniques de calcul qu’a la section 6.3, nous obtenons
(i,x,t|j,0,0): ZF<i7x1t|j:O}0)0= (697)

ol le résidu de la quasiparticule vaut

3 1/ NOU \?
Zp — exp (—4 (W> ) (6.98)
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Level spacing statistics of the bidimensional Fermi liquid:
I. Landau fixed point and integrability’
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We investigate the statistical properties of the excitation spectrum of one and two dimensional
models for Landau liquids. The level spacing statistics are found to be poissonian for non-zero
separations and sufficiently strong interactions. In the poissonian regime, the level spacing
statistics are independent on the precise form of the interaction parameters.
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7.1 Introduction

The statistical distribution of energy level spacings has been recently studied in several strongly
correlated fermion systems [1},{2],[3],(4]. One potentially very interesting conclusion is the pres-
ence of energy level repulsion in some parameter domain of the two dimensional t-J model [1],
which is one of the most investigated models of strongly correlated fermions. This behaviour
is interesting since most integrable systems exhibit by contrast an uncorrelated distribution of
energy levels. This property has first beer proved in the context of semi-classical quantization
of classically integrable systems with a finite number of degrees of freedom [6]. It has also been
found in a broad class of exactly solvable models in one dimension, such as spin 1/2 chains [2]
or the Luttinger model [4]. In more than one spatial dimension, it is much more difficult to
construct integrable interacting fermion models. This paper is the second one devoted to the
study of level spacing statistics of integrable quantum liquids. Non integrability effects in the
Fermi liquid shall be studied in a forthcoming paper. The one dimensional Luttinger liquid has
already been analyzed in reference [4], in connection with the breakdown of the Fermi liquid
behaviour as the gs interaction is switched on. In this case, the spectrum was treated in terms
of the bosonic excitations, which generate the ¢ # 0 part of the Hilbert space. We now give the
main idea of the present paper.

A normal Fermi liquid in the vicinity of its ground state is described by a set of elementary
excitations (the Landau quasiparticles) which are in one to one correspondence with the Fermi
gas excitations. Landau has shown that the energy of a configuration is given by

1
H[{&nk}] = Z epdng + Eﬁ Z Septbngbne + ..., (71)
k (kk")

where only the first two terms are relevant at low temperatures. D is the spatial dimension
(1 or 2). The system is in a cubic box of linear size L. Only the spinless case is studied in
this paper. ény is the difference between the single quasiparticle occupation numbers in the
given configuration, and in the ground state. dny = 1 for a quasiparticle, and ény = —1 for a
guasihole. The renormalized dispersion ¢(k) is

k2
6(k) - %:
where m denotes the effective mass. The ground state is obtained by filling all the states under
the Fermi level ep = k%/2m. We consider the energies given by (7.1) as the exact eigenvalues
of a toy model of a Fermi liguid, for which the eigenstates are labelled in the same way as
for the Fermi gas. We study the statistics of level spacings for a one and two dimensional
phase space. However, the one dimensional case can only be seen as a toy model since the
Fermi liquid theory breaks down in one dimension. The hamiltonian (7.1) is a quadratic form
of the quasiparticles and quasiholes occupation numbers, and is obviously integrable. The
remaining correlations may only originate from a special form of the interaction functions fi g
which generate the spectrum. The aim of this article is to check thai the interaction between
quasiparticles induces a crossover towards a random level spacing statistics, and to study the
cross-over as a function of the strength of the interactions, the system size, the temperature

(7.2)

and the dimensionality.
In a first step, we analyse the level spacing statistics of one dimensional toy models for Lan-
dau Fermi liquids. This gives us the possibility to compare the behaviour of a one dimensional
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liquid of fermionic Landau quasiparticules and the behaviour of a Luttinger liquid 4] which
has bosonic excitations.The technical difference between the present paper and the study of
Luttinger liquids is that the one dimensional Fermi system Is treated here directly in terms of
fermions, whereas we used bosonic excitations in [4]. In the case of a Fermi surface consisting of
two points, one is left with a collection of infinite size Hilbert space sectors, labelled by the total
momentum. By contrast, the sectors of given momentum have a finite size for a one branch
model. The momentum of the single particle states are restricted to the range kr — A to kr + A,
)\ being a cut-off on the momenta. The level spacing statistics are analyzed in this regularized
Hilbert space Hy. Within this approach, we analyze the effects of a quadratic correction to
the linear Luttinger liquid dispersion relation on the level spacing statistics. The statistics are
found to be singular, and depend on the magnetic flux through the ring. As far as the ome
dimensional Landau liquid is concerned, the quasiparticle interaction function is taken as

frp = Vf( N (7.3)

with R the range of the interactioms, V their intensity, and f a decreasing function. If the
intensity is given, a cross-over is found as the range increases, to a level spacing distribution
slightly different from the expected Poisson distribution. The aim of the one dimensional toy
model is to specify the cross-over scales to the Poisson distribution level spacing statistics. The
level spacing statistics of the integrable 1/r? Haldane-Shastry spin chain are analyzed as well.
The Hamiltonian has a Landau form in terms of the semionic excitations [5].

As far as two dimensional Landau liquids are concerned, the guasiparticle interaction func-
tion fyx has been assumed to be of the form

forr = A(L 4+ Bcos8(k, k")), (7.4)

where 8(k, k') denotes the angle between k and k’. The statistics are found to be poissonian for
sufficiently large parameters A and B.

7.2 Level spacing statistics of fermions on a non linear disper-
sion relation

7.2.1 Introduction

We begin with the study of one dimensional models. As mentioned in the introduction, the
study of the one dimensional Luttinger liquid fixed point has already been done in [4]. It should
be interesting to compare the case of a one dimensionnal Hamiltonian of the Landau form, with
interacting fermionic quasiparticules. This shall be done in the next section. As far as now,
we consider only free fermions, and study the effects of a non linear dispersion relation on the
level spacing statistics. The standard treatment of the excitations of a Fermi gas in the vicinity
of its Fermi surface involves the linearization of the dispersion relation in the vicinity of the
Fermi surface. In this case, the excitation spectrum is made up of equidistant degenerate levels
and thus leads to singular level spacing statistics. We address the question of what are the
level statistics if one incorporates non linear terms in the dispersion relation. In the case of the
parabolic free electron dispersion relation, one obtains a second order deviation to the linearized
dispersion relations, which should modify the high energy excitation spectrum. If the deviation
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to the dispersion relation is a pelynomial with a low degree, the energy spectrum depends omnly
on a small number of independent parameters. For instance, in the case of a parabolic dispersion
relation, the excitation spectrum depends only on two parameters, the mass and the position
of the Fermi level. One must moreover add the constraint that the mean value of the level
spacing is normalized to unity. Since only a few parameters enter its composition, the spectrum
is correlated in a non universal way, which depends on the detailed value of the parameters.
If the degree of the polynomial defining the deviation to the dispersion relation increases, one
expects that the level spacing statistics should transif to a universal Poisson regime. We did not
test this assertion in the present paper, but an example is provided in [4], where we studied the
level spacing statistics of a model of two coupled Luttiger liquids [11]. The dispersion relation
has the form

(0) = 5y ) — (o ety — o )a)? + 452, (75)
where 4, and u, are respectively the charge and spin velocities, ¢, is the transverse hopping.
One can develop the square root of (7.5) in powers of g€, where the length scale £ is defined by
£ = (up —us)/4t) , and obtain the deviation to the linear dispersion relation (u, — u,)q/2 — 2t
as a series in powers of g€. In the regime ¢f > 1, the number of terms required to describe
the dispersion relation as a series in ¢£ is high. By contrast to the case of a dispersion relation
depending only on a small number of parameters, the transition to a universal level spacing
statistics thus requires a higher number of independent parameters. If they are numerous
enough, the level spacing statistics are not influenced by the detailed value of the parameters,
but fall in a universal regime, described by the poissonian case of random matrix theory.

7.2.2 Regularisation of the Hilbert space

The dispersion relation is right-left symmetric ¢(k) = ¢(—k). The boundary conditions are
periadic. The Hamiltonian reads

Hy = Z vpopAkbnyg + Z Ee(Ak)ﬁnk. (7.6)
k k

The first term is the Luttinger gas hamiltonian, with vp = de(kp)}/dk the Fermi velocity, k is
a multiple of 27 /L, and runs over the momentum of the excitations, o = +1,—1 = R, L and
Ak = k — opkp. The second term contains non linear deviations to the linearized dispersion
branches. The spectrum of the Luttinger gas is made up of equidistant degenerate levels, with
separations equal to 2mvp/L, leading to a singular level spacing statistics. We analyze the
statistics as the deviation from the Luttinger model dispersion relation §e{Ak) increases. The
non-linear terms in the energy are expected to randomize the Luttinger gas spectrum, and the
randomization is expected to increase with the energy. The dimension of a sector of the two
branch model with a given momentum is infinite in the absence of a momentum cut-off, and is
obtained as a sum over the infinity of direct products of the right and left sectors with momenta
kr, kr such as k = kg + kr. The Hilbert space is regularized in the following way: only one
branch is taken into account, and a momentum cut-off A is introduced, restricting the particle
momenta between 2rvp/L and A, and the holes momenta from —A 4 27rvp/L to 0. In the same
way as for the two-branch model, sectors with different momenta are superposed, leading to a
subspace H) containing (2A)!/(A!)? states. The spectrum shall be denoted Spy. In the absence
of a deviation fe(Ak), the spectrum shall be denoted Sp3, and is in the energy range 0 to



NON LINEAR DISPERSION RELATION 119

A Lvp /27. Sp§ has the property that Sp3 < Sph i A < AL Sp is exact only for energies lower
than wr), but states are missing for energies greater than vpA. The particle-hole symmetry
transforms each level EQ into an level A Lvp /21 — ES which belongs to the spectrum, so that
the density of states py(€) reaches its maximam value for the energy N Lvp /4w if AL/27 is even,
and

2w

D op((Goy 1) (7.7)

if AL/27 is odd. The density of states p} is plotted in figure (7.1), and is numerically found
to be gaussian around its maximum value. The density of states p(e) in the limit A — +oo is
computed recursively from the bosonic basis [4] and is plotted on figure (7.2}. The asymptotic
form of the density of states is [4]

03 /4
#°(€) ~ (;W;;ﬁexp(x/éa, (7.8)

so that the demsity of states p®(¢) of the restricted spectrum $p3 converges non-uniformly to
p°(€). The level spacing statistics were computed only in the low energy part of the spectrum
53, for the first slices of about one million levels, as shown In figure 7.2.

The cut-off ) may be seen as a temperature in the following way. The probability of
thermally activated excitations is given by the Fermi distribution function. The energy scale
associated to the vanishing of the Fermi distribution function in the vicinity of the Fermi
surface is kgT, with kg the Boltzman constant. The cut-off A may thus be seen as an effective
temperature T through the relation T = vpA/kp.

7.2.3 Random corrections to the linear dispersion relation

We first analyze the generic case of a random correction to the linear dispersion relation. One
is left with only one parameter: the amplitude of the random deviations compared to the
interlevel spacing of the Luttinger gas, equal to 2muvg/L. However, each level is decoupled
from each other since there is no deterministic dispersion relation. The level spacing statistics
are thus expected to transit to a poissonian level spacing statistics as the amplitude of the
random corrections increases. The individual fermionic energy levels are chosen to be e(Ak) =
vp(k — kr) + AoR{Ak), where R(Ak) is chosen randomly between 0 and 1, with a constant
density, and Ay controls the amplitude of the random deviations. The statistics are studied
in the complete Spy spectrum. If A is non-zero, levels originating from the degeneracy k
are distributed in the energy interval [vpk,vrk + AoAL/27w]. The level spacing statistics shall
change over to a poisson distribution as the width of the interval goes to 2rvp /L, namely if
Ag > Aa, with
" vE 2m 3

Ay =~ ()% (7.9)
The scale A} is numerically found to control the cross-over to a poissonian level spacing distri-
bution, as shown in figure 7.3.
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Figure 7.1: Density of states of the truncated spectrum Sp5.

The density of states py(¢) was computed for AL/2x = 12,13, 14. \/log (pmaz/pa(€)) is plotted
as a function of 2re/vpA%L. The density of states has a gaussian shape around its maximum

value.
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Figure 7.2: Integrated density of states of the truncated spectra compared to integrated density

of states in the absence of a cut-off.
The integrated density of states corresponding to the spectra 5p is plotted for AL/ 27

12,13,14,15, as well as the integrated density of states p°(€) calculated from the boson basis.

The energy variable is €L/27vF.
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Figure 7.3: Level spacing statistics for linear random corrections to the Luttinger gas dispersion
relation. ,
The length L of the ring is taken equal to 27, and the Fermi velocity equals 1. The cut-off on
the momentum of the fermions is chosen equal to A = 11, which generates a Hilbert space of
size 705432, The statistics are plotted for various values of the amplitude Ag of the deviation to
the linear dispersion relation, corresponding to Ag = 0.05,0.1,0.25. As expected, the statistics
converge towards a poisson distribution. The cross-over is controlled by the value A} = 0.091
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7.2.4 Parabolic dispersion relation
Cross-over scales

We now discuss the level spacing statistics corresponding to the dispersion relation (7.6), fe{Ak)
being a quadratic deviation to the linear dispersion relation
Ak)?
se(ak) = (SRS (7.10)

2m

Non universal effects are expected to emerge. In order to build the spectrum, we use the
regularisation procedure which is described in the previous section. Due to the invariance
e(k + Ak) = e(k) + vrAk of the linearized dispersion relation, the excitation spectrum is
parametrized by the single parameter vp. In the presence of quadratic corrections, one has
to additionally specify the Fermi level k. In this section, the independant quantities which
parametrize the parabolic branches are the mass m and the Fermi velocity vp. This choice
makes it possible to switch on the curvature continuously with different choices of the mass m,
while keeping the Fermi velocity constant. The spectrum § pg in the case of an infinite mass
has been discussed in the previous section. Let E? be the energy of a given degeneracy in
§py, in the absence of a quadratic term. The effect of the quadratic deviation is to split the
degeneracy. The tesulting level spacing statistics are however not poissonian. The quadratic
energy term is expected to play a role only at high enough energies. Moreover, the lower bound
on the momenta has to be positive, for the excitations to belong to the same right-moving
branch. This condition reads: krp > A — 2/L, which restricts the study to masses greater
than m3 = (A — 2n/L)/vp. In order to estimate the energy cross-over, we first calculate the
energy scale W(E) associated with the splitting of a given degeneracy E°, for a finite mass.
The configurations with the maximum and minimum deviations shall be respectively noted
{(+),7,A) and |(~),n, A). The excited state |(4),n, A) contains n holes, with wave vectors from
kr down to kp — 27(n ~ 1)/L, and n particles in the highest possible excited particle states,
with wave vectors from kg + A — 27(n — 1)/L up to kg + A. The contribution of the quadratic
order term to the energy of the excited state |[(+),n, A) reads

AEWR =200 T 1)), (7.11)
The excited state |(—), =, A) contains n holes with wave vectors from kg — X + 27/L up to
kp — X+ 2rn/L, and n particles with wave vectors from kg 4+ 27 /L up to kr + nn /L, with the
following contribution of the quadratic order term to the energy
27
L

The levels with an energy E- in the absence of a quadratic correction are spread on an energy
interval of width Win)

AE) = —%(A - (n+1)). (7.12)

w™ = AE(D - AE(C) = %(A - 2%n). (7.13)

If AL/27 is even, the maximum of the width WJ(\n) equals A*L/87m, and is reached for a

number of particle-hole excitations n equal to n = AL/4w. If AL/27 is odd, the maximum

idth 1s 1 ML
= (= 41 7.
n 2( + 1), ( 14)
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and equals
A 2w AL

pe (= R} (7.15)

The maximum in the density of states p{(¢) is found to correspond to the maximum in the

dispersion of the levels coming from a given degeneracy. The expression (7.3) is exact only for

the degeneracies of the form Eg = vpAn. We use it to find an approximation of the expression

for the width W(E®) for an arbitrary energy, not necessarily of the form EL = vpin. We get
E° 21 E°

0y _ - -
WAE®) = (A= T o) (7.16)

The influence of the quadratic term on the level spacing statistics shall be significant provided
Wi(E®) > 27vp/ L, which leads to the expression of the cross-over energy

A vpAlL 1673 mup
E., = T(l —4f1- W)- (7.17)

Note that this energy is proportional to 2nmv%h /AL if mvp < A2L2

Random quadratic corrections

As we shall see in the following section, correlations between the parabolic deviations (7.10) and
the linear dispersion relation occur. We first check that, in the absence of these correlations,
the level spacing is poissonian. The value of the cross-over parameters are the ones computed
in the previous section. This section is just a test for the validity of the arguments we used to
treat the cross-overs in the previous section. The deviations to the linear dispersion relation
are taken equal to

kZ
be(Ak) = %—R(L), (7.18)
with R(k) a random number distributed uniformly between 0 and 1. The statistics are computed
in the low energy part of the spectrum, for energies in the range [0, E,,,,.], where E,., is chosen
before the computation of the level statistics. If the mass decreases from m = +oo0, the statistics
shall transit provided the energy cross-over E2, is effectively in the energy interval [0, Epnaq)-

The condition E?, = Enaz, or equivalently Wy(Emaz) = 27up/ L, leads to the mass cross-over

scale E AL E
'm.z = 'v% (—2_7}- - 'UF)\ )) (7-19)

which controls the begining of the cross-over to a poisson distribution as the mass m decreases.
The cross-over scale mj is well observed numerically (figure 7.4).

Level spacing statistics for fermions in a magnetic field, with a parabolic dispersion
relation

We shall study the statistics as a function of the magnetic field through the ring of spinless
fermions. The effect of the magnetic field is to displace the energy levels by a quantity

21 ¢

kp= 2% ,
Skp T (7.20)
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Figure 7.4: Level spacing statistics for quadratic random corrections to the Luttinger gas dis-
persion relation. :

The length L of the ring is taken to be 27, and the Fermi velocity to be 1. The cut-off on the
momentum of the fermions is chosen equal to A = 14. The linear order energy of the states which
are generated is in the range 0 to 55, which corresponds to 997610 levels. The statistics are
plotted for the following values of the masses: m == 800, 400,300, 100. The cross-over mass scale
is 74 ~ 554. The plot corresponding to m = 100 is superposed with the poisson distribution.
In the case m = 100, we computed the statistics of the 885225 states with a linear order energy
in the range [56,61]. The level spacing statistics of this set of level are poissonian, which is
consistent with the fact that the spectrum is disordered at all energies greater than E2, .
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with ¢y the lux quantum. The energy in the presence of the magnetic field is given by

Hi(¢) =D vrapAkéng + Y be(Ak — Skp)ény,. (7.21)
k k

The introduction of the magnetic fleld is motivated by the fact that we found non universal
level spacing statistics for a zero magnetic fleld. Maybe, this was due to special correlations
between the parabelic deviation §e(Ak) and the linear dispersion relation. Since the effect of the
magnetic field is to translate the deviation ée(Ak) by a factor —fkp, we analyze the level spacing
statistics as a function of the magnetic field. We find that the presence of a non zero magnetic
field is not sufficient to decorrelate the spectrum, and the level spacing statistics remain singular,
even in the presence of the magnetic field. Moreover, the statistics of level spacing depend on
the precise value of the magnetic field. Unlike the case of a random quadratic correction, the
level spacing does not evolve to Poisson statistics as the mass decreases, but exhibit correlations
due to the special form of the dispersion relation, with an accumulation of zero separations.
The structure of the statistics at non zero separations seems to depend on the ratio ¢/¢g. If
it is a rational, the statistics have peaks for some discrete values. If it is not a rational, the
shape of the level spacing statistics is continuous. The statistics are plotted on figure 7.5 for
¢/¢o = 1/m.

However, the statistics are not stable by translations in the spectrum. In particular, there
~ seems to be a trend for an increase of the peaks in the statistics P(s) as we look at regions
with higher and higher energy in the spectrum. However, one cannot conclude on whether this
property is due to the regularization, or still persists in the limit A — +oo.

7.3 One dimensional Landau toy-model

7.3.1 Introduction

An other way to perturb the spectrum of the one dimensional Luttinger gas is to introduce
interactions. We have already studied in a previous paper [4] the effect of a gy interaction,
in the framework of the Luttinger liquid fixed point. We now study Landau interactions.
The Hamiltonian is made up of a linear dispersion relation, and an interaction term between
quasiparticles

1
Hg = Z vpakﬂkénk + }: Z fk,kf5nk5ﬂkf. (7.22)
k <k,k'>

We use this Hamiltonian as a toy-model, and study its level spacing statistics. This form of
one dimensional Hamiltonian describes for instance the low energy excitations of many mod-
els which can be solved by Bethe Ansatz, as shown in reference [12]. So equation 7.22 may
describe some physicaly interesting one dimensional models (such as the one dimensional Hub-
bard model), although they are not Fermi liquids. In this case, ény refers to the exact many
body elementary excitations of the system, which are not simply expressed in terms of the bare
fermionic operators. The Hilbert space is regularized in the same way as in the previous section,
with the help of a cut-off A on the fermionic momenta. The form of the interactions is given in
equation (7.3)

fu = Vf(%]k — &) (7.23)
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Figure 7.5: Level spacing statistics for a quadratic correction to the Luttinger gas dispersion
The length L of the ring is taken to be 27, and the Fermi velocity to be 1.

relation.

14. The flux is ¢/¢g = 1/7. The

statistics are plotted in the energy range [0, 55], {56, 61] ,[62, 65], which corresponds respectively

to 997610, 885225 and 866526 levels. Among these levels, the number of degenerate separations

is respectively: 984431, 882225 and 864432.

mass is taken equal to 20. The momentum cut-off is A
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f(z) is a decreasing function of the reduced momentum separation z = Rk — k'|/27. The
interaction shape f(z) is of order of unity for = lower than 1, and vanishes for = greater than
1. This section is organized as follows. We first investigate the case of finite range Landau
parameters and finite size. The interactions take zero values for |k — &'| > 2x/R. In that
case, degeneracies are expected to remain, due to the fact that the interactions do not affect
excitations with a sufficiently large momentum separation. In a second step, we analyze the
statistics for still a short range interaction, but with non compact support in the k space. A
discussion of the thermodynamic limit and of finite size effects follows. We shall end this section
with a comparison between the Luttinger case and the Fermi liquid case. As a complement, we
treat the case of the Haldane-Shastry 1/7? spin chain. The Hamiltonian has the Landau liquid
form, but with special interactions in terms of spin one half bosons. Due to the special form of
the dispersion relation, the statistics are singular for this model.

7.3.2 VFinite range Landau parameters and finite size

In order to analyze the effect of a finite cut-off on the interactions, the shape of the interactions
is taken equal to

f(z) = (1 - |2|) exp(—alz|)o(1 — |z}, (7.24)

where a parametrizes the interactions and z = kR/27 is the reduced momentum. The inter-
action cut-off 27 /R is allowed to vary, whereas the size L of the system is fixed. As far as
the zero separation part of the level statistics is concerned, the number of states belonging to
degenerate subspaces decreases as the interaction cut-off 27 /R increases. For the case under
study, AL/27 = 11, and the proportion of degenerate levels is equal to 99.7% if the interaction
cut-off 27 /R is in the range |27 /L,4x /L], but falls down to 32.0% if 2x/R €]9n/L,10x/L[.
The evolution of the non-zero separation part of the statistics as a function of the interaction
cut-off 27 /R is plotted on figure 7.6.

The statistics are found to converge for L/R ~ 7. However, the statistics are not found
to converge towards a Poisson distribution: the probability of small separations is reduced
compared to the Poisson distribution, and increased at large separations. These correlations
may originate from the truncation of the Hilbert space. The evolution of the statistics as the
interaction cut-off increases is similar to the decoherence of the spectrum of a one dimensional
Luttinger liquid as the range of the g4 interaction increases in momentum space [3]. In the later
case, the spectrum is the convolution of the spectra of harmonic oscillators whose frequencies are
related to the interaction strength. Starting from the non-interacting case, where the frequencies
of all the oscillators are equal to n27vp/L (with n an integer), an increase of the range of the
interactions increases the number of non-commensurate oscillators, thus leading to lifting of
degeneracies and decoherence of the spectrum. In the former case, the interactions act as a
coupling between excitations on the reciprocal space lattice, with a strength J, = V/Lf(nR/L),
where k = 27n/L (with n an integer) is the momentum separation between excitations. The sign
is positive for particle-particle and hole-hole interactions, negative for particle-hole interactions.
If 2w /R €]2mm /L,2(m + 1)x /L[, only Ju, ..., J;m 2re non zero, Decoherence of the spectrum
occurs as the number of non zero couplings is large enough (of order 7, which also corresponds
to the magnitude of the number of oscillators with incommensurable frequencies leading to a
Poisson spectrum in the case of a Luttinger liguid). In the regime where the statistics have
converged, the statistics are expected to be independent of the precise values of the interactions
Jn. As far as the interaction shapes (7.24) are concerned, we checked that the level spacing
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Figure 7.6: Level spacing statistics of the one dimensional Fermi liquid with short range interac-
tions. The length L of the ring is taken to be 27, and the Fermi velocity to be 1. The statistics
are plotted for an interaction shape f(z) = (1—|z|) exp{—a|z|)8(1 —|z|). The cut-off is: A = 11.
The strength of the interaction is ¥V = 0.3, and the reduced ranges are: L/R = 5.5,7.5,8.5. «
is taken to be 1. The statistics exhibit a cross-over for L/ R ~ 7, but to a distribution slightly
different from a poisson distribution. The density of small separations is reduced (P(0) = 0.8)
compared to the poisson case. For L/R = 9.5, the statistics have converged, we checked that

the level spacing statistics are identical as for a = ~1.
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statistics are independent of the value of a. the effect of the parameter V shall be studied in
section 3.4.

7.3.3 Non-compact support Landau parameters and finite size

The statistics corresponding to the case of short range interactions with an unrestricted tail
can be seen as the limit of the case of short range interactions with compact support, but with
a large support compared to 2z /L Strong degeneracies are not present with an unrestricted
tail. We studied the evolution of the statistics as the range 27 /R is given, the interaction shape
being taken equal to f(z) = ezp(—z). The interaction strength V increases from V = 0. A
cross-over from a singular spectrum is expected to occur as the maximum interaction energy
equals the interlevel spacing of the free model. The corfiguration for which the interaction
energy is maximum contains the fermions in the highest excited states, with wave vectors from
27 /L to A. The energy of this configuration is equal to

Z{(}‘—L—S)f (R/D)+ (22~ 6)f(2R/D) + ... (7.25)

The omitted terms contain contributions from next nearest neighbours, ... If 27 /R is of order of
2r /L, the cross-over intensity is determined only by nearest neighbour interactions and equals

2rup
(AL/m = 3)F(R/L)

V* = (7.26)
The cross over is well observed, and the statistics converge to the same distribution as the one
in the case of finite range interactions with compact support (see figure 7.7).

7.3.4 Thermodynamic limit and finite size effects

We now assume that the range 27/R of the Landau parameters Sk 18 given. fip is zero
for |k — k'l > 2n/R. The size L of the system is variable, and the thermodynamic limit
corresponds to L 3» R. The cut-off ) remains unchanged, which means that the temperature
scale T remains constant in the scaling I — +oo. We showed in the previous section that a
way to obtain statistics close to Poisson statistics was to produce a sufficient number of non
commensurable coefficients fj, x, which is verified if the ratio L/R is of order 7. This condition
to have a statistics close to Poisson statistics is automatically verified in the thermodynamic
limit. However, it is not sufficient. One has to check that the displacement of the energy levels
induced by the interaction term is of order 27vp /L. A rigorous treatment consists in evaluating
the width W(E}) as we did for the parabolic dispersion relation. We did not compute it, but
calculate the energy displacement AE induced by the interactions for the following state

I e II <IFsy, (7.27)

A<k€0  0<k<A

for which the interaction intensity is maximal. The length scale associated to the beginning of
the cross-over as L increases shall thus be obtained as AE ~ 27vp/L. We separate different
contributions to the energy AE. First, the contribution due to particle-particle interactions is

equal to
1
AE; = i Yo ek (7.28)

0<k<k! <A
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Figure 7.7: Level spacing statistics of the one dimensional Fermi liquid. The length L of the ring
is taken to be 27, and the Fermi velocity equals 1. The statistics are plotted for an interaction
range R = L = 27, and f(z) = exp(—z). The interaction cut-off A is taken equal to i1. The
statistics are plotted for the following interaction intensities: V/L = 0.2,0.1,0.05. The cross-
over is expected for V* /27 = 0.108. A cross-over is well observed, but to a distribution with a

reduced density for small separations.
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If the cut off \ is large compared to the range of the interactions 27/ R, the summation (7.28)
may be evaluated as

A 2n/R
AB) = (1+O ) D fa (7.29)
q—2‘rr/L

where ¢ = |k — k'|, and f; = fep. In the thermodynamic limit, L > R and the summation in
(7.29) may be approximated by the corresponding integral

AL
(2m)?

Due to the particle-hole symmetry of the state (7.27), the energy contribution AE, of the
excited holes is equal to AE;. The contribution AFEs due to particle-hole interactions reads

2n/R
8B = (1400 [ fade (7.30)

AE;,:—% > > fur (7.31)

0<k<2n/ROCI<2R/R

AEj is bounded by

sl Y Y o4 o

0<k<2x/RO<I<2n/R

After changing the summation into an integration (L/R > 1), we obtain
L 2r/R
AEs| < 2 f dk. 7.33
IABs| < 5 — A fr (7.33)

Since the length scales are such that A » 27 /R >» 27 /L, the total energy shift AE = AFE, +
AFE; + AFEj is approximated by

T 2n/R
(1 (;A))f fadg. (7.34)

It is now straightforward to obtain a criterivm for the beginning of the transition from a singular
statistics to a statistics close to Poisson statistics. The cross-over scale, such as AE ~ 27vp /L7,
is

N 473y
= (_IWRF—)W' (7.35)

We thus distinguish two regimes as far as finite size effects are concerned. The strength of the
interactions fi is fixed and one compares systems of different sizes. A first regime corresponds
to a mesoscopic regime, where L < L*. In this case, the strength of the interactions is not large
enough to perturbe the statistics and one is left with a non universal level spacing statistics.
Since it is non universal, the shape of the statistics depends on the size of the system in a
complicated way. The second regime L >» L* corresponds to the thermodynamic regime. In
this case, the shape of the statistics is universal, namely close to poissonian statistics, and in
particular does not depend on the size of the system. The level spacing statistics are thus a good
tool to determine when the system is weakly interacting (in a mesoscopic regime) or strongly
interacting(in the thermodynamic regime}.
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7.3.5 Comparison between the Luttinger liquid case and the Landau Fermi
liquid case

We have studied two different types of interacting Fermi liquids in one dimension. The first
one is the Luttinger liquid, which we studied in [4] and the second one is the Landau Fermi
liguid. One may ask whether level spacing statistics are appropiate to differentiate between
the two different one dimensional quantum liquids. The answer is yes. In both cases, the level
spacing statistics have the following feature. The level spacing statistics are not aniversal if
the number of interaction parameters is inferior as 7, namely if the ratio L/R is inferior as
7. Both models present a typical length scale associated to the cross-over from a mesoscopic
regime to a thermodynamic regime, or in other words, a typical interaction strength V* which
controls the cross-over of the level spacing statistics from a non universal regime to a regime
close to a poissonian regime. In the case of the Landau model, the poissonian regime was only
approximate, since we did not find strictly Poisson level spacing statistics. In the case of the
Luttinger liquid, the interaction V* was found to be equal to [4]

T
Vi = (= )? 7.36
Lutt (kL(kR)Q) VR, ( )
where k is the momentum of the quasiparticule. The typical length scale V'* is easily obtained
in the case of the Landau liquid theory, using (7.23) and (7.35)

o2

UFW. (7.37)

Vir =

In the case of the Luttinger liquid, V7, ~ L=1/2 and in the case of the Fermi liquid, V3, ~ L2,
The level spacing statistics are thus a good tool to distinguish between the one dimensional
Landau Fermi liquid and the one dimensionnal Luttinger liquid. To distinguish both cases, it
is sufficient to look at the scaling of the cross-over interaction as a function of the system size.

7.3.6 Complement: Haldane-Shastry 1/r* spin chain

The spin 1/2 chain with periodic boundary conditions and interactions proportional to the
inverse square of the chord distance has been integrated by Haldane [7] and Shastry [8]. The
hamiltonian in term of spins is

Hy =T [d(n—m) *Sn.Sm, (7.38)
mn
with d(n) = N/zsinw|n|/N. The excitations of the spin chain are spin one-half bosons

(spinons). We first summarize the results concerning the model [9].

The spectrum is the superposition of the different sectors labelled by the integer M, corre-
sponding to different values of the number of spinons N = N —2M. The ground state energy
in a sector of given M is

Eo(M) = J(w/N)z{%N(Nz 1) MM 4 2) - iMN”}. (7.39)

The M + 1 orbitals of the branch labelled by M have their momentum in the range —kq, ..., +ko
with ko = mM/N , and an increment 27/N. The total momentum and spins in the sector M
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are
K = 7MN+) kng(mod2r) (7.40)

k

1
5, = 5 Z('n.kT — 'n‘kl)‘ (7.41)
k

The spinon energy term in a sector of given M is
J — V(k — k"Ynko ko, 7.42
Zfo Ve + ng; ko Tk (7.42)

where eg(k) = 1/2(k% — k?) and V (k) = (7/2)(ko — |k|). The Hamiltonian in terms of spinons
has thus the Landau form. However, the form of the one spinon term and of the interaction
term is very unusual. '

Level spacing statistics

The level spacing statistics are singular in the conformal limit, with only a peak at s = 0, since
the spinon energy levels are equidistant in this limit

s J Ns
Hy= (1) +ZZRnk, ' (7.43)
o k=0

What is the shape of the level spacing statistics for & finite size ring, with the Hamiltonian
(7.42)7 We computed the level spacing statistics of an 18 sites spin chain in a sector with a
given spin 5, and a total momentum of the spinons K. The statistics are found to exhibit strong
degeneracies. The level spacing statistics for non-zero separations exhibit a singular behaviour,
even when sectors with different momenta are superposed. The level spacing statistics of this
model were already computed in {2] with the help of exact diagonalization. The authors found
a deformed Poisson level spacing statistics with an increase of the probability density for small
separations. Qur results suggest that the poissonian part of the level spacing statistics found
by these authors is rather due to their use of open boundary conditions. The level spacing
statistics of the 1/r? Haldane Shastry is an exemple of model with very simple interaction
functions, depending on a few parameters. The remarks we have made in the case of deviations
to the linear dispersion relation remain valid for the interaction function. The spectrum depends
only on a few parameters and thus falls in a non universal class. We have seen in the case of
the one dimensional Landau theory, with finite range Landau parameters, that the number of
independant parameters needed to obtain statistics close to Poisson statistics was of order 7.
The number of independant parameters in the case of the Haldane Shatry 1/r? spin chain is
miuch fewer, and it is thus not surprising that the resulting level spacing statistics are singular.

7.4 Bidimensional Landau model

7.4.1 Approximations and level spacing statistics

The hamiltonian is given by the equation (T.l) in the bidimensional case

H{{éni} = Z epbng + — L2 Z Jrwrbngbng + ... {7.44)
(kk')
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with fip given by the equation (7.4)
frw = A(1 + Beosb(k, k"), (7.45)

where 6(k, k') is the angle between k and k'. By contrast to our previous study in one dimension,
only the angular dependence of the interaction function is considered. Furthermore, for the sake
of simplicity, we assume rotation invariance and keep only the first circular harmonic. In order
to evaluate the cross-overs, we shall use the same arguments as for the one dimensional toy
model. However, fluctuations of the density of states are present in the two dimensional case,
and do not exist in the one dimensional Luttinger gas. The following evaluation of the cross-over
is a rough evaluation, so that we do not take the effect of these fluctuations into account.

One needs to generate all the excited states above the bidimensional Fermi sea, and to
compute their energy in the presence of interactions. The first step is to generate the energy
levels of the free model, with an energy inferior to E§, in the absence of interactions. The
configurations are generated by choosing the first hole with an energy inferior to Eg, the Fermi
energy being taken equal to zero. The second excitation is chosen in the restricted phase space.
The displacement of the energy of a configuration with n particles and n holes is bounded as
follows )

|flé <§> A(1 + B cos 0k, K))Srabmu| < z5n(2n — 1)|Al(L+ |B]). (7.46)

This inequality means that a way to generate all the energy levels in the presence of interactions,
with an energy inferior to a given cut-off E¢, is to generate all the energy levels in the absence
of interactions, with an energy inferior to ES = E¢ + n(2n ~ 1)|A{{1 + | B|)/L*. However,
this procedure is not realistic since the number of levels to be eliminated is huge. Instead
of generating the whole low energy spectrum, we take Ec and E2 as independent variables,
that is we generate all the states in the absence of interactions with an energy inferior to
EZ, compute the displacement induced by the interactions, and retain only the energy levels
with an energy inferior to E¢. As mentioned in the introduction, the spectrum is expected
to be poissonian. We assume that this procedure does not induce correlations. Moreover, the
spectrum is generated in a sector of given particle-hole excitations n. The Hilbert space is
thus regularized by the 3 parameters n, F¢ and E}. The total momentum K is fixed. Some
degeneracies appear, due to the fact that the momentum is constrained to a reciprocal space
lattice. The energy (7.44} is invariant under the transformations in the reciprocal space which
preserve the origin, the unoriented angles and the square lattice, that is the rotations of angles
7/2, 37 /2 and the symmetries with respect to the two axis and the two diagonals. If the total
momentum K is chosen along the 4 symmetry directions of the square lattice, supplementary
degeneracies are expected, and an accumulation of zero level spacings is indeed observed. To
avoid it, the total momentum K is not chosen among the symmetry directions of the square
lattice. If a configuration contains a subset of m particles (or holes), on a polygon, then the
total energy (7.44) of the configuration is independent on the orientation of the polygon, and
the total momentum is unchanged since the polygon is regular. However, the vertices of the
polygon still have to belong to a square lattice, which implies that cot ( /m} is rational number,
which allows only the possibilities . = 2 and m = 4. If the second harmonic, namely a cos 26
term in the hamiltonian (7.44) is taken into account, only the 7 = 4 symmetry survives, and no
symmetry exists for higher harmonics. As far as the energy (7.44) is concerned, the excitations
of the Fermi sea must therefore be factored by the m = 2 symmetry described above. We did
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not perform the elimination of redundant configurations numerically, but eliminated the sharp
peak at zero separations in the level spacing statistics. In the one dimensional case, we were
able to produce exact expressions for the width of the fan of levels emerging from a given set of
degenerate levels. We do not evaluate the exact width of the fan in the two dimensional phase
space, but give an estimation of the cross-over as a function of the parameters 4 and B. If
B = 0, the displacement depends only on the number of particle-hole excitations. Its value is
—An/L?. The energy shift induced by the first harmeonic is

4B

- Z cos 0(k, k') éngbn . (7.47)

<k,k!>

An exact evaluation of the energy shift would require the kﬂowledge of the quasiparticle oc-
cupation numbers in a sector of momentum K. We estimate the cross-over as follows: the
summation (7.47) is bounded above by

2(2n — 1) A|| B]

o (7.48)

and we take this bound as an estimate of the width of the fan of levels, which leads to the
following estimation for the energy cross-over

2rvp L
|Al|B|’

n(2n—1) > (7.49)

and assume that this criterium remains valid even in the presence of the energy cut-off E? and
EJ. This criterium is valid only if the number of excitations is given. This is not the case in
the thermodynamic limit.

The statistics are computed in the sector n = 1,2, using the regularization procedure de-
scribed above. The level spacing statistics are found to be poissonian. The statistics also remain
poissonian as different number of particle-hole excitations are superposed (figure 7.8 and 7.9).

7.4.2 Thermodynamic limit

In the same way as for the one dimensional case, we analyze the thermodynamic limit by con-
sidering an energy cut-off |A| on the momenta, and one czlculates the shift of a level containing
a number of excitations n proportional to

2rkpA

The characteristic length L* associated with the cross-over is obtained by inserting the number
n (7.50) of particle-hole excitations into the inequality (7.49), which yields

47T3 1/3

where we have replaced 2n — 1 by 2n.
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Figure 7.8: Level spacing statistics of the two dimensional Fermi liquid.
The parameters of the computation are: L = 27, kr = 30, m = 1/2, A =50, B =50,p; =5,
py = 4. Levels belonging to the sectors n =1 and n = 2 are superposed. The condition (7.49)
is fulfilled since n(2n — 1) = 6 and 27vp/|A]|B| = 0.95. The cut-off in the spectrum is chosen
equal t0 Emez = E,, = 100,200. The level statistics are restricted to separations between 0.1
and 4. 163175 levels were generated.
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0.

[g2]

. Figure 7.9: Level spacing statistics of the two dimensional Fermi liguid.
The parameters of the computation are: L = 27, kp = 20, m = 1/2, A= 50, B =50, p = 5,
py = 4. The condition (7.49) is fulfilled: n(2n — 1) = 45 and 27vp/|A||B| = 0.63. The cut-off
in the spectrum is chosen equal to En.. = ES,. = 20,20. The level statistics are restricted
to separations between 0.1 and 4. 44458 levels were generated. Among them, 28679 were
eliminated at zero separations.
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7.4.3 Conclusion

As expected, the level spacing distribution for this model is poissonian. It seems very likely that
this behaviour doesn’t depend on the precise form of the interaction function fy x. However, it
should be emphasized that (7.1) is not the exact hamiltonian for a normal Fermi liquid. In a
renormalization group approach, which amounts to integrating out states at a distance between
A and A + dA away from the Fermi surface, the bamiltonian in equation (7.1) represents only
the contribution of relevant marginal operators {6]. A crucial step would be to study the effect
of irrelevant operators on the energy level statistics. For instance, these residual interactions
generate a finite life-time for the quasiparticules, which are thus coupled to a continuum of
states. It is not clear that the poissonian statistics survive such a coupling. We also did not
take into account the contribution of the collective fluctnations of the Fermi surface. We argue
that these collective modes do not destroy the poissonian level spacing statistics, since they can
be diagonalized in terms of bosonic excitations in the vicinity of the Fermi surface, at least in
the thermodynamic limit. However, it is not clear whether integrability survives for finite size
systems. More precisely, a complementary study would involve exact diagonalisations of the
Hamiltonian [13]

1

_ N 0.4 + +

H=3 ek + 55 2. fikakpq/2®k-a/2% —q/2Kk'+a/2s (7.52)
k kk',q

where €], is the single particule energy term, fy y o are the Landau parameters and k and k'
are constrained in the vicinity of the Fermi surface. Moreover, |q| is inferior as an impulsion
cutoff A. This study shall be done in a forthcoming article.

7.5 General conclusion

As far as one dimensional integrable models for interacting fermions are concerned, we have
studied the Landau liquid and the Luttinger liquid Hamiltonians. In both cases, the level
spacing statistics exhibit two regions. If the size of the system L is inferior as a certain length
scale L*, the level spacing statistics are not universal. In this regime, the Luttinger Hamiltonian
gas term dominates the interaction term and thus leads to singular level spacing statistics since
levels from different degeneracies E = vpk {where k = 2xn/L, with n an integer) are not mixed.
There exists a second regime, which corresponds to L 3» L*, where the interactions dominate
and lead to universal level spacing statistics. In this case, universality means the existence of a
well-defined thermodynamic limit, but the converged level spacing statistics may not be exactly
a Poisson distribution, as it is the case for a one dimensional Landau Hamiltonian with the
regularization we have used. One can also formulate the existence of two regimes as follows:
for a given length L, there exists a cross-over in the statistics of energy levels as one increases
the interaction strength. It appears that the scaling of the cross-over interaction strength as
a function of the system size is different in the case of the Luttinger liquid and in the case of
the Landau Hamiltonian. It goes as L1/ for the Luttinger liquid, and as L~2 for the Landau
liquid. An interesting generalisation of this result would be to know whether level spacing
statistics are a good tool to distinguish between different fixed points in two dimensions.
What is the physical content of these two cross-overs? In the case of the Luttinger liquid, the
poissonian regime corresponds to a regime of the model in which no electron-like quasiparticule
exists [4], whereas quasiparticules obviously exit in the case of the Landau Hamiltonian, since




140 CHAPITRE 7. ARTICLE 2

it describes a collection of interacting quasiparticules. Thus, although it is able to distinghish
between a regime of strong interactions and a regime of weak interactions, the level spacing
statistics do not contain information about whether the strongly interacting regime of a given
integrable liquid is a Fermi liquid or not. This aspect is even more obvious in one dimensiomn,
where models which can be solved by the Bethe Ansatz lead to a Landau-like parametrisation
of the low-lying levels, although they are not Fermi liquids.

We also studied non universal effects generated by the presence of a curvature in the dis-
persion relation. For a quadratic dispersion relation, a cross-over exists at high energy, but to
a non-universal level spacing statistics. The existence of the non universal regime is attributed
to the fact that the spectrum depends only on a few number of independent parameters, which
are not numerous enough to disorder it completely, so that the level spacing statistics would be
poissonian. '

We also studied the case of the dimensionality two for the Landau Fermi liquid. A cross-over
similar to the one in one dimension is observed, and the level spacing statistics are poissonian
in the regime of strong interactions, or thermodynamic regime. The difference with the one
dimensional case is essentialy the presence of aditional symetries, leading to levels separated by
Zero spacings.

I wish to thank B. Dougot for the discussions which initiated this work, J.C. Angles d’Auriac
and P. Butaud for helpful discussions, and [ acknowiedge the hospitality of NEC Research
Institute at Princeton where part of this job was performed.
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Level spacing statistics of bidimensional Fermi liquids:
I1. Landau fixed point and quantum chaos!
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We investigate the presence of quantum chaos in the spectrum of the bidimensional Fermi
liquid by mneans of analytical and numerical methods. This model is integrable in a certain
limit by bosonization of the Fermi surface. We study the effect on the level statisticsof the
momentum cutoff A present in the bidimensional bosonization procedure. We first analyse the
level spacing statistics in the A-restricted Hilbert space in one dimension. With g2 and g4
interactions, the level statistics are found to be Poissonian at low energies, and G.0.E. at
higher energies, for a given cut-off A. In order to study this cross-over, a finite temperature is
introduced as a way of focussing, for a large inverse temperature &, on the low energy
many-body states, and driving the statistics from G.O.E. to Poissonian. As far as two
dimensions are concerned, we diagonalize the Fermi liquid Hamiltonian with a small number
of orbitals. The level spacing statistics are found to be Poissonian in the A-restricted Hilbert
space, provided the diagonal elements are of the same order of magnitude as the off-diagonal
matrix elements of the Hamiltoman.

1], Phys. I France 5, 787 (1995)
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8.1 Introduction

The ideas of quantum chaos have recently been applied to the field of strongly correlated
electron theory [1] [2] [3]. These methods allow a non perturbative description of the statistical
properties of a Hamiltonian of strongly correlated electrons, and may be a tool to extract some
information from finite size systems. The aim of this article is to understand whether the
methods of quantum chaos can shed some new light on the problems of strongly correlated
bidimensional Fermi systems. The question whether the bidimensional Hubbard model is a
Fermi Liquid or not is controversial. From a theoretical point of view, Anderson [4] suggests
that the ground state of the bidimensional Hubbard model is similar to the one of the one-
dimensional Luttinger liquid, with Z = 0 in the thermodynamic limit, whereas Engelbrecht
and Randeria [5] argue that the Fermi-liquid theory is not violated, so that this question is
controversial [6]. Numerical computations lead also to controversial answers. For instance,
Dagotto et al [7] [8] observe quasiparticules in the bidimensional t-J model, whereas Sorella [9]
emphasizes the Luttinger liquid behaviour. From the point of view of quantum chaos, one has
to answer the question: do level spacing statistics contain information about the Fermi liquid
behaviour or non Fermi liquid behaviour of the 1-J model? Before analysing the level spacing
statistics of the t-J model [10], we analyze in this paper models with a well established physical
content, that is the Fermi liquid. As we shall see, we can answer only partially the previous
guestion: one can detect integrable modes at low energy, but quantum chaos by itself does not
give information as to whether these modes are quasiparticule modes or Luttinger liquid modes.
However, there is one case in which one can conclude from quantum chaos: in the absence of
integrable degrees of freedom at low energy, one can conclude to the absence of a Fermi liquid
at low energy. Notice here the difference between the approach of {1] and our point of view. In
[1], all the energy levels of the t-J model are analyzed on an equal footing, whereas we shall
focus essentially on the low energy degrees of freedom of the Fermi liquid.

We have established in the first article of this series [11], that the level spacing statistics of
the bidimensional Landau Hamiltonian are poissenian. In this model, the quasiparticules are in
a one to one correspondence with the non interacting gas of spinless electron excitations, and
thus occupy orbitals labelled by the same quantum numbers k& as in the case of the gas. The
quasiparticules interact among themselves in a diagonal manmner

1
H[{ﬁnk}] = Z exényg -+ 7D Z Sie dngdng:. (8.1)
K (k)

A numerical computation proved that the level spacing statistics of the Hamiltonian (8.1) are
poissonian in two dimensions, and close to Poisson in one dimension, with our truncation of
the Hilbert space. The notion of level spacing statistics seems to be relevant for quantum
fluids, and one has to distinguish between one and two dimemnsions. The link between the
breakdown of the Fermi liquid picture in one dimension and the level spacing statistics has
already been studied in reference [13]. As far as two dimensions are concerned, we showed in
the paper I [11], that the Landau liquid was characterized by its generical integrability, namely
by Poisson level spacing statistics in two dimensions. Again, the level spacing statistics are
a good tool to see whether the Fermi system is at the Landau fixed point or not. For the
liquid to be a Fermi liquid, one should be able to generate quasiparticules of the interacting
system by a switching on procedure. In the framework of the Landau theory, the success of the
switching-on procedure {14} [15] suggests the conservation of the number of conserved quantities
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at low energy during the switching-on procedure, namely that the level spacing statistics of the
gas and of the interacting liquid belong to the same universality class. Typically, adding a
non diagonal perturbation to (8.1) and obtaining a Gaussian Orthogonal BEnsemble {G.0.E.)
level spacing statistics would mean a departure from the Landau fixed point. To be at the
Landau fixed point, one must exclude strong correlations between levels. The corresponding
generic level spacing statistics are poissonian. However, the case of the one dimensional Landaun
Hamiltonian shows that the statistics may not be exactly poissonian, but close to a Poisson law.
Poisson or close to Poisson level spacing statistics are not a sufficient condition for the system
to exhibit quasiparticules since one could imagine a situation in which the same mechanism as
in one dimension for the breakdown of the Fermi liquid holds, so that the level spacing statistics
would remain poissonian even in the non Fermi liquid case. However, the adiabatic procedure,
as emphasized by Anderson [14], is performed within a finite characteristic time 1/¢, and the
thermodynamic limit is taken for a finite € which is then much larger than the typical level
spacing. So the adiabatic continuation does not generate true eigenstates (for this to be the
case, one should take the limit ¢ — 0O first, before the thermodynamic limit). This is why the
notion of adiabatic continuation advocated to introduce Fermi liquid is weaker than a similar
requirement for all the eigenstates taken separately. So, this 1s why we should ask whether a
Fermi liquid follows Poisson or G.0O.E. statistics.

The aim of the present paper is to study the level spacing statistics of the Hamiltonian of
spinless electrons

H = H°+H' (8.2)
H® = Y elk)ciek (8.3)
k
1
Hl = W Z fk’kf’qci*(-.{_qci,_quka, (84)
kk'g

where V is the volume of the system. The Hamiltonian (8.1) describes a Fermi liquid for times
inferior as the decay time of the quasiparticules, and leads to good thermodynamical predictions
[15]. However, the phenomenon of decay of the quasiparticules is not described by the Landan
form (8.1). Since quasiparticules are true eigenmodes of (8.1), they have an infinite life-time.
By contrast, the form (8.2) takes into account the decay of the quasiparticules and it is indeed
possible to calculate the decay rate of the quasiparticules from the Hamiltonian (8.2) [16]. Even
though the Hamiltonian (8.2) it is not diagonal, it can be brought to diagonal form using some
asumptions and by bosonizing the Fermi surface [18]. We shall review the main assumptions
and the bosonization of (8.2) in the thermodynamic limit and in the limit of a zero curvature
of the Fermi surface. Orne of the ingredients of the solution via bosonization is the existence of
a momentum A which determines the single particule states which participate in the formation
of bosons in the vicinity of the Fermi surface. A is a necessary ingredient, because of the
curvature of the Fermi surface, but is also a source of difficulty since the objects with a true
bosomnic character in the limit A — +oo are no more exactly bosonic in the limit of a finite
momentum cutoff A.

Of course, numerical computations cannot be performed in the thermodynamic limit since
one can only diagonalize matrices of size 2000 by a Jacobi method. This technical limitation
imposes to work with small systems and to impose a drastic cutoff A, so that the Hamiltonian
(8.2) is no more integrable in the framework of the Hilbert space of the numerical diagonalisa-
tions. In the case of the presence of a cutoff, and for finite size systems, one may thus expect the
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universal Poisson level spacing statistics to be replaced by the universal G.O.E. level spacing
statistics of the form

P(s) = gws exp (—%) (8.5)

It is necessary to determine the importance of the cutoff A on the level spacing statistics and
whether the statistics evolve towards G.O.E. level spacing statistics as A is reduced. This has
not only a numerical interest, but also a physical one. For instance, lattice models have a
natural cutoff A ~ 1/a, where a is the lattice spacing. To answer this question, we come back
to one dimensional spinless fermionic systems, but with a cutoff A and study the level spacing
statistics for g5 and g4 interactions. As we shall see, the level spacing statistics are drastically
affected by the presence of the cutoff since the bosonic superpositions of particule-hole pairs
which guarantee the integrability, do not survive in the presence of the cutoff. If the cutoff A
is fixed and the size L of the system increases, one expects for a crossover from a G.0.E. level
spacing statistics in the high energy part of the spectrum to a Poisson level spacing statistics
at low energy, which shows that finite size effects are drastic in the presence of the cutoff. In
order to determine the crossover scale between the Poisson regime and the G.O.E. regime, we
introduce temperature-dependent level spacing statistics. The statistics at finite temperatures
are found to pass from a nomn integrable statistics at high temperatures to Poisson statistics at
low temperature.

As far as two dimensionnal systems are concerned, we carry out numerical diagonalisa-
tions of a small system of electrons, with a small number of orbitals. In these conditions, the
Hamiltonian (8.2) is non integrable. We found Poisson level spacing statistics even for a small
system. We attribute this property to the fact that the interactions generate extra diagonal
matrix elements in the Hamiltonian which are in competition with diagonal interaction matrix
elements, but the interaction connects only a small number of states, leaving a lot of zero matrix
elements in the Hamiltonian. Provided the off-diagonal matrix elements are of the same order
than the diagonal ones, the statistics are dominated by the diagonal matrix elements. However,
by keeping only off-diagonal interaction matrix elements, we were able to exhibit G.O.E. level
spacing statistics.

This paper is organized as follows. We first treat the one dimensional case, in the Hilbert
space restricted by the momentum cut-off A. The results established in one dimension are
helpful in two dimensions since the presence of the momentum cut-off is also a source of non
integrability. In a second step, we come to the bidimensional Fermi liquids, with the study of
the level spacing statistics of the Hamiltonian (8.2).

8.2 Level spacing statistics of 1 D spinless fermion systems in
the A-restricted Hilbert space

8.2.1 Bosonization and level spacing statistics in the unrestricted Hilbert
space (Luttinger liquid)

Using the bosonization procedure of Haldane [22], we can solve the one dimensional spinless
Luttinger liquid with a linear dispersion relation and g and g4 interactions. The Hamiltonian
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reads, in term of fermions

kil
Ho=vp) (ak—kp): e acha t +7 2 D a(94dban + 9200t )Paap—gas  (8:6)
ko

o’

where the label o indexes the branch a=R(ight),L(eft)= +1,—1. The interaction g4 describes
the diffusion of two fermions on the same right or left branch whereas g, describes the diffusion
of two fermions belonging to the right and left branch. The density operators are defined as

Py = Z : C}ci-}-q,ackra . (8,7)
k

and obey bosonic commutation relations

: Lag
[qump;,a’] - _6ﬂ,ﬂ'5q,q'”‘2-7r_? (8.8)
which allows the definition of boson operators
2m
af = (==)23 6(aq)pga, (8.9)

Llq|

(43

and make it possible to diagonalize the Hamiltonian (8.6) via a Bogoliubov transformation:

H=Eg+ ) wybfby+ ;—L(fuNNz +vyJ?%), (8.10)
q
where
b; = coshypgal —sinhpga_g (8.11)
g2q

tanh 2 = - 8.12
¥q Up + gag ( )

we = |(vy+91q)" — (920)°1"%dl (8.13)

1/2

vs = (('UF +g40)” — (920)2) (8.14)

Uy = Usexp—2¢p (8.15)

vy = Ugexp 2pp- (8.18)

The interaction functions g;(¢) and ga(g) are supposed to tend to a constant in the limit ¢ — 0,
and to zero in the limit ¢ — +o0. Their decrease is controlled by the impulsion scale 27 /R,
where R is a given length scale. In the thermodynamic limit (L » R), one can defire an
effective low energy Hilbert space. To do so, we assume that w, ~ wg for all the wave vectors
g. Of course, this approximation is only valid if the temperature is low enough. In this limit,
the Hamiltonian (8.10) depends only on two velocities uy and v

T

H=FE+ Z(vaJ)UZ]ﬂb:bq + 57

g#0

(v N2+ 073, (8.17)

In one dimension, the link between the breakdown of the Fermi liquid picture and the level
gpacing spacing statistics is well understood. The absence of a Fermi surface in one dimension, in
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the presence of long range g and ga interactions was known to Dzyaloshinskii and Larkin in the
70’s [17]. The breakdown of the Fermi liquid picture is already present at the level of the static
correlation functions, and in the Hilbert space of low energy. The usual infrared divergencies are
governed by the ¢ — 0 limit of g2(¢) and g4(q), and are related to the orthogonality catastrophy
and the absence of a Fermi surface. The infrared spectrum is described by the Hamiltonian
(8.17). If the total charge and current quantum numbers are given, the g # 0 excitations are
bosons with a linear dispersion relation, but with a renormalized velocity. The departure from
the gas behaviour is measured by the anomalous exponents which appear in the static Green’s
functions. The interaction energy scale associated to this static breakdown of the Fermi liguid

is given by [13]

ot L\
g3t~ up (ln m) . (8.18)

However, as emphasized in [13], the static part of the Green’s function does not contain all
the physics of the breakdown of the Fermi liquid theory. From a calculation of the two polnts
Creen’s function, and from a calculation of the switching-on pocedure, we found in [13] a
dynamical breakdown of the Fermi liguid picture, controlled by the interaction scale

% &7
dyn F
~ Ik 8.19
where « is defined by
g2q = gao(1 — (¢R)%). (8.20)

The static process of breakdown of the Fermi liquid picture does not modifie the level spacing
statistics, which remain singular, as in the case of the gas, since the dispersion relation of the
bosons remain linear. By contrast, the dynamical breakdown of the Fermi liquid appears to be
related to a cross-over in the energy level spacing statistics, namely from singular level spacing
statistics to generical Poisson level spacing statistics. As far as symetries are concerned, the
gas case and the Luttinger liquid possess the conformal symetry. The static breakdown of the
Fermi liquid preserves the conformal invariance. The theory is the antiperiodic-antiperiodic
sector of the compactified boson, with an interaction-dependent radius of cornpactification.
The dynamical breakdown of the Luttinger liquid corresponds to a massless loss of conformal
invariance [12].

8.2.2 TFourier transform of the gas spectrum and temperature-dependent
level spacing statistics

We first wish to characterize the specirum of the gas in the absence of interactions, a momentum
cutoff A and a finite size L. The idea is to find a criterium to detect when a boson of given
wave vector g is present or not in the system. Since go and g4 interactions are diagonal on the
basis of bosonic excitations, this tool is a good way to characterize the degree of integrability
of the model with a momentum cut-off. We consider a one branch model, and the number of
quantum states is simply the integer part of 2AL/27. The spectrum is made up of levels with
an equidistant separation 27vg/L. In order to characterize the spectrum, we use its Fourier
transform

+oo | .

fLlr) = f e N fw— E) =) B (8.21)
o {E:} {E:}
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In the thermodynamic limit,

oo, +oo
foolT) = /+ e Z §(w — vy 2 qng), (8.22)

— Q0 {Tl.q]' nq=0

leading to

1
o = —_— 8.23
| foo ()] ql;[DQEsm'uqu/‘Z! ( )

This function presents poles which are characteristic of the bosonic modes for 7,4 = 27n/vsq,
with 7 an integer. If we rescale 7 by a factor 27 and choose vy = 1, we obtain a pole for
Tnq = M/, that is for every rational number. We plotted | foo(7)| for 5 bosonic modes on figure
8.1. One can easily recognize the different bosoms in the sequence of poles. In the presence
of interactions, the poles are deplaced. We also studied the Fourier transform of the spectrum
in the case of a finite size system. The result is depicted on figure 8.2. We can see that the
poles are not so well defined. However, we can recognize the formation of peaks which replace
the poles, and attribute well defined boson wave vectors to some peaks. The corresponding
truncated density operators are defined by

pa(a) = D Oa(k)Oa(k + g)cfigc, (8.24)
k

where 8, (k) = 8(A — |k — kys|). We can ask under which condition a peak corresponding to a
truncated boson pa{g) appears on the modulus of the Fourier transform of the spectrum Sl
To answer this question, we assume that the number n, of bosonic excitations of wave vector ¢
appearing in the presence of a cutoff is such as gng ~ 24, so that fr{m1,q) ~ 2A/q for the peak
at T = 71 4. A boson of wave vector ¢ is well defined provided fr(m1,q) > 1, that is if A > ¢/2.
For a given cut-off, the statistics are expected to be Poisson at low energies, and G.O.E. at
higher energies. This is due to the fact that truncated bosons are created essentially at low
energy. In order to test this idea, we introduce temperature-dependent level spacing statistics,
which are defined as follows. If {E;} is the full spectrum and {¢} are the energy levels after
the smoothing procedure [23], the density of level spacing P(s) is

Pg(s) = (zl: exp (—ﬁ%—lz_‘_%)) " 21: exp (—ﬂEl'!'—12+§1) 6(s — (€ip1 — €)). (8.25)

Moreover, for the statistics to be comparable, one needs to scale Pg(s) and s such as (Pg(s)) = 1,
and (sPs(s)) = 1. The reason why we have to rescale these quantities is that they were equal
to unity after the smoothing procedure, which was carried out in the zero temperature limit.
This property is no more valid with the statistical weights of equation (8.25). For an infinite
temperature (8 = 0), we recover the usual level spacing statistics. As the inverse temperature
8 increases, the low energy levels carry more and more statistical weight. As we saw from the
description in terms of the truncated bosons {8.24), the spectrum is expected to be integrable
at low energies, so that the level spacing statistics should evolve from G.O.E. statistics, or at
least intermediate statistics (that is, with 0 < P(0) < 1), to Poisson level spacing statistics as
3 increases.
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Figure 8.1: Modulus of the Fourier transform of the spectrum in the thermodynamic limit
| foo(7)| for 5 bosons. Each pole corresponds to one or several definite boson excitations. We
have chosen vy = 1 and L = 27. A given boson ¢ > 0 generates a sequence of poles at
Tagq = 27n/q. The poles are denoted by their corresponding rational number n/q.



1 D SPINLESS FERMIONS 151

20 T

LA LA i L A L R

0 1 2 3 4 5 6

Figure 8.2: Finite size effects of the modulus of the Fourier transform of the spectrum | (Tl
We have chosen vy = 1 and L = 27, A = 11. As shown on the figure, we can attribute boson

quantum numbers to some peaks. We recognize the fractions 1/5,1/4, 1/3,2/5,1/2,3/5,2/3,3/4,
4/5.
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8.2.3 Level spacing statistics with g, interactions in the A-restricted Hilbert
space

The numerical method to compute the level spacing statistics of two branch models with a
momentum cutoff A and g; interactions consists in tabulating the states of the Hilbert space
by generating all the different fillings of the two branches, the number of particules on each
branch being kept constant. The second step consists in computing all the matrix elements
of the hamiltonian and diagonalising the Hamiltonian by the use of the Jacobi method. The
interactions are of the form

gl
o smen (2 -

The scale of the interactions R is chosen equal to A, so that all the matrix elements of the
interaction are important. The evolution of the spectrum as a function of gyy is plotted on
figure 8.3. This figure is to be compared with the figure 2 of reference [13], where we have
plotted the evolution of the energy levels as a function of gy but in the absence of cutoff.
The obvious difference betweern the two plots is the presence of level repulsion with a cutoff
A, and the existence of level crossings in the absence of cutoff. The level spacing statistics
corresponding to a spectrum analog to the one of figure 8.3 are plotted on figure 8.4. They are
in good agreement with G.0.E. level spacing statistics. In our computation, AL/2r = 3, so
that the criterium A *» 27 /L is not verified. We could not go to higher values of AL/27 because
increasing the ratio AL/27 increases the size of the Hilbert space and numerical diagonalizations
are no more possible. We conclude that the statistics depend drastically on the length of the
system, if the momentum cutoff is fixed. If we apply the ideas of temperature-dependent
statistics of level spacings to the system, we find that the statistics of level spacings are driven
from a G.0Q.E. law at 3 = 0 to a Poisson law as [ increases, as depicted on figure 8.5.

This evolution reveals the fact that "nearly integrable” degrees of freedom exist at low
energy. These bosonic degrees of freedom are exactly integrable in the absence of cut-off. In
term of classical trajectories (provided one is able to find a classical phase space for the Fermi
liquid !), this situation corresponds to the existence of conserved torii at low energy, which
transform into chaotic trajectories as the energy increases. The cross-over temperature scale
shall be derived later.

8.2.4 Level spacing statistics with g, interactions in the A-restricted Hilbert
space

We now consider the case of g4 interactions. The interaction Hamiltonian is

H' =3 3 gugcly o gewer. (8.27)
a7 0 kk'#k+q

The interest of the g4 term is that we can use only a one branch model, and we can reach
~ higher values of the ratio AL/2r without increasing the size of the Hilbert space. We could
reach AL/27r = 12 in a sector of total momentum P = 24.2r/L. P is the impulsion with
respect to the fundamental. As long as P < AL/w, one has generated the complete Hilbert
space in the absence of interactions. This fact motivates the choice P = AL/7. The condition
AL/m = 24 > 1 is respected. However, we did not find Poisson statistics, but statistics which
are intermediate between a Poisson law and G.0.E. statistics. Namely, the value of the density
of normalized zerc crossings is not 1 but 0.5. The statistics are plotted on figure 8.6. This
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i

Figure 8.3: Evolution of the energy levels in the presence of g3 interactions with a momentum
cutoff. The parameters of the model are vy = 1 and L = 27. The cutoff is chosen equal to 3, so
that we have 3 fermions on each branch, for 6 available quantum states. The interactions are
of the form gaq = gso€xp (—¢/R). with R = 6. The momentum sector is 1, leading to 45 states
in the Hilbert space. Because of the particule-hole symmetry, the spectrum is symmetric, but
with no level crossings.




154 CHAPITRE 8. ARTICLE 3

Y . Poisson ---—
s @.0.E. -

i 0.5 1 1.5 2 2.5 3 3.5 4
normalized level spacing s

Figure 8.4: Level spacing statistics of 1D spinless fermions with g, interactions and a cutoff.
The parameters are vy = 1, L = 27. In order to eliminate the particule-hole symmetry present
on figure 8.3, we chose a non symmetric cutoff for particules and holes: the number of fermions
on the right branch is 4, and the number of quantum states is 9. On the left branch, the number
of fermions is 5 for 9 quantum states. The Hilbert space contains 1052 states in the sector of
momentum 1. The level spacing statistics are found to be well fitted by G.O.E. statistics.
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Figure 8.5: Level spacing statistics of 1D spinless fermions with g, interactions and a cutoff at
finite temperature.

The parameters are vy = 1, L = 27. In order to eliminate the symmetry present on figure 8.3,
we chose a non symmetric cutoff for particules and holes: the number of fermions on the right
branch is 4, and the number of quantum states is 3. On the left branch, the number of fermions
is 5 for 9 quantum states. The Hilbert space contains 1052 states in the sector of momentum
1. The level spacing statistics are plotted for inverse temperature equal to 8 = 0,0.1,0.5 A
cross-over is found from G.O.E. statistics as § = 0 to Poisson statistics as ( increases.
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Figure 8.6: Level spacing statistics of 1 D spinless fermions with g4 interactions and with a
momentum cutoff. The parameters are chosen such as vp = 1 and L = 27. The value of the
momentum cutoff A is 12 and the total momentum is 24. The Hilbert space contains 1185
states. The statistics is found to be intermediate between a G.0.E. statistics and a Poisson

statistics.
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computation gives an idea of the extension of the crossover as a function of AL/27, since we
obtain intermediate statistics for AL/2m = 24. We computed also the temperature-dependent
level spacing statistics. We found a cross-over to Poisson statistics as the inverse temperature

increases, as plotted on figure 8.7.
This cross-over is much more rapid than in the case of the g, interaction. However, the
values of the cutoff in the g, case and the g4 case are not comparable,

8.2.5 Cross-over scales

In order to get an idea of the temperature cross-over between the G.O.E. and Poisson regime,
we look for the energy scale kgT™* below which the energy levels are decorrelated. To do so,
we make the approximation that the only effect of interactions is to compress the spectrum by
an amount ((1 + ga/vs)? — (g2/v7)?))/2, where g5 and g4 are typical energy interactions. This
compression of the spectrum means that the effective mass increases if g; is large compared to
gs. This approximation corresponds to taking local interactions in the real space. Then, we see
that the integrable modes under request are such as

2 2y —1/2
vy|g| < ((l+ &) — (g_z) ) kgT. (8.28)
vy vy

These modes are integrable provided they lead to well-defined bosons. We say that a boson is
well-defined provided a sufficient number of particule-hole excitations enter into the summation
(8.24), that is if 2A — |q] > 27a/L, where a' is a dimensionalless coefficient, which counts the
number of non-zero terms in (8.24), and is thus a measure of integrability. We get that

bsT ~ (28 - 27a/L) (1 + ga/u)? — (ga/ur)?) " (8.29)

The energy scale kpT* thus increases as the cut-off A increases, and decreases if the interaction
strength g, increases.

8.3 Level spacing statistics of a 2 D spinless fermion system
in the A-restricted Hilbert space

8.3.1 Bosonization of the bidimensional Fermi surface

The bosonization of the Fermi Liquid [19], [20], [21] involves a covering of the Fermi surface by
spheres of radius A. Fach small sphere is labelled by an integer o and one assumes that the
Fermi surface is flat at the scale A. Assuming that A >» 2x/L, the commutation relations of
the operators

Pga = Z Hm(k + (1/2)9a(k - Q/Q)”q(k)z (8'30)
q
with
nq(k) = Cz—q/zckm/z’ (8.31)

must include a Schwinger term, leading to the commutation relation

[Pa.es P ] = baardaqr 2 Calk, Q)(HL% =~ ”imgzl), (8.32)
k
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Figure 8.7: Level spacing statistics of 1 D spinless fermions with g4 interactions and with a
momentum cutoff. The parameters are chosen such as vg = 1 and L = 27. The value of the
momentum cutoff A is 12 and the total momentum is 24. The Hilbert space contains 1185
states. The statistics are plotted for the inverse temperature equal to 8 = 0 and 3 = 0.3. The
statistics for 8 = 0.3 is close to the Poisson statistics.
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where the constraint C, is

Ca(k, @) = ba(k + 3 Walk — 5)0a(k’ + 5 )alk - 7). (8.33)

To simplify the expression (8.32), one makes the assumption of a flat Fermi surface in each
sphere of radius A. In order to specify this condition, one imposes that no bosonic excitations
with an angle § > 7 /2 exist, where 8§ denotes the angle between kg and q. The maximal angle
theta is such as

27
tan (B - —) < T (8.34)
which leads to
471‘k'f
| L
The equation (8.35) means that the curvature is negligeable in a sphere of radius A, and is
compatible with the condition

A< (=) (8.35)

A>2n/L (8.36)

provided the linear length is large enough: L > w/ky. If A <« 27/L and |q| < A, the leading
term in (8.32) is of the form [pq‘a,pé’,la,} = bauwbqq Va(q.ng). We evaluate the corrections
under the conditions A >» 27/L and |q] € A. Under these assumptions, the leading term
represents the number of states in the parallelogram of figure 8.8.

To obtain the corrections, one has to substract the number of states contained in the small
shaded triangle. The number of states to be removed is approximately equal to

2
:;12‘ (%) |q|* cos fsin 8 = Va(q.na).ii‘%;?il. (8.37)
The commutation relations are thus of the form
A ngy
[pq,a1p§,la,] = bujabq,q Va(qna){1+ O 9 » I) (8.38)
Following reference [21], we define
aq(ky) = ZfﬁA [k = ke])nq(k)0(q.vy) + n_q(k)6(—q.vi)l, (8.39)
and
ba(ke) = (NaV]q.vi)) ™ ?aq(ke), (8.40)

where ¢4 is a smearing function such as ¢ ~— 5k,kf if A — 0, and Ny is the local density of
states:

Na = 5 3 1ga(lk — kel 260 — ). (8.41)
k

Provided the curvature of the Fermi surface is negligeable, that is provided condition (8.35) is
satisfied, one can bosonize the Hamiltonian (8.2) to obtain

H=Y" > |qvilbg(ke)bg(ks) + W Y fekgr-q(K)ng(k'). (8.42)
kf 9.9V >0 kk'q




160 CHAPITRE 8. ARTICLE 3

sphere n-1 sphére n sphere n+1

states to be removed Fermi

surface

Figure 8.8: Representation of a sphere at the Fermi surface.
The commutation relation (8.32) is proportional to the number of states contained in the in-
tersection of the parailelogram and the sphere n. The leading order term takes into account all
the states in the parallelogram.
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Since the interactions are quadratic in the boson operators, one can diagonalize them via a
generalized Bogoliubov transformation. However, in numerical computations, one can only
treat a Hilbert space of size 2000. This means that the cutoff A must be reduced drastically,
as well as the Fermi wave vector ks. In particular, the conditions (8.35) and (8.36) are no
longer valid and one cannot diagonalize the Hamiltonian as described above. Two scenarios are
candidates for the appearance of chaos in the spectrum of the bidimensional Fermi liquid. The
first scenario is the effect of curvature. In the limit I — +o0, and for a cut-off independent of
L, the condition {8.35) is no more valid, and one cannot solve the model by bosonization. We
shall not study this effect in the present paper. The second scenario comes from the fact that,
even with a flat Fermi surface, the condition (8.36) may be violated, so that the system is no
more integrable by bosonization. We shall study the last type of effect in the rest of the paper.

8.3.2 Level spacing statistics of a 2 D spinless fermion system in the A-
restricted Hilbert space

We now turn to the bidimensional case in the presence of a momentum cutoff, The Fermi sea
in its fundamental state is pictured on the insert of figure 8.9.

We treated a Fermi sea of b electrons for a total of 29 available quantum states. The
Hamiltonian is given by the expression (8.2). The interaction term can be split into two terms
as follows

H' = Hj+ H{ (8.43)
1
H& = _vz,fk.k+q,q”k+an (8.44)
kq
1
H{ = Vz Z fk,k*,qci'(-+q5;_qck‘ck (8.45)
g0 k,k'#k+q
(8.46)

The term H} is of the same nature as the diagonal Landau interaction between quasiparticules.
The only difference is that §n; represents occupation numbers of renormalized quasiparticules
in the Landau theory, whereas ng is the number operator of bare fermions. The Hamiltonian
made up of the kinetic term H° (8.3) plus the term H|} (8.44) has already been studied in
reference [11] and leads to Poisson statistics in two dimensions. In the limit in which the
bidimensional bosonization procedure is applicable, it has been established in [21] that the
Hamiltonian H + HS + H11 is integrable, namely that the effect of H& + H11 is to renormalize
the free theory without breaking the integrability. We question whether this property is still
valid for a system of electrons such as the one drawn on the insert of figure 8.9. To see this, we
diagonalize the Hamiltonian H® + H} + H{ for the electron system of the insert of figure 8.9, in
a sector of fixed total momentum. As expected from bosonization [21] and from R.P.A. theory
[24], we obtain a collective bound state which detaches itself from the particule-hole continuum.
The energy of the collective mode is greater as the continuum energy for repulsive interactions,
and lower for attractive interactions. Because of the small value of the momentum cutoff A, the
energy width of the confinuum is small compared to the energy of the bound state, so that the
bound state renormalizes the level spacing statistics of the continuum towards small values, since
the mean value of the level spacing disiributions is rescaled to unity. If we suppress the bound
state from the spectrum, we obtain level spacing statistics in good agreement with Poisson level
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Figure 8.9: Level spacing statistics of the Hamiltonian H°+ H}+ H]. The level spacing statistics
are poissonian if one excludes the bound state, and renormalized towards s = 0 in the presence
of the bound state. The linear size of the box is 2x. The kinetic term e(k) is quadratic, with
a mass equal to 3. The interactions have the form fr g = f"exp(—|g|/R), with R = 6. The
insert represents the Fermi sea which was used. The Hilbert space contains 1042 states in the
sector of momentum P = (2w /L)(2,1).
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spacing statistics, as shown on figure 8.9. It shows thai whereas the cutoff A is very small and
the number of electrons small too, the result we obtain is consistent with the result predicted
in the limit in which the bosonization procedure is valid, with a large cutoff compared to 2n /L.
However, there is no contradiction with what has been done in one dimension. If we assume
that in two dimensions the statistics are poissonian provided a sufficient number of truncated
bosons (8.30) have a sufficient number of non zero terms in their linear combination, we obtain
the same criterium as in one dimension, namely that the statistics are poissonian provided
A > 27 /L. Using the cross-over scale we obtained from the diagonalization of g4 interactions,
we reach the conclusion that the level spacing statistics of the Hamiltonlan H 9+ H} should
be of the G.O.E. type. This is indeed the case, as shown on figure 8.10. We attribute the
fact that the level spacing statistics of HO + H} + H} are poissonian to the presence of only a
small number of off-diagonal terms, which are not numerous enough to change significatively
the statistics.

8.4 Conclusion

In this paper, we have studied the effect of the momentum cutoff on the level spacing statistics of
interacting Fermi systems. We found that the presence of the cutoff could change drastically the
level spacing statistics of a finite size system, namely to drive the level spacing statistics from a
poissonian shape to G.O.E. statistics. Using temperature-dependant level spacing statistics and
one dimensional models, we have shown that the system of electrons in the presence of a cutoff
is integrable at low energy. As far as gp interactions are concerned, we obtained G.O.E. level
spacing statistics, which evolve to a Poisson level spacing statitics as the temperature decreases
from +oo. In the g4 case, we could reach higher values of the cutoff since the two branches
of the dispersion relation are decoupled. The infinite temperature level spacing statistics were
intermediate between Poisson and G.O.E., and were driven to a Poisson shape as the tempera-
ture decreases. The main feature of a system of spinless correlated fermions in the presence of a
momentum cutoff in the k-space is that, inspite of the loss of integrability there subsists nearly
uncorrelated levels at low energy. This conclusion is analogous to the conclusions of reference
[25] for another model. In two dimensions, one has to distinguish between two cases. The
first case corresponds to off-diagonal interactions only. In this case, the level spacing statistics
are G.0.E. statistics. It is clear that in this case, no switching on procedure can connect the
excitations of the gas and the excitations of the interacting system, since the nature of the two
spectra is different, which means that the system is not at the Landau fixed point. In the second
case, diagonal interactions of the Landau type are taken into account. The Poisson level spac-
ing statistics are restored because the off-diagonal matrix elements are not numerous enough,
whereas their amplitude is comparable to the amplitude of the diagonal matrix elements. The
Fermi liquid behaviour of the Hamiltonian in the presence of diagonal interactions is thus not
destroyed. This result is to be compared with the fact that the Hamiltonian is diagonal in the
limit in which the bidimensional bosonization procedure is valid. In spite of the small number
of fermions and the small number of orbitals in our numerical computations, we obtain a result
in good agreement with the bosonization of the Fermi surface theory. It should be stressed that
the limit in which the bosonization theory is valid is not the thermodynamic limit in which A
is ixed and I — +oo0, because of the constraint (8.35). The problem of the thermodynamic
limit, with the condition (8.35) violated remains open.

The finite temperature level spacing statistics seem to be an appealing tool for the study
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Figure 8.10: Level spacing statistics of the Hamiltonian Y+ H] with the bound state excluded.
The number of zero level spacing is equal to 1114 | leaving only 186 non zero level spacings

for the statistics, which explains the important fluctuations of the level spacing statistics which
agree with the G.O.E. shape. The insert represents the Fermi sea which was used. The Hilbert

space contains 1042 states in the sector of momentum P = (2z/L){2,1).
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of the spectrum of strongly correlated electronic systems. From a finite size study, one can
characterize the integrability at low energy, and the cross-over temperature measures how far
the low energy degrees of freedom are from being integrable. However, it is clear that the
level spacing statistics retain only information about the the symetries, and give no information
about the decay of the correlation functions, so that, in principle, we cannot solve entirely the
problem whether the bidimensional t-J model is a Fermi liquid or not. Nonetheless, we can
characterize the degree of integrability of the low energy degrees of freedom. A forthcoming
paper shall be devoted to the case of finite size t-J models [10].

The author acknowledges B. Dougot for underlying the role of the momentum cutoff, and
J.C. Angleés d’Auriac for help with algorithms.
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Monopoles in the gauge theory of the t-J model’
R. Mélin, B. Dougot
CRTBT-CNRS, 38042 Grenoble BP 166X cédex France

We consider a RG approach for the plasma of magnetic monopoles of the Ioffe-Larkin
approach to the t-J model. We first derive the interaction parameters of the 2+1 plasma of
magnetic monopoles. The total charge along the time axis is constrained to be zero for each

lattice plaquette. Under the one-plaquette approximation, the problem is equivalent to a one
dimensional neutral plasma interacting via a potential V' (¢) ~ t*, with & = 1/3. The plasma is
in a dipolar phase if @ > 1 and a possibility of transition towards a Debye screening phase
arises if & < 1, so that there exisis a critical Fermi wave vector k} such as the plasma is Debye
screening if ky < k} and confined if k¢ > k%. The 2+1 dimensional problem is treated
numerically. We show that k} decreases and goes to zero as the number of colors increases.
This suggests that the assumption of spin-charge decoupling within the slave-boson scheme is
self-consistent at large enough values of N and small enough doping. Elsewhere, a confining
force between spinons and antiholons appears, suggesting a transition to a Fermi liquid state.

!submitted to Phys. Rev. B
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9.1 Introduction

The physics of strongly interacting electron systems has received considerable attention over
the recent years, and it still bears many challenges, especially on the theoretical side. Among
the various methods and ideas which have been explored in this context, gauge theories seemed
to offer a rather attractive approach [1]-[7]. Their essence is to focuss on the presence of
a non double occupancy constraint, which leads to a local U(1) symmetry if a slave boson
representation is used [1}-[3]. Although it is possible to derive these gauge theories from an
expansion around a large N mean field theory of the t-J model [4] [5], they could also be regarded
as promising candidates for an effective low-energy theory in order to describe for instance the
anomalous normal state properties of high-T, superconductors. They seem to predict a phase
diagram for the single band t-J model which qualitatively ressembles the experimental ones for
copper-oxide superconductors [6]. Further more, they reconcile the existence of a large Fermi
surface corresponding to Luttinger’s theorem, as shown by photoemission experiments, and the
anomalous transport properties, which are mostly governed by koles [6] [7]. Thermodynamic
properties have also been investigated, and a good agreement with high temperature expansions
for the t-J model has been reached [8]. However, this work has also pointed out that fluctuations
of the gauge field are large, in the sense that the variance of the local statistical flux around
a given plaquette is not small in units of 27, even down to low temperatures. This feature
suggests that the presence of the lattice may not be inessential, since it induces a periodic
action as a function of the time and space dependent flux per plaquette. As demonstrated by
Poliakov, this periodic nature of the gauge field has dramatic consequences on 241 dimensional
electrodynamics since it allows for non trivial space time configurations of the gauge field
(monopoles), which induce charge confinement [9]. It should be emphasized that in the context
of the t-J model, the gauge field Lagrangian density is not the usual —%F“,,F“” term, but it is
generated upon integrating out fermionic and bosonic fluctuations [3]. A perturbative estimate
of a single monopole action has also been derived in [3], and was found to diverge. However,
it is clear that some globally neutral configurations (i.e. with the same number of instantons
and anti-instantons) have a finite action, and the main question is whether the corresponding
two-component plasma exhibits Debye-screening or not. This viewpoint has been developed
by Nagaosa [10] where he assumed a dissipative-type action for the gauge field, which may be
relevant for the $-J model at small temperatures, since it requires a finite dc conductivity for
the fermions. His main conclusion is that no major instanton effect is present in the t-J model
range of parameter since the dissipative nature of the gauge field dynamics strongly inhibits
quantum tunneling. In the preseni paper, we address this question from a slightly different
perspective, with emphasis on the possible zero temperature transitions. By contrast to the
results of reference {10}, we find that assuming a Ioffe-Larkin form for the monopole plasma
action leads to a phase transition between a Debye screening phase (which corresponds to a
confining force between spinons and antiholons), and a dipole phase (leading to unconfined
spinons and antiholons). The control parameters are the band filling of the underlying t-J
model, and the number N of fermion colors (the physical case being N = 2). In rather good
agreement with physical intuition, the dipole phase of the plasma is found at large N and
small doping. In this regime, spin-charge separation may then be a self-consistent hypothesis.
We note however that this leads either to a renormalized Fermi liquid or an anamalous liquid
depending on whether Bose condensation of holons occurs or not. In the other phase, the
gauge field cannot be treated perturbatively, and the corresponding mesons (bound states of
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spinons and antiholons) are physical electrons. By contrast, a transition to the dipole phase is
obtained in reference {10] in the presence of an infinitesimal dissipation. The main difficully of
the problem is the determination of the phase diagram of the monopole plasma which exhibits
long range interactions (in space and imaginary time). Furthermore, unlike the case of the
standard compact 241 elecirodynamics, a strong anisotropy exists beiween space and time
directions, reflecting the lack of Lorentz invariance in the model. This reduced symmetry
increases the difficulty of real space RG amnalysis since the functional form of the monopole
interaction potential is not stable under a RG transformation. Our approach has attempted to
take advantage of the fact that the interaction is much stronger along the time direction, with
a 713 dependence. The corresponding one dimensional problem exhibits a phase transition
between a Debye-screening phase and a dipole phase. We argue and give some numerical
indication that the unbinding of the monopole-antimonopole pairs along the time direction
triggers a 241 dimensional unbinding, leading to a globally Debye-screening phase. The paper
is organized as follows: section 9.2 defines the statistical problem of the monopole plasma. The
next section focusses on the 0+41 dimensional problem along a time direction, giving strong
arguments in favor of a phase transition. The extension to the 21 dimensional situation is
then discussed, leading to a phase diagram as a function of N and fermion filling, which is the
main result of the paper. The conclusion is dedicated to a comparison with previous work and
stresses open questions.

9.2 Statistical mechanics of the monopole plasma

As already stressed in the introduction, we shall assume a Lagrangian of the form

Z Z (cw cm( )+ bio(T) 2=bio 'r)) —tf Z ( —1aij cwcjg +h.c ) (9.1)

1 o=1

ﬁtbz (e—iaiibjrbj + h_c.) zZA ( L Cio + 0T h; — %) .
()

The fields ¢;o(7) and b;(7) are respectively fermionic and bosonic, and they are defined on a
two dimensional square lattice with continuous imaginary time. The hopping constants ¢; and
t, can be derived from a large N saddle point approximation of the one band t-J model [5] [8].
We shall from now on focus on the effective dynamics of the U(1) gauge field (a;;, A;), assuming
that fermions and bosons have been traced out. As shown in the references [3] [6], the gauge
field action to ganssian order is dominated by the fermion contribution at low doping, and with
the assumptions that the holons have not condensed. Keeping only the transverse part which
is responsible of the non-Fermi liquid behavior gives [3]

Sesf{a,\)=T Z ./BZ_ €1 (k,w)w? + u(k,w)k® ) (51',3- k;; ai{k,w)a;(— —w)).

wnp=2anT

(9.2
In this equation,
ks
2rk|w]
for |w| < 2t5ksk, k < kg and p(k,w) = t5/127. The gauge field variables a,,1,, where n
is a lattice vector and r a lattice site are denoted in the continuum limit by an(7 + n/2), in

€1 = (9.3)
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order to define the two component field a;(p). The time component of a is identified with A.
Most of the time, we shall use the axial gauge ap = 0. Latin indices such as « and j denote
spatial components, whereas Greek indices correspond to arbitrary components. The quantities
¢; and p are derived with the approximation of a circular Fermi surface, and by taking the long
wavelength, small frequency limit of the fermion current-current correlation fanction. The main
drawback of this action is that the fundamental periodicity of the original action (9.1), namely
its invariance under a;; — ay; + 27 is lost. This periodicity allows for non-trivial space-time
configurations of the field corresponding to tunneling events where the flux threading a given
plaguette may change by integer multiples of 27. Joffe and Larkin suggest to express (9.2) in
terms of gauge invariant field strength F,, = dua, — uay, with 4 = 0,1,2, and to replace the
flux par plaquette Fy; by its value modulo 2x. This algorithm sounds quite natural on physical
grounds. However, (9.2) has been derived perturbatwely for ‘flat’ configurations which satisfy
Faraday’s law: d,b, = 0, where

1
b,u. = §EpupFVp' (94)
After the field strength b, is taken modulo 27, it satisfies
uby = Z 2rn;6(r — r)é(T — i), (9.5)

where n; are the integer charges located at r;,7;. An ambiguity arises in extending the result
{9.2) to non trivial configurations. We may add to equation (9.2) any quadratic form

TZ/ e ) (Pb(k, w)b(~k, —w) — ke (k,w)eL (—k, ~w)) (9.6)

without changing the result on ‘fiat’ configurations, but the action for non trivial configurations
will depend on the kernel C(k,w). In (9.6), e, and b denote the transverse part of the electric
field, and the magnetic field respectively. We also note that the perturbative evaluation of the
fermion loop generates only the function € (k, w)w?+ pu(k,w)k?. Physical intuition suggests that
p(k,w) is identical to the static diamagnetic susceptibility in the w - 0 limit. This determines
the two functions €;(k,w) and p(k,w) as given above, and with such a determination, (9.2)
becomes

Seffla, A) = TZ] de 1 1k, wley (kwhei (—k, —w) + %;L(k,w)b(k,w)b(—k,ww). (9.7)

Equation (9.7) is then extended to non-trivial configurations thus lifting the ambiguity in the
choice of the kernel C(k,w). But if the procedure seems perfectly sound at low frequencies, the
separation between the electric and magnetic parts is less obvious to access at higher frequencies.
In the bulk of this paper, we assume that this procedure is valid. The action for a many
monopole configuration with a topological charge ¢(r,7) = £:27 is then given by

dzk ek, )k, w
Z/ (k,w)ulk, w)

Fw) TR, 0 + alk, w)kzq( k, —w), (9.8)

plasma -

where g(k,w) is the Fourier transform of the charge density, namely

B .
glk,w) = / dr Z e_‘(k‘r+“7)q(7', ), (9.9}
Ja -
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where 7 is a lattice site. More specifically, this gives

Ntf d*k q(k w)q( -w) '
S lastna — E / 8.10
’ 24m P ol (ol + 5 % 55 o

In this formula, the global factor N has been added. It is simply the number of fermion colors
in the large N approaches. Rescaling energies and frequencies by setting 5 = £1, the model
depends only on two dimensionaless parameters, N and k;. Assuming a circular Fermi surface,
the maximal value of k; corresponds to 1/2 electron per site for & given color, which gives
kf < (211')1/ 2

Before going further, we should mention that equation (9.8) is not the only candidate for
the monopole plasma action. Developing an analogy with Josephson junction arrays, and
emphasizing the dissipative nature of the gauge field, Nagaosa has also considered the following
action {10]: |

Siss = y f de d'r = )2 (1 -cos{ay(r,n,7)— ay(r,mn, 7)) . (9.11)

for the dissipative part of the gauge field dynamics. As shown in reference [11], it is possible to
map it into a statistical model in some regimes, but mostly a bidimensional model is obtained.
The key variables are the winding number m(r, n) along the time direction:

ay(ryn, B) ~ as(r,n,0) = 2nm(r,n) + v(r,n), (9.12)

with »(r,n) €] — 7, 7] and m(r,n) and integer. It seems that both approaches respect the 27
periodicity and the quadratic expansion of the gauge field around a = 0. In the absence of a
fully first principle derivation, we shall adopt equation (9.8) as a working hypothesis, and hope
to clarify this issue in a future work.

Going back to equation (9.10), it is important to stress that for any k value, the w integral
diverges if lim,, o g{k,w) is non vanishing. Therefore, we shall impose a constraint on the
allowed topological charge configurations, namely that g(k,w = 0) = 0 for any k. In real space,
it means that

/: drg(r,7)=10 (9.13)

for any plaquette located at r. The partition function of the plasma is then

B dﬂ 1
z = Z ni 2 H (f ) X(71, 7o) €XP (—5 26 V(= 5T - ’fj)) . (9.14)
Ty 17

n—O

In this equation, 7;,7; denote the space-time coordinates of the monopoles with topological
charge q;. Weset g, = 2rifi<t<nandg =-2rifn+1 <2< 2n Xan(T1, ..., Ton) EXpresses
the constraint and x = 1 if for any r we have

In
Zq,-am‘. =0. (9.15)
=1

The interaction potential v(r,7) is obtained by Fourier transform of equation (9.10)

a2k 1{k.r+wT)

072 15,7 S | Gy (9:36)
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with v = 1/6ks (we set 14 = 1). An important ingredient in (9.14) is the imaginary time scale
7o which is obtained by calculating the ratio of the two gaussian determinants in the presence
and in the absence of an instanton. We have carried out this calculation for the broken parabola
model of Ioffe and Larkin, which leads to

2 g N 1/2
_“\/2—,”# (TZ/ dk . w)k +;Lk2) _ (9.17)

The interested reader will find a derivation of this result in the appendix. We note that the
integral is divergent at large frequencies. This may be another signal that we have not yet found
a satisfactory derivation of this monopole plasma action. Since this 79 depends on the full non
linear action of the gauge field, which is still unknown, we shall assume it equal to unity in the
following discussion {since we have used ty = 1 as energy unit). The following sections are now
dedicated to an analysis of the classical statistical system given by equation (9.14).

9.3 Monopoles in dimension 041

We deduce from the interaction (9.16) that the interaction betwen two monopoles is

dzk cos (k.r) — cos (k.7 + wr)
V=g 5 e e T (5.18)

We have shifted the interaction by an infinite constant so that the pair interaction between
two monopoles is finite. The energy of a configuration of monopoles satisfying the neutrality
condition f g(r,7)dr = 01is finite and does not depend on the regularization of the pair potential.

From now on, we are interested in the quantum problem at zero temperature, so the system
is infinite along the imaginary time direction. We shall now use 8 = Nt/127 to denote the
inverse fictitious temperature of the monopole plasma, which shoulda’t introduce confusion.
The two parameters associated to (9.18}) are v = 1/6kp and the prefactor 8. The interaction
(9.18) decreases as the distance |r| between two plaquettes increases. In order to have an idea
of the interaction ranges, we calculate the interaction V(r,7) as a function of 7 for different
values of the interplaquette distance. We first rearrange the expression (9.18) using the change
of variables u = wr and ¢ = (y7)/%k. We obtain

1 i3 ||
-5V = T () 1)
with _ +oo g‘ﬁ -+ oo éﬁw
F(z) .[o . Jo(gqz) /;Do 2 jul(u] + ¢3) (9-20)

We plotted on figure 9.1 the interaction for different values of the interplaguette distance |r|.
In a first approximation, we take into account only the one-plaquette interaction along the
time direction. In section 9.4, we renormalize the bidimensional problem with a cut-off for the
distance between two plaquettes,

The interactions of the one-plaquette problem are simply V(1) = —Tl/aF(D)/’yz/S. We look
for the phase diagram of the potential V(7) ~ —7% in one dimension as a function of the
exponent . Fortunately, some exact results concerning the phase diagram of one-dimensional
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Figure 9.1:
Interaction potential V{|r|,7) of equation (9.18) for ks = 4 and for different values of the
interplaquette spacing as a function of the time coordinate. The notation (0,0) corresponds to
|r| = 0, (1,0} stands for |r| = 1, (1,1} stands for |r| = V2 and (2,0) stands for |r| = 2.
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systems with long-range interactions are available [12]. The main result shows rigorously the
existence of & finite temperature phase transition for the 1D ferromagnetic Ising model if the
coupling J(n — n') « 1/|n — n'|7, with 1 < 5 < 2 {13]. To some extent, these results can be
transposed to generalized Coulomb gas models, by considering a representation of the Ising
model in terms of kink and antikink configurations. The potential energy for a single kink-
antikink pair is then proportional to {n — n/|2~7, n and n' being the locations of the kink
and antikink. The Ising and corresponding Coulomb gas problems are however not equivalent
since the Ising model generates only rather special configurations where kinks and antikinks
alternate. We expect intuitively the unrestricted Coulomb gas to be less ordered than the
corresponding Ising model. By ordered state, we mean the dipolar phase. As a result, an
unrestricted generalized Coulomb gas with V(r) oc 7* is expected to have a high temperature
Debye-screening phase if @ < 1. The fact that @ = 1 (the 1D genuine Coulomb potential) is
the borderline is confirmed by several exact investigations [14] [15] showing that this system is
always in the dipolar phase at any temperature. Our problem is a special case, with & = 1/3.
We shall now attempt to estimate the traunsition temperature to the Debye phase. 1t is then
tempting to use a real space RG analysis along the lines of references [16}-[18]. For instance,
the Coulomb potential in any dimension d (@ = 2 — d) has been analyzed in reference [18].
For d > 2, the system is always in a Debye screening phase, whereas for d < 2, there exists a
finite temperature transition. We note that this simple RG analysis still predicts a non trivial
fixed point for d = 1 and a = 1, in discrepancy with the exact results of references [14] and
[15]. But as d is decreased from 2 to 1, the unstable fixed point is found for higher values of
the plasma fugacity, so that the dilute approximation leading to the RG equations is no longer
valid. Hopefully, a = 1/3 is not too large, so the usual RG procedure is consistent.

In order to analyse the one plaquette problem, we wish to treat the more general problem of
the generalized Coulomb potential V, in one dimension. We show that if @ < 1, the plasma has
a Debye phase. We call Z, the partition function of the plasma with a minimal separation 7
betwen the charges, which position is allowed to vary from z = 0 to = L. For a neutral system
of 2n particles, this defines an integration domain denoted D, (L, dr). We wish to perform one
renormalization step, that is to express Z, as a function of Z,;4-. To do so, we write Z. under
the form

+oo Kim ™

“= 2y

m=0

2
m I d pf d d W 9.21
(P) pi{dr) Ds(in—py(LiT+dr) "L Ay p) WB (11, -0y To(n—p)}9-21)

=0
P L i
g]{; dp;2 cosh (BqT E(p;)).

We have introduced a fugacity denoted by z = K7. In this equation, we have taken into account
p dipoles with their center of gravity located at p; {3 = 1,...,p) and with a size between 7 and
T + dr. Wpg is the Boltzmann weight of the 2(rn — p) remaining isolated charges located at
T1, -, To(m—p) £(p) is the electric field at p, created by the 2(m ~ p) isolated charges. More
specifically,

WB(TI: '-':7"211) = exp (_ﬁgl Z qujVa,‘r(Ti - TJ')) : (9'22)
i<j
with

Var(r) = —= ( " 1) , (9.23)

o
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and .
e
p—i

- (9.24)

E(p) = - Z GV Varlp —1i) = Z q;

The p dipoles are assumed to be independent. The integration over the dipole coordinates p;
must take into account the position of the other charges located at r1,...,7y(n—p). We expand
the cosh in (9.21) up to second order in the electric field, and we write

L
[ 2cosh (Bar E(p))dp = 21 + (s, 7an), (9.25)

where we have used the notation n = m~—p and where the integration domain takes into account
the presence of a hard core condition. We first need to determine the function . To do so, we
write '

f 2 cosh (BqT E(p))d Z 8221 — T; — 37) (9.26)

@1 =37/2 2.2 2 e ‘ '
f dp {2+ B2 D gia V(o ~ z;)Vip —zx) | -

+2r/2 j=1 k=1

If we take only the two-body interactions, and the thermodynamic limit, the expression of ¢
takes the form

=1 L=
T P—Ts

T

-3)

(9.27)

L
{,D(‘T'],...,?’gn) = —37‘(271)-}— hm ﬁz 2 Zq:q;/ dP P
i3 O 7
p—ri

sgn((p— ro)p~ rilo (|22 - 3 ) o125
+Zquobdp P z(aﬂ)g(!p—m _%)]

-
The L -+ +oo limit exists provided the system is neutral and o < 3/2. Indeed, the 2n charges
create a dipolar field at large distances which decays as p™2 or faster. Taking the square gives
the upper bound on o for long distance convergency. This property also enables us to shift
variables and recast the previous expression as a sum of pair contributions which ail converge
separately. We thus obtain

T

4 oo - a—1 — a—1
O(P1y -y Ton) = —37(2n)+ﬁ2q22q1q3f dp Dp - P . J (9.28)
i) o
. p— T 3 p—Tj 3)
— ) —7;))0 B VY B Ee § B
sea((p — r(p - 0|22 - SYo(|£ 2 - 5

p_T',‘-}-'r‘j

T 2T

2(a=1) 9 (‘ 7+ Ty

_ g,r)}.

After some rather simple calculations, and extracting the dominant behavior, we have

P T 2ce—1

T

(s, ey 7an) = BT 3 gigsc(ar) [ - 1} —2n7 (34 (c(a) + d{a))8%q 2). (9.29)
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The coefficients c(a) and d(a) are given in terms of the Euler B function:

cla) = 2—2(%}1—)3(&,2(1_@)_3(0@,0() (9.30)
da) = (g) . (9.31)

We note that ¢ has the dimension of a length, so that Z; is dimensionless. The scaling equations
are now obtained and read

dln 8

s - +2(20 — De{a)K*r* 84" (9.32)
2
‘fil;f = _% - (3 +{e(a)+ d(a)}ﬁzqq) K72, (9.33)

And the mmteraction function is modified by

A

T

A

T

av
dlnt

2a_1~1) —é( a—l)], (9.34)

where A is the particle separation. These equations are obtained by imposing the normalization
constraints V() = 0 and

= 2(2a ~ De(a) K 2r*Bq° |:§&—1—__1— (

av

a
Since the fundamental form of the inferactions is preserved omnly for the Coulomb potential
(a = 1), these prescriptions are meaningful mostly near @ = 1. In the case a = 1, we recover
Kosterlitz’s RG equations as derived in [18]. We note that the second term in the r.h.s. of
equation (9.33) is not given in [18], but it doesn’t change the critical behavior. Its meaning
1s a natural reduction of fugacity because of excluded volume effects. The structure of these
equations, and in particular, the fact that o > 0 and 2(2a — 1)e(a)K2r28¢% < 0 shows that
the model keeps 2 finite temperature transition, and that the size of the Debye screening phase
increases as a decreases. Coming back to our problem, « is fixed to 1/3 for the single plaquette
problem. The interaction strength is larger if N increases and if v decreases, so if ky increases.
The dipolar phase is then expected at large N and large electron filling, in agreement with the
physical intuition that spin-charge separation is more likely to occur in the vicinity of the Mott
insulator and in the large N limit. This defines a critical Fermi wave vector £}(V) such that
spin-charge separation occurs for ks > kL(N). The aim of section 9.4 is to obtain quantitative
results for the variation of 7{N) with the number of colors N.

A=7)= -1, (9.35)

9.4 Monopoles in dimension 241

We now consider the 241 dimensional problem. The derivation of the RG equations is a
straightforward generalization of what has already been done in the 0+1 dimensional case. The
potential V' (r, 7) is given by equation (9.19) and (9.20). We use periodic boundary conditions in
time, with a period L. This regularization will also be used in the numerical calculations. Small
dipoles {with a length between 7 and 7+ d7) can only be parallel to the temporal direction since
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we require the local neutrality condition [ g¢(r,7)d7 = 0, so that the cut-off = is only introduced
in the temporal direction. The function ¢ is given by

Lj2
e(r1t1, .., Tanton) = 2ﬁzq2'r2 Z Z Qijfe. P drdV (0, 7)8V (rk — 15— 7, Dk — T)
T itk i
L/j2
+28%¢%r? Z Z qf f / (BoV{r, 7)) dr. {9.36)
P arj2

In this expression, the summation over r is a summation over the plaquettes which contain
the small dipoles (with a separation in the temporal direction between 7 and T+ d7). A is
the difference between the time coordinates of the monopole j and the monopole k. As in the
expression (9.27), the integration over the time coordinate of the small dipole contains a hard
core condition. We evaluated numerically the integrals in (9.36), and took into account only
the potentials V(r,7) such as |r| < A, with A a lattice cut-off. The RG trajectories are plotted
on figure (9.2) for different values of the Fermi wave vector. Notice that some trajectories are
free to cross each other since the potential depends on the initial conditions via v. We can
check the validity of the predictions of the 0-}1 dimensional approach: if k¢ < k}, the plasma
is deconfined whereas it is confined if ky > k:}. For a one-color model, we find k} = 0.5+ 0.05.

However, the Fermi wave vector 1s bounded above by V27 since there is less than 1/2 electron
of a given color per plaquette. We conclude that there exists a transition even for the one-color
model, We now adress the question of the N colors monopole model. The action is simply
multiphied by N, inducing a change in the initial conditions of the renormalization procedure.
We plotted on figure 9.3 the critical Fermi wave vector k} as a function of the number of colors.
We see that for N = 2, which is the case of physical interest, that a possibility of a non Fermi
liquid arises as the doping increases.

9.5 Conclusion

To conclude, the main result of this investigation is the possibility of tuning the microscopic
parameters of the model (here the number of colors and the filling factor) in such a way that
confinement between spinons and antiholons arises or not, depending on these parameters.
Using a different approach, it had been previously claimed that the loffe-Larkin type of plasma
relevant to the t-J model is always in the dipolar phase, so that spinons and holons have a
chance not to form a Fermi liquid [10]. It is true that our plasma action (equation (9.10)) is
obtained from the simplest fermion loop, without dressing the fermion Green’s function, and
this may be the source of the difference between the results. We were guided here by the
very strong anisotropy of the intermonopole potential, making it much stronger along the time
direction, and requiring the neutrality constraint for each plaquette along the time direction.
Our intuition is that screening may only be more effective if the two spatial dimensions are added
to the one plaguette problem, thus weakening the strength of the large distance inter-monopole
interaction. We hope that these ideas may lead to a more rigourous approach, and possibly
Monte-Carlo studies of this plasma. Moreover, we have also presented arguments showing that
a satisfactory microscopic derivation of the plasma action is still missing. One difficulty is
connected to the ambiguity present while implementing the necessary periodicity requirement
from a perturbative calculation which by essence assumes ‘flat’ field configurations. A second
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Figure 9.2:
RG trajectories for N = 1 and different values of the Fermi wave vector. The time coordinate is
compactified on a circle of length 400. We took 7 = 1. Some trajectories cross each other. This
is due to the fact that the potential (9.19) (9.20) depends explicitely on -y and thus on the initial
conditions. We have plotted the square of he fugacity fugacity 22 = K?7? as a function of the
effective inverse fictitious temperature of the monopole plasma. The dipolar phase corresponds
to the fixed point (§, z) = (o0, 0) and the Debye screening phase corresponds to the fixed point

(8,2) = (0,00).
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Figure 9.3:
Critical Fermi wave vector as a function of the number of colors. The errorbars indicate the
precision in the location of the fixed point. The dashed line indicates the maximal value of the
Fermj wave vector (v/27).
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one, and maybe related to the previous remark, is the diverging bare fugacity which results
from the Villain-type treatment developed in the Appendix. At least, we hope that the present
work may stimulate a new reflection on these issues.

B.D. would like to thank J. Wheatley and D. Khveshchenko for their stimulating partici-
pation in earlier attempts to address the question of collective effects in the monopole plasma,
and S. Sachdev for an interesting discussion.

9.6 Appendix: derivation of the monopole fugacity in the
Toffe-Larkin approach

We start from the quadratic action in the transverse subspace
1T '
S = 5. ; ;El(k,W)eL(k,W)EL(—k, —w) + pblk,wib(—k, —w). (9.37)

In this expression, b is a scalar field and e, is related to b by the Faraday equation
wh(k,w) =k x e; (k,w).2. (9.38)

Suppose we consider an instanton located on a given plaguette 7y at time 75, The idea is to
replace b(r, ) by b(r,7) — 2x6{(b(r,T) — 7)b;,,. Minimizing over transverse configurations of b
leads to the instanton profile

o piE Xk

ei(kw) = ""q(k,w)w2+pk2q(k’w) (9.39)
i alkww ) ]

bkyw) = ( L i etk ) (9.40)

Here, q(k,w) = 27 exp{—i{k.ro + wg)) is the corresponding topological charge density. The
fugacity is obtained from considering quadratic fluctuations around the single-instanton solution
and integrating them out. We have to single out the zero mode which corresponds to a global
translation along the time direction of this solution. This is a standard procedure, and we just
quote the result [19]

1/2
A [ 1Y )

K= t . 9.41
V2r (Hi;ﬁo & (3:41)

In this formula, A is the norm of the zero mode function
(r,7) — Qf%. (9.42)

From equation (9.40), we obtain
- y 1/2

A=2mp | = i . 9.43
# (N,g(el(k,w)wz—i—pkz)z) ( )

The second term is related to the ratio of the product of eigenvalues of the Hessian matrix in the
vacuum and in the presence of the instanton. In the denominator, it is necessary to exclude the
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zero eigenvalue coming from translation invariance. The Hessian matrix is found by expanding
the action (9.37) with the shift b(r,7) — b(r, ) — 278(b(r,7) — 7}, up to quadratic order in field
deviations §b{r,) around the instanton solution. Written in Fourier space, the quadratic part
of the action is

525 = %%ZA(k,w)&b(k,w)éb(—k,—w) (9.44)
¥ kw
Uz T2 i((k~k'ro+({w—w')r) ! !
S o o : )80k, w)Eb( — &', —u).
|b01 Ns kw k' w!

We have used the notations A(k,w) = u + e1{k,w)w?/k?, and

ab
bé = E;(TU)TO): (945)

where b is the instanton profile. The eigenmodes corresponding to equation (9.44) are obtained
from a rational secular equation since the scattering potential is separable. This equation reads

2w T 1 _
- I_IPD_IE :1: AR NCOE 1. (9.46)

From the structure of this equation, it is possible to derive the determinant ratio as

[Lgots  27p T 3 k*

[0 = Tal W, 2= (el o)l + wk) (5.47)

kw

Using equation (9.41), and the expression for A leads to K = (w|bh)L/2. From equation (9.40),
we finally get :

e . 2 1/2
K=vomp| =3, el B (9.48)

$ kow el(k,w)w
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Chapitre 10

Effet Hall quantique a demi
remplissage

Le but de ce chapitre est de présenter une introduction 3 I'effet Hall quantique & demi remplis-
sage. Nous nous contenterons de donner quelques idées sur le probleme de ’effet Hall quantique
fractionnaire en général. Dans le cas d’un remplissage v appartenant & la hiérarchie, le liquide
obtenu est incompressible, c'est-a-dire qu'il existe un gap dans le spectre d’excitations, alors
que le cas v == 1/2 correspond & un fluide de Hall compressible, avec des excitations sans gap.
Une autre différence entre le cas v = 1/2 et les antres fractions de la hiérarchie est [’absence
d’un plateau dans la conductivité de Hall tracée en fonction du champ magnétique. Une des
notions importantes dans la théorie de 'effet Hall quantique & demi remplissage est la notion
de statistique fractionnaire et de champ de jauge de Chern-Simons. Ces idées seront exposées
dans ce chapitre. Nous présenterons ensuite le traitement en champ moyen du champ de jauge
statistique, tel que I’ont développé Halperin, Lee et Read'. Le chapitre suivant présentera une
expérience propre 4 tester la validité de cette théorie de champ moyen. Mais commencgons tout
d’abord par calculer le spectre d’un systéme d’électrons bidimensionnels sans interactions sous
champ magnétique.

10.1 Fermions bidimensionnels sans interactions sous champ
magnétique

On considére un systéme de fermions sans spin astreints & se mouvoir dans le plan (O, z,v),
et soumis & un champ magnétique uniforme B dirigé le long de 1'axe (Oz). Ce probleme a
été résolu par Landau, dans la jauge dite de Landau. Tl est clair que le résultat final, a savoir
le spectre, ne dépend pas du choix de la jauge, c’est pouquoi nous travaillons dans une jange
particuliére, avec les composantes suivantes du potentiel vecteur:

A, = —By (10.1)
A, = 0 (10.2)
A, = 0 (10.3)

' B.J. Halperin, P.A. Lee and N. Read, Tkeory of the half-filled Landeu level, Phys. Rev. B AT, 7312-7343
(1993),
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En choisissant la charge électrique égale & —e, le Hamiltonien d’un seul fermion s’écrit

_ g 2
H = S—(ikV +eA) (10.4)
h? .8 eB ., 0°
= e T R Y T a) (10-5)

On cherche les solutions sous la forme

$(e,y) = e 9(y), (10.6)
et ’équation de Schrodinger s’écrit
hz eB Yz a 2)
— (Kl — 2} = (= =K , 10.7
o (6= 3= (500" ) 0ta) = Eay) (10.7)
ol { est la longueur magnétique
3 1/2
I={— . 10.8
(55) (10.9)
En posant » = ki — y/l, 'équation de Schrédinger se met sous la forme
hw. [,. 0
- ((%5;)2 + uz) ¢ = E¢, . (10.9)

ol la fréquence cyclotron w,. est définie par
eB

m

(10.10)

We =
On reconnait ici le Hamiltonien d’un oscillateur harmonique, dont le spectre est donné par
1
E,=(n+ E)ﬁwc, {10.11)

et les états propres sont
ikx Y y— klz 2
wk,n(may) = et Hn(? - k‘!)eXp_ (( oj2 ) ’ (10‘12)

ol Hy(z} est le n-ieme polynome d’Hermite. Pour un échantillon de taille finie (L., L,), et s
P’on impose des conditions aux limites périodiques le long de 1’axe (Oz), ia dégénérescence d’un
niveau de Landau est finie et se calcule comme suit. Le vecteur d’onde k& est quantifié en unités
2n/L: k = 2zxn/ L, ol n est un entier relatif, et la fonction d’onde est centrée le long de la ligne
y = kl?. Le nombre de facons de centrer une fonction d’onde sur le rectangle est simplement

L

_ ¥
L:r

d’ou la dégénerescence N de chaque niveau de Landau qui vaut

L:L @

N, = Lely _ @ 10.14

T oz T gy (10.14)

oll ¢p = h/e est le quantum de flux. On appelle taux de remplissage v le rapport du nombre
d’électrons N sur le nombre d'états Ny dans un niveau de Landau:

_ N
=

v (10.15)
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10.2 Effet Hall quantique

Comment se comporte un liquide d’électrons bidimensionnels sous champ magnétique intense et
4 basse température? La réponse & cette question fut d’abord donnée par ’expérience. Ensuite
suivi la théorie de Laughlin du cas v = 1/3. Nous décrivons tout d’abord l'expérience de Von
Klitzing?. Ensuite, nous aborderons brievement l’approche théorique®.

10.2.1 Mise en évidence expérimentale de I’effet Hall quantique fractionnaire

Le dispositif physique qui permet de réaliser une couche d’électrons bidimensionnels est une
hétérojonction ou MOSFET. A linterface entre une couche d’isolant et une couche de semi-
conducteur, les électrons sont confinés dans un puits de potentiel profond localisé sur le plan
(0,z,y). Le courant est alors nul le long de la direction (Oz). Un exemple d'hétérojonction
est la jonction GaAs-GaAlAs. L’interface est refroidie & quelques Kelvins et placée sous champ
magnétique intense perpendiculaire  l'interface. On appelle résistance de Hallle rapport

v
Ry = =, (10.16)
I

ot ’on applique une différence de potentiel V; le long de la direction (Oz) et on mesure l'intensité
I, dans la direction (Oy). La quantité Ry est une constante, indépendante de V. La théorie
classique stipule que la force de Lorentz et la force électrique s’annulent le long de la direction

(Oyw), ce qui conduit a la valeur suivante pour la résistance de Hall:

1h
Ry = ——. 10.
H= e (10.17)
La conductivité de Hall og est définie par
b1
op = =R} =v. (10.18)

e?

La théorie classique prédit donc une variation linéaire de la conductivité de Hall oy avec le
facteur de remplissage v.

Les principaux faits concernant les expérience d’effet Hall quantique sont les suivants?. Les
résultats expérimentaux ont montré que la conductivité de Hall oy possédait des plateaux en
fonction de v pour des valeurs entiéres de v. Ces plateaux sont corrélés avec une tres forte
diminution de la résistance longitudinale (dans la direction {Ox}}. Il s’avere que la précision
avec laquelle se produit 'effet Hall quantique entier est trés élevée puisque les plateaux se
produisent avec une précision de 1073, Une mesure d’effet Hall quantique permet de mesurer
la constante de structure fine o. Cette constante régit le couplage du champ électromagnétique
3 la matiére en électrodynamique quantique, et s’exprime selon

o= Hot € _ poc 1

~ 2 kR 2 vRpy (10.19)

2K, von Klitzing, ¢. Dorda and M, Pepper, New method for high accuracy determination of the fine structure
constant based on quantized Hall resistance, Phys. Rev. Lett. 45, 494 (1980).

*Laughlin, Anomalous quantum Holl effect; an incompressible quantum fuid with fractionally charged excite-
tions, Phys. Rev. Lett. 50, 1395 (1983).

4], Frohlich Mathematical aspects of the quontum Hall effect (1992),
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pour v entier. La trés grande précision obtenue pour o a partir d’une expérience d’effet Hall
guantique entier permet de comparer « avec les calculs les plus précis d’électrodynamique
quantique. Une mesure d’effet Hall quantique entier permet donc de tester I’électrodynamique
gquantique.

En 1982, ont été mis en évidence® des plateaux pour des valeurs rationnelles du taux de
remplissage v, ce qui constitue l'effet Hall quantique fractionnaire. Plus récemment® on a
prouvé expérimentalement que pour un plateau a remplissage fractionnaire, le systeme présente
des excitations de charge fractionnaire.

10.2.2 Théorie de Peffet Hall quantique: quelques idées

L’effet Hall quantique entier s’explique comme un phénomene a une particule dans des échantillons
relativement sales. Au contraire, I'effet Hall quantique fractionnaire correspond & des effets de
corrélations dans des échantillons propres. Nous allons donner les grandes lignes de la théorie
de ’effet Hall quantique fractionnaire, pour passer ensuite 4 la théorie du cas » = 1/2. La
théorie de l'effet Hall quantique fractionnaire a& » = 1/3 est due & Laughlin. En utilisant la
jauge symétrique

A == %(y,~z), (10.20)

et en supposant le fondamental non dégénéré, Laughlin cherche la fonction d’onde du fonda-
mental sous forme d'un produit de Jastrow

N
Yz, 2n) = || Fzi — 2) exp (—2 > 1z1|2), (10.21)
=1

i<k

ou f(z) ~ 0 lorsque z — 400, et z; = z; + 4y; dénote la coordonnée complexe de la i-éme
particule. En utilisant le fait que tous les états restent sur le premier niveau de Landau, que
la fonction d’onde est fermionique, et donc f(—z) = —f(z), que la fonction d’onde est un état
propre du moment angulaire, on obtient la fonction d’onde de Laughlin

1 N
$(z1,..,zn) = [[ (25 — z)™ exp (_Z 3 |z1|2). (10.22)

i<k =1

Cette fonction d’onde d’essal décrit 1’état fondamental de ’effet Hall quantique pour un taux de
remplissage ¥ = 1/m. Les excitations de 1’état de Laughlin s’obtiennent par passage adiabatique
d’un quantum de flux ¢y localisé en un point zp du fluide de Hall. On peut montrer que
ces excitations portent une charge 1/m car une fraction 1/m d’un éleciron a été expulsée du’
voisinage de zp. Il existe également un gap A entre le fondamental et 'excitation d’énergie la

ED.C. Tsui, H.L. Stérmer and A.C. Gossard, Two-dimensional magneto-transport in the eztreme guantum
limit, Phys. Rev. Lett. 48, 1559 (1982),

8R.G. Clark, J.R. Maliet, S.R. Haynes, J.J. Harris and C.T. Foxor, Experimental determination of fractional
charge e/q for quasiparticule ezcitations in the fractional quantum Hall effect, Phys. Rev. Lett. 60, 1747 (1988);
A.M. Chang and J.E. Cunningham, Trensmission and reflection probabilities between v = 1 and v = 2/3 quantum
Hall effects, and between v = 2/3 and v = 1/3 effects, Solid State Comm. 72, 652 {198%); J.A. Simons, H.P.
Wei, L.W. Engel, D.C. Tsui and M. Shayegan, Resistance fluctuations in narrow AlGaAs-Gads heterastructures:
direct evidence of fractional charge in the fractional quantum Hall effect, Phys. Rev. Lett. 63, 1731 (1989); S.W.
Huang and al, Surf. Sc. 263, 72 {1992).
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plus basse, et les excitations de 'effet Hall quantique fractionnaire obéissent a des statistiques
fractionnaires”® d’angle topologique 7 /m.

La description des autres fractions de leffet Hall fractionnaire conduisant & I’existence d'un
plateau pour des taux de remplissage différents de 1/m, avec m impair, se fait & l'aide de
hiérarchies, dont le point de départ est la théorie de Laughlin. L’idée centrale de la hiérarchie
de Halperin” et de Haldane® consiste a faire condenser les quasiparticules de I’¢tat de Laughlin,
de méme que dans la théorie de Laughlin, les électrons condensent en quasiparticules, FEn
itérant ce processus, on obtient une hiérarchie de taux de remplissages pour lesquels on predit
’existence d'un plateau dans la conductivité de Hall.

10.3 Statistiques fractionnaires

La théorie de 'effet Hall quantique fractionnaire fait intervenir des anyons au sens de fermions
décorés par un champ topologique de Chern-Simons, mais ces anyons ont la particularité de
posséder des statistiques fermioniques, c’est-a dire un angle topologique de 37. J'oublie provi-
soirement cette valeur particuliére de ’angle topologique pour présenter la notion de statistique
fractionnaire sur le cas plus général d’un angle topologique quelconque. Le point de vue dans
cette section est également différent de celui adopté dans leffet Hall quantique & v = 1/2.
Dans ce dernier cas, on part d’un systeme de fermions, puis on effectue une transformation
de jauge qui transforme les fermions initiaux en fermions décorés par des tubes de flux. Dans
cette section, on se donne au contraire un systeme d’anyons et on chercke la transformation de
jauge qui transforme ce systéme d’anyons en bosons décorés par des fubes de flux. Bien que
le point de vue soit quelque peu différent, il apparait dans les deux cas un champ de jauge de
Chern-Simons associé & un changement de statistique.

Adoptons donc le point de vue formel qui consiste & se donner un systéme de particules a
statistiques fractionnaires’®!, Soit donc N particules indiscernables, dans un espace physique
de dimension D. On cherche a décrire I'espace des configurations C'5 du systéme. La topologie
de C# est décrite par son groupe fondamental ou groupe d’homotopie 7l 8i D = 3, le groupe
d’homotopie est isomorphe au groupe des permutations de N objets Sy. Clest la raison pour
laquelle ia statistique i trois dimensions est soit bosonique, soit fermionigue. C’est-a-dire que
si (1, ..., x) désigne la fonction d’onde du systéme avec la particule 1 en x4, ..., la particule
N en xp, et si P € Sy, alors,

P(xq, ..., xn) = €(P)Y(xq, ..., Xn), (10.23)

ol (P) vaut +1 pour des bosons et la signature de la permutation P pour des fermions. A
deux dimensions, la situation est différente car le groupe fondamental de C¥% est isomorphe au
groupe des tresses Thy. Le groupe des tresses est défini par ses générateurs o; (avec o £ 1) et
par les relations

Ti0;410; = 041000541 (1024)
o;0; = J50, (1025)

"B.I Halperin, Phys. Rev. Lett. 53, 1583 (1984).

8D.P. Arovas, J.R. Schrieffer and F. Wilczek, Fractional stetistics and the quantum Hall effect, Phys. Rev.
Lett. 53, 722 (1984).

°F.D.M. Haldane, Phys. Rev. Lett. 51, 605 (1983).

1°]y, Carpentier, rapport de stage de Maitrise sous la direction de B. Dougot (1994).

UTlerda, Anyons, quantum mechanics of particles with fractional statistics, to be published
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Figure 10.1: Représentation de la relation de Yang-Baxter o;0,,10; = 0i410:0:41.
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o la derniére relation est valable si |z — 7| > 2. Tout élément du groupe des tresses s’écrit
comme le produit des o; et de leurs inverses. On peut représenter une tresse de fagon picturelle
en se donnant un point base et un entrelacement de N fils, er excluant la possibilité d’avoir
simultanément deux fils au méme point. Par exemple, la relation {10.24) est représentée par la
figure 10.1. La mécanique quantique du systeme d’anyons est donnée par I'intégrale de chemin
pour le propagateur!?

K(q,t,q,t) = E x(e2)K4(q,t,q9,t), (10.26)

aeTy

oill g désigne le vecteur & N composantes (X1, ..., Xy ), x est une représentation unitaire du groupe
des tresses et K, est le propagateur dans une classe d’homotopie donnée. On se restreint aun
cas ol le point de départ est identique au point d’arrivée!?. La relation (10.25) impose que
x(c:) = x(ci41), et il reste un seul parameétre x(o1) = exp (imf) ol § est I'angle statistique. La
mécanique quantique d’un systeéme d’anyons est donc décrite par le Hamiltonien

2m

N pg
=) - (10.27)
=1

et par 'action sur la fonction d’onde des générateurs du groupe des tresses
oi(Xq, ..., xy) = €™YP(x1, ..., Xp). (10.28)

Nous allons montrer que ce probleme est équivalent a un systeme de bosons en interaction via
un champ de jauge de Chern-Simons. On définit la transformation de jauge suivante:

P(x1,...,%¥N) = e Dici ij¢(X1, ey XN (10-.29)

ol 8;; est ’angle entre I’axe (Oz), choisi arbitrairement, et le vecteur r;; = x; —x;. En écrivant
la transformation des angles 8;; sous I'action d™un générateur ¢; du groupe des tresses, il n’est
pas difficile de voir que

o = o, (10.30)

2Dans le cas contraire, le groupe de tresses est remplacé par la notion de groupoide fondamental
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c’est-a-dire que le systéme transformé de jauge posséde une statistique bosonique. Le prix a
payer pour le passage & la statistique bosonique est Vapparition d’une interaction instantanée
de type Chern-Simons dans le Hamiltonien. Le gradient de la fonction d’onde ' s’écrit

Vi = (Vk — Z(vkeki)) Y= (Vk - 'ii/z z A rij) AR (10.31)

RE
i<k it Iri5]
On en déduit Iopérateur impulsion aprés transformation de jauge
p; = pi — ea(xi) (10.32)

avec le potentiel vecteur topologique

a(x) = 3 2/ (X = %) (10.33)

€ i |X—X1'i2

Si l'on interpréte a comme un potentiel vecteur électromagnétique, on voit que le champ
magnétique correspondant est nul en dehors des singularités de a et vaut

B(x) = VAa(x) (10.34)
= h—:—ZE(x— X; )z, (10.35)
b

Tout se passe donc comme si l'on avait attaché i chaque boson un solénoide infiniment fin
perpendiculaire au plan et traversé par un flux v¢o. Comme nous le verrons par la suite, cette
interprétation est & la base de la théorie de champ moyen de I'effet Hall quantique a demi
remplissage. Cependant, il est clair que a ne represente en aucun cas un potentiel vecteur
électromagnétique. Par exemple, ce champ ne vérifie pas les équations de propagation issues
des équations de Maxwell.

10.4 Effet Hall quantique a v = 1/2

Nous abordons maintenant la théorie de I'effet Hall quantique & demi remplissage. Le systéme
est constitué d’électrons en interaction Coulombienne et sous champ magnétique tel que v = 1/2.
Le champ magnétique est suffisamment intense pour polariser les spins, et on peut donc oublier
que les électrons portent un spin. La théorie de ce systeme est traitée dans l'article de Halperin,
Read et Lee!. Le Hamiltonien est égal & un terme cinétique auquel s’ajoute une interaction
Coulombienne entre électrons:

H=EK+V (10.36)

En seconde quantification, le terme cinetique s’écrit
1
K=o f dxap (%) (—AY + eA(x)) (x), (10.37)
b

et le terme potentiel vaut

V= %fdxdx"u(x —x) : p(x)p(x") 1, (10.38)




194 CHAPITRE 10. EFFET HALL QUANTIQUE A DEMI REMPLISSAGE

2

2(r) (10.39)

- 4epe,|r|

I’opérateur de densité est défini par
p(x) =+ (x)p(x), (10.40)

et Pordre normal est pris par rapport aux opérateurs de création et d’annihilation. La masse m
est la masse de bande des électrons, c’est-a-dire la masse renormalisée en présence de phonons.
Partant de ce systéme de fermions, on peut réaliser la transformation de jauge décrite au
paragraphe précédent. Le parametre initial de la statistique est ¥ = 1, qui correspond a umne
statistique de fermions. On choisit la transformation de jauge de telle sorte que le parametre
final de la statistique soit v = 3. L'opérateur de champ aprés transformation de jauge se déduit
aisément de (10.28) selon

't (x) = T (x)exp (—Qi/dx'ﬁ(x,x')p(x')), (10.41)

ol 8(x,x') est Pangle est axe (Ox) arbitraire et le vecteur x — x'. Le Hamiltonien transformé
de jauge vaut

1
K =5 / dxap'* (x) (— iRV + eA(x) — ea(x))? %'(x), (10.42)
M
ol le potentiel vecteur topologique vaut
2h z A(x—x')
alx) =7 f I ) (10.43)

Cette transformation de jauge présente la particularité de préserver la statistique fout en intro-
duisant un champ de Chern-Simons dont le lux moyen est exactement opposé au flux du champ
magnétique extérieur, & cause de la condition v = 1/2. Par ailleurs, I'interaction Coulombienne
est covariante sous la transformation de jauge car

p(x) = P (x)h(x) = T (x)¥'(x) = p'(x). (10.44)

Pourquoi avoir apparemment compliqué le probléme de départ en introduisant des anyons? La
raison est que 'on est maintenant en mesure de formuler une théorie de champ moyen et une
théorie R.P.A. pour les fermions composites non locaux ¥'T(x) sous un flux total nul (flux
du champ magnétique extérieur + flux du champ topologique}. Le champ moyen correspond
3 la situation ofl le champ de jauge est uniforme (c’est-a-dire que la densité de fermions est
uniforme) et égal & sa valeur moyenne. Le Hamiltonien de champ moyen vaut simplement

Hom, = zimb / dx™ (x)( =ik V)i (x). (10.45)

Au nivean du champ moyen, et en se placant en géométirie torique, I’état fondamental est une
mer de Fermi de vecteur d’onde de Fermi

kp = 1/1 = (4mn)}?, (10.46)
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ou | est la longueur magnétique donnée par (10.8) et n est la densité moyenne. Clest cette
théorie de champ moyen que nous utiliserons dans le chapitre 11 pour décrire le fluide de Hall
3 v = 1/2. 1l est possible de développer une théorie R.P.A. pour ressommer une partie des
fuctuations du champ de jauge. Une telle approche conclut au caractére liguide de Fermi
compressible de 1'état » = 1/2. Cette conclusion est vérifiée numériquement®? & partir de
diagonalisations numériques. Du point de vue experimental, Jiang et al** ont observé que le
gaz d’électrons de leffet Hall quantique a demi remplissage forme un état métallique méme a
trés basse températures. Les expériences suggérent donc que I'état v = 1/2 forme donc un état
métallique & température nulle. Ces expériences ont motivé une série de travaux théoriques,
dont la théorie de Halperin, Lee et Read’.

135 Rezzayi and N. Read, Fermi liquid like state in a half-filled Landaw level, Phys. Rev. Lett, 72, 900 (1994).
Y, W. Jiang et al, Phys, Hev. B 40, 12013{1983),







Chapitre 11

Article 5

v = 1/2 quantum Hall effect in the Aharonov-Casher geometry’
R. Mélin and B. Dougot
CRTBT-CNRS, 38042 Grenoble BP 166X cédex France

We study the effect of an electric charge in the middle of a ring of a electrons in a magnetic
field such as v = 1/2. In the absence of the central charge, a residual current should appear
due to an Aharanov-Bohm effect. As the charge varies, periodic currents should appear in the
ring. We evaluate the amplitude of these currents, as well as their period as the central charge
varies. The presence of these currents should be a direct signature of the existence of a
statistical gauge field in the v = 1/2 quantum Hall effect. Numerical diagonalizations for a
small number of electrons on the sphere are also carried out.

'Submitted to Phys. Rev. B
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11.1 Introduction

Recently, new experimental and theoretical developments have generated alternative viewpoints
in the current understanding of the fractional quantum Hall effect. It seems the key idea is the
notion of composite fermions, first introduced by Jain [1], which establishes & aorrespondence
between the fractional quantum Hall effect at lowest Landau level filling v = p/(2mp £ 1)
and the integer quantum Hall effect with p filled Landau levels. The mapping is achieved by
attaching 2m flux quanta to each electron, which preserves fermionic statistics, and by first
treating the statistical fluxes at the mean fleld level. This description has received considerable
attention especially in the vicinity of v = 1/2. Experimentally, the system is characterized by
a vanishing energy gap, and various physical properties strongly suggest the presence of a new
Fermi liquid [2] in this problem. On the theoretical side, the composite picture with m = 1
has been advocated by Halperin, Lee and Read as a powerfull microscopic basis to understand
these Fermi liquid-like properties in the vicinity of » = 1/2 [3]. The vanishing of the gap for
the sequence of states at v = p/(2p £ 1) as p goes to infinity receives for instance a very simple
interpretation in this framework in this framework since the composite fermions experience
an average flux equal to ®o/p per particle, so the corresponding Landau level spacing goes as
1/p. If the statistical gauge field fluctuations are taken into account, some complications arise
since a logarithmic divergence of the effective mass as p — +oo is predicted [3] [5]. There has
been some trends in recent observation suggesting an effective mass enhancement [6] bat this
question is not settled yet. This theory has also been tested by numerical diagonalizations on
finite systems [7] [8], and the composite fermion picture has been shown to predict for instance
the right quantum numbers for the ground state and low-lying states [7], as well as the scaling of
the ground state energy versus particule number {8]. Furthermore, & trial wave function inspired
by these considerations provides a very good understanding of ground state correlations. We
note however that this wave function is not merely the singular gauge transformation applied
to the Slater determinant of composite fermions moving in zero external field, but it has to be
improved by the combined effect of a short range Jastrow factor and a global projection on the
lowest Landau level.

In this paper, we suggest a different test for the composite fermion approach. The basic
idea is connected to the fact that if an external electric field generates a spatially dependent
electronic density, the average flux acting on the composite fermions is no longer vanishing
everywhere. We wish to detect such a varlation of the effective flux. To this purpose, the most
sensitive experiment would involve the detection of an Aharonov-Bohm type effective flux, since
large fluxes may be obtained from tiny magnetic fields if particules move around large enough
loops. In the experiment we propose, local density fluctuations are created in a ring of v = 1/2
fermions, thanks to the presence of an electric charge localized in the middle of the ring. Due
to the presence of this charge, the electrons have a trend to accumulate at the external edge
of the ring if the central charge is negative, which creates a non zero effective flux through the
ring. A consequence of this non zero flux is the existence of observable persistent currents which
vary periodically with the value of the charge in the center of the ring. At first galnce, this
phenomenon is reminiscent of the Aharonov-Casher effect, which is expected to take place if a
flux tube moves around a fixed charge. [9]. This effect is a direct consequence of the Aharonov-
Bohm effect and of Lorentz invariance, since the static electric field generated by the charge
induces a non-vanishing magnetic field in the flux-tube co-moving frame. Experimentally, it
has been observed with superconducting vortices in Josephson junction arrays [10]. However,
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we should emphasize here that the composite fermions do not carry the physical magnetic field
which obeys Maxwell’s equations, but rather a Chern-Simon flux, so the two situations are
physically quite different.

This paper is organized as follows. We first sum up the formalism to deal with the mean
field approach of the v = 1/2 quantum Hall effect. We then describe the geometry of the
experiment, and propose a simplified geometry to get rid of the effects of curvature. In the
absence of the central charge, one is able to solve exactly the eigenstates of the problem in
the geometry of the experiment. In the presence of a central charge, the ring is electrically
polarized. We propose a self consistent approach to find the electron density in the ring. Due
to the presence of screening, the density fluctuations are localized in the vicinity of the edges
of the ring. We finally obtain an order of magnitude for the average magnetic field through the
ring. The value of the average flux is rederived using a classical approach. We calculate the
current in the ring as a function of the central charge. We then present numerical computations
of the effect on the sphere. After briefly writing the mean field theory on the sphere, we give
numerical results for ¥ = 1/2 as well as for ¥ # 1/2. A conclusion discusses the various results
and mentions some open questions.

11.2 Mean field theory at v = 1/2

11.2.1 Gauge transformation at v = 1/2

We first sum up the mean field theory treatment of the half field Landau level [3]. Tt is possible
to transform the original fermions in the magnetic field into new fermionic composite particules,
with two flux quanta attached to them. The reason why attaching two flux quanta leads to
fermions is that when one interchanges two particules with a flux ¢ attached to them, one gets
a phase factor of exp if in the wave function, with

o =n(1+L), (11.1)

" o

where 8 = 7 refers to fermionic particules. ¢y = h/e is the quantum flux. The case ¢ = 2¢0
thus corresponds to fermionic particules since in this case § is = modulo 27, The flux fubes
are fixed via a non local gauge transformation, implemented in the following way. The second
quantized form of the kinetic term in the Hamiltonian reads

K = ﬁ fdzxw(x)(-mv +eA(z))P(x), (11.2)

where M is the band electronic mass, e the absolute value of the electronic charge and 9% (x)
the electronic field. The gauge transformation which realizes the passage from the electronic
field 9+ (x) to the composite fermionic field &(x) is given by

B (x) = 9t (x) exp {~2i f Pxlarg(x — x")p(x')} (11.3)

where

A(x) = ¢F (x)9(x) = P& (x)do(x) = po(x), (11.4)
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and arg(x — x') is the angle between the vector x — x' and the z axis. The factor 2 in the
exponential of (11.3) stands for two tube fluxes attached to the electrons to form the composite
fermions. In terms of the composite fermions, the kinetic energy reads

R = 2% [ 0= + £AR) - a) o () (11.5)

where the statistical gauge field is

a(z) = 2]dx’%£~_’5~;§3:'—),ag(x'). (11.6)

The interaction term is
VvV = %_/dxdx'v(x - x") s p(x)p(x") - (11.7)
= %/dxa!x"u(x - x'Y i pe(x)pe(x) 1, (11.8)

v{x) being the Coulomb interaction

2

v(x) (11.9)

- 4rege, x|’

where €, is the relative dielectric constant of the material. For GadAs, ¢, = 12.6.

11.2.2 Mean field theory

In the mean field theory approach, the density of fermions p(x) is assumed to be constant.
Since the average density np is related to the field by the condition of half filling

B

Ny = 7, 11.10
" 240 (11.10)

the mean field value of the statistical field exactly cancels the external magnetic field, and gives
a zero residual magnetic fleld. The Hamiltonian of the system of composite fermions is simply
the Hamiltonian of a collection of free fermions, but with a renormalized effective mass M*

1
2M

EM.F. =

]¢+(x)(—ihV)2¢(x)dx. (11.11)

H B = 10T, the value of the effective mass for GaAs is M* ~ 4M ~ 0.27M,, where M, is the
bare electronic mass. M* increases as the square root of the magnetic field for larger magnetic
fields [3]. If the density n(x) deviates from the average density ng, then a residual effective
magnetic field appears, equal to

B — 2¢on(x) = 2¢po(no — n(x)) = = 2¢dn( x). (11.12)
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11.3 Geometry of the experiment

The electrons are confined on a small bidimensionnal ring. The ring is the set of points x, such
as 7o < |x| < ro + L. The dimensions of the ring are of the order rg >~ lum and L ~ 0.1um.
We look for the response of the system to an extra charge ) added in the center of the ring.
As we shall see in the next section, one is able to solve exactly the Schrodinger equation of the
electrons on the ring in the absence of the central charge. The wave functions are given in terms
of Bessel functions. In order to simplify the treatment of the problem, we change the geometry.
Instead of a ring, we shall use a rectangle of size L and R = 27ry. The z axis is chosen along
the R side of the rectangle, and the y axis along the L side of the rectangle.We impose cyclic
boundary conditions in the z direction, which means that ¥(z + R,y} = ¥(z,y) for the wave
functions. The spectrum and the wave functions are much more simpler for the approximate
geometry.

11.4 v = 1/2 electrons on the ring in the absence of the central
charge

One is able to solve exactly the eigenvalue problem in the absence of the central charge, in the
ring geometry, as well as in the simplified geometry. The magnetic field is related to the density
by the condition of half filling {11.10), so that the total effective magnetic field through the ring
is zero, and the magnetic field in the hole inside the ring is uniform and given by

B = 2¢omq. (11.13)

The number of electrons N on the ring is given by

N = M. (11.14)

2¢0

If we take B = 20T, the number of electrons on the ring is N = 1494. These N composite
fermions feel a zero magnetic field, but feel the vector potential created by the flux tube in the
middle of the ring. This is a typical Aharanov-Bohm situation [4] and one expects the presence
of electronic currents which are periodic in /¢y, where ¢ denotes the flux in the center of the
ring. Its value is simply

v 7riB

$o  do
Similar situations have already been analyzed in different geometries [11] [12]. The gauge is
chosen such as A(x) = A(|x|)eg, with

(11.15)

Alr) = 5= (11.16)

if r > rg. One is left with a problem of free electrons in the vector potentiel A(r) with a
Hamiltonian
H=

2M*(—iﬁV+eA)2. (11.17)

Because of the rotational invariance of the problem, the wave functions can be chosen with a
definite kinetic orbital momentum mh

W(r,8) = ™ x(r), (11.18)
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The Schrodinger equation for x{r) reads

r r2

K+ B @ s L) =, (11.19)

which is a Bessel equation where we have set E = A*k%/2M*. The general solution of this

equation is
X(r) = Adjmy | (br) + BYjpny (k7). (11.20)

The coefficients A and B are determined by the normalisation of the wave function and by the
fact that the wave function vanishes at the edges of the sample, so that x(ro) = x(ro + L) = 0.
The wave vector k is found to be the solution of

Tim+ £1(k70)Ymy 21 (k(ro + L)) = Yim s £(k70) Ty ) (k(ro + L)) = 0. (11.21)

In order to obtain simpler equations for the energy levels and the wave functions, we give the
form of the solution in the simplified geometry. We first treat the case v = 0. In this case, the
problem simply corresponds to free electrons on a rectangle. The wave functions are given by

2 2T ks
— Pk & { £ Tt L . 22
Ynle,4) = | mre ™" sinn Ty, (11.22)
and the energy levels are
R 2w, Ty 2
E(m,n)= 5o () m® + ()%, (11.23)

The electrons belong to a Fermi sea, and the Fermi wave vector kp is approximately determi-
nated by the relation

4T N
LR’
where the number of fermions N is given by (11.14). Since L < R, the wave vector increment
27 /R in the k; direction is much smaller than the increment 7 /L in the k, direction, so that
the Fermi sea can be viewed as a collection of channels labeled by the integer n > 0. The fermi
sea is drawn on figure 11.1. In the case B = 207, the Fermi sea is made up of six channels.
In the ahsence of a magnetic flux ¢ through the hole of the ring, or if the magnetic flux is a
muttiple of the flux quantum ¢y, one can compute the electronic density of the state

oy = I  wmal0), (11.25)

m,neF.5.

kg = (11.24}

where the fermionic quantum numbers m and n belong to the Fermi sea of figure 11.1 and |0)
is the vacuum. The density profile is plotted on figure 11.2. As expected, the density is zero
on the edges and the density profile exhibits Friedel oscillations. The nor uniformity of the
density induces a non uniform electrostatic field, which modifies the one-particule states. Thus,
due to finite size effects, (11.25) is not the true ground state for the mean field approximation,
whereas it would be the true ground staie on an infinite plane.

What happens if the fiux ¢ in the hole of the ring is non zero? Let us first consider the case
where @/¢g is an integer. As we see from equation (11.19), we can deduce the physics from the
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204 CHAPITRE 11. ARTICLE 5

3500 T T T T T T T T T

T

3000

2500 |

1500

(W]
2y

(b}
I

Y 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

Figure 11.2:
Electronic density of the state (11.25) p(z) = |(z|¥o)|?. The electronic density vanishes at the
edges and exhibits Friedel oscillations. The fermi sea contains 6 channels and 1494 electrons.
The density is plotted in pm~% and the radial coordinate in pm.
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case ¢ = 0 by replacing m by m + ¢/¢o. The Fermi sea is translated in the reciprocal space by
a factor Ak, = 27/ Reg along the k, direction.

If @/ is not an integer, the situation is somewhat different. One expects in this case the
appearance of a current due to an Aharanov-Bohm effect {13]. We note w/do = Am + ém, with
Am an integer and §m a real number, such as |§m| < 1/2. The energy E(m,n) reads

B o T

E(m,n)= 57 [(-E)?(m + Am 4 §m)® + (E)znz]. (11.26)
The Fermi sea is translated by the wave vector Ak, = —~27Am/R, so that the wave functions
become
f2 n
Y (T, ) = ﬁel(m"ﬂm)%mrsin n%'y (11.27)
The Fermi sea becomes unstable as {m| = 1/2. To see this, consider 2Np 4+ 1 fermions in a

given channel n. If |§n| is inferior as 1/2, the fermions have the possibility to have their orbital
quantum numbers in the interval [—~Am — Ng, —Am + No], or in the interval [-Am — No &
1, —~Am 4+ Ny £ 1]. The condition for the latter configuration to be stable is that it has a lower
energy than the former, namely

hz 9 ) —ASN‘;} ) K2 on \ —AmiNo:l:l ,
-(=) (m+ Am + ém)* < -(—5) (m+ Am + ém)*, (11.28)
2M R m=—Am—-Ng 2M R m=-Am-Ng=*1

which is satisfied for [ém| < 1/2, independently on Ng. The Fermi sea of 2Np + 1 fermions in
the channel n is thus in the interval m € [Am— No, Am + No} if —1/2 < ém < 1/2. What is the
Aharonov-Bohm current in the ring for a non integer value of ¢/¢o ? The quantum mechanical,
jauge invariant current operator reads
i(x) = = v 2
i) = 7 (PVY — V) +

€

M*

A% (11.29)

In the simplified geometry, the current has only a component parallel to the z axis. The
contribution of the first term in (11.29) is

h 2w

e g (= Am), (11.30)

and the contribution of the term proportionnal to the vector potential reads

h 2w
e f(Amﬁ- ém). (11.31)
The total current is thus
(o) = 2 (4 6m) : 11.32
Je\T, ) = M+ R(m m mn| - ( . )

After a summation over the Fermi sea, we obtain the total current

. 2h 27
Ly)= Y delmn)= o pbm Y [thrmn?, (11.33)
(m,n)EF.S. (mmn)eF.5.
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If érn = 0, the flux in the hole of the ring 1s a multiple of the quantum flux, and everything
happens as if the fermions would not see the flux. If ém # 0, a current exists. The intensity of

the current is given by

L 2neh N

The maximum value of the current is

ehN

Imaz = Srmms (11.35)

The numerical value of I, 18 5.8n4 for B = 207"

11.5 v =1/2 electrons on a ring in the presence of the external
charge

In the presence of a positive central charge, the electrons are expected to accumulate near the
internal edge of the ring and a depletion of electrons is expected a$ the external edge, leading to
a charge transfer from the external to the internal edge. This charge transfer induces a deviation
from the v = 1/2 value and, if ones applies the ideas of the mean field theory, the total effective
flux, due to the external magnetic field plus the statistical gauge field is no longer zero, so that
an effective flux penetrates through the sample, creating an Aharanov-Bohm current which is
periodic as a function of the central charge.

The first step is to evaluate the screening of the central charge by the electron gas on the
ring. Many levels of approximation are possible. The most accurate approximation is to take
into account that the one particule Slater determinant (11.25) is not the true ground state of
the fermions, due to Friedel oscillations induced by the edges. This can be implemented in a
recursive way by starting from the state (11.25), computing the electronic density, deducing from
it the electrostatic fleld, and reiterating, that is to compute the corrections to the one-particule
states in the presence of the Friedel oscillations, and re-compute the electronic density. The
effect of the charge is then treated at the linear order, with the full response function. Within
these approximations, one expects the density of electrons to increase near the internal edge of
the ring, and to decrease near the external edge. Moreover, this average density profile should
be modulated by Friedel oscillations as well as oscillations at the Thomas-Fermi wave vector. In
our case, as we shall see, the Thomas-Fermi wave vector is greater than the Fermi wave vector.
We shall not use this refined approximation scheme because of its computational complexity.
Since we focus only on the charge transfer from one edge of the ring to the other, and not on
the details of the variations of the density profile, we do not take into account the existence
of Friedel oscillations. We take the state (11.25) as an approximate ground state and we look
for the effects of the screening of the central charge. In other words, we hope the density-
density response functions are not very different if we replace the true Hatree-Fock state by the
approximate one given by (11.25).

At this stage, two approximations are possible. The most refined one consist in taking into
account the full response function of the fermions. This shall be done in section 5.4. A more
approximate treatment is to treat the screening in the Thomas-Fermi approximation, which is
the aim of section 5.3. As we shall see, the two approximations lead to similar results as far as
averaged quantities are concerned, namely the average effective flux penetrating through the
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ring due to the presence of the central charge. We shall compare these results with the lowest
possible degree of approximation for this system, that is the total absence of screening. What
we observe under this crude approximation is a transfer of charge from the center of the internal
edge of the ring to the external edge. We find that the response of the electrons to the central
charge is more important in the absence of screening than in the presence of screening.

11.5.1 Screening in two dimensions

As an introduction to the problem of screening in a finite geometry, we treat the case of the
screening of a single charge in an infinite bidimensional gas of electrons. The solution of this
problem will lead to the expression of the Thomas-Fermi wave vector grr in two dimensions.
The case of the screening of a charge in three dimensions is treated in reference [14] with
the Thomas-Fermi approximation. We do nothing but transpose the argument of [14] to the
case of an electron gas constrained on a bidimensional layer, with three dimensional Coulomb
interactions. The potential created by the external point charge located at the origin is noted
¢°%t. We note p™? the variation of density induced by the presence of the extra charge in
the gas of electrons, plus the uniform background of positive charges. ¢ is the total potential
created by the extra charge, the electrons and the background of positive charges. Since the
bidimensional Fourier transform of 1/lx| is 27 /iq|, we have

ind
ext P (q)
- = . 11.36
da) = ™) = 5 (11.36)
the dielectric constant is defined by
¢="(q) = e(a)p(a), (11.37)
and we assume '
p"4(a) = x(a)é(q). (11.38)
‘We thus obtain (a)
x\q
eq)=1—- ———. 11.39
If the total potential is a slowly varying function of the position, one can define
R2k?
e(k) = oo — edlx), (11.40)

so that the local distribution function reads

dk 1 |
n(x) = / (271‘)2 1+ exp {ﬁ(h2k2/21\/[* —ed(x) - ,u,)}j (11.41)

and the density of the background positive charge is

o _ dk 1
= / (27)2 1 + exp {B(R*K2/2M* — p)} (11.42)

Thus, we can write the induced density of electrons as

() = —e{n®(u + e(x)) — ()}, (11.43)
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If ¢ is small,

_ 0
p(x) = -ez%% (x), (11.44)
so that 0 Ve
2 0n *e
_ et _Me 11.45
X(q) € a‘u 27rﬁ,2 ( )
The dielectric constant reads
fq) =1+, (11.46)
lq]
where grp is the Thomas-Fermi wave vector
M* €
e 11.47
are R dmege, ( )
If one adds an extra charge @) at the origin,
1
= —¢"(q 11.48
M) = 7o (11.48)
Q 1
= e 11.49
260 |} + grF ( )
A Fourier transform yields |
= —F , 11.60
00) = ey Flarrix) (11.50)
with oo
F(z) :fo To(u) —~—du (11.51)

The interaction is screened if © >» 27 /gpp. The numerical value of the Thomas-Fermi lenght
Arp = 27 /qrF is Arp = 15.6nm.

11.5.2 Linear response approach

The aim of the section is to present the real space linear response formalism. From a numerical
point of view, this means that we must discretize the radial coordinate at a scale smaller than
the Thomas-Fermi length Arp. Within the linear response, the density variation is linearly
related to the local potential, but in a nen local way:

L
§p(x) = fo Oz, ' Viee (2')de, (11.52)

where z € [0, L] is the radial coordinate , with the origin taken at the interior edge of the ring.
Notice that the conservation of charge carriers implies that

L
f X\ (z,2")dz = 0. (11.53)
8]

The local potential is the sum of the potential created by the electrostatic field of the central
charge V.,t(z), plus the potential Vi,q(z) induced by the electrons on the ring. Since the
distance L between the two edges is small (I = 0.1lpm}, we linearize the Coulomb potential
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created by the central charge in the vicinity of the ring, which leads to the following expression

of Vemt(:n ) .

2
Veat(i2) = 47re0e,,(€~z n L/2)(m - -é—’) (11.54)
On the other hand, the induced potential has the expression
2 L ot
Vina(2) = 47 egEy /0 (1+ ;g)ﬁp(m’)dm' (11.55)

dé

/w : - - . (11.56)
S ER (L 5220+ Z)(1+ 5) cost

Using the notations = 14 z/rg and 14 a'/ro, the angular integral takes the form of an elliptic
integral '

/ i il -4 /”/2 il (11.57)
—x VuE 0% — Zuvcos® o ((u+v)? - 4uvcos?f )
- K(2Vw). (11.58)
utv w4+ v ]

Since u and v are close to unity, the elliptic integral can be approximated as

K(2‘/ﬁ) =1In (M) +0 ((u-2)’in u =), (11.59)

w4 v |u — vl

which leads to

Vind{z) = e -/(;L In (—-—STO—) sp(z')dz’ (11.60)

T 2mege, lz — z'|

Notice that the factor 8¢ does not come into account since

L
fg §p(z)de = 0. (11.61)

The equation (11.52) reads
6p = X (Veas + Vinabp), (11.62)

where the quantities are understood as matrices for xY and Vg and vectors for §p and Viee. A
discretization of the radial coordinate has been assumed. In order to perform the linearization,
we used a parabolic approximation for the integrals. A special attention has to be paid to
the logarithmic divergence of (11.60) which has to be integrated explicitely using a parabolic
approximation. Equation (11.62) can be inverted into the form

1

Y ()
O Viat, (11.63)

bp
which has the well known form of a R.P.A. resummation. Numerically, we use a Gauss-Jordan
method for inverting the linear system (11.60). The size of the matrix to be inverted is about
1000, which corresponds to 1000 points for the discretization of the interval [0, L]. Since L ~
0.1gm, the condition L/1000 < Arp is well respected. We now examine successively two
approximations for the response function O (, ).
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11.5.3 Thomas-Fermi approach to the response function

In the Thomas-Fermi approach, the response function is purely local:

m 1
— §lz—a')— = 11.64
(82~ ) (1164
Using this form of the response function, we inverted the system (11.62). The resulting density
profile is given on figure 11.3. In terms of the effective flux through the sample (flux of the

magnetic field plus flux of the statistical gauge field}, one is interested in
$(c) = —2¢o(ro + L/z)f §p(z)da. (11.65)
0

The function ¢(z) is plotted on figure 11.4.
As we shall see in section 5.5, the total current is given in terms of the mean flux through

the ring

ok (z,2') =

¢ = %/DL ¢(z)dz (11.66)

We find that ¢ is such that a charge Q = l4e” is required to induce one flux quantum on
average through the ring, which means that the periodicity of the currents as a function of the
central charge is 14 electroms.

11.5.4 Screening of the central charge with the full response function

We calculate the full response function using the first order perturbation theory in the potential
induced by the central charge.We alsc use the simplified geometry. The matrix elements of the
local potential Vj,. on the basis of function (11.22) are

2 L
Vi = "I:/é sin (%nm) Viee(z ) sin (%n’m) dz, (11.67)
so that )
Viee = D3 Vioebt - (11.68)
m na,n’

The first order corrections to the state |¢g) of equation (11.25) are

VIOC;
[¥) = Ido) + Z Z E(m,n’)n—‘nE(m,n) P o). (11.69)

m onn!

The second-quantized form of the electron density operator is

~ 2 —i(m'—m) & - i : 4
oz, y) = 2 Z, 23 ( VF= gin (Eﬂ,y) sin (En'y)'gb;’nzbmJ,nJ]@bo)_ (11.70)

One can readily calculate the average of g(z,v) in the presence of the central charge, which
leads 1o

1

(B e - (oo = 77 5% g g™ ()

m nn

(1 - n°(m,n))sin (%ny) sin (%n'y), (11.71)
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Figure 11.3:
Profile of the electronic density variations induced by the central charge in the Thomas-Fermi
approach to the response function. The computation has been made in the simplified geometry.
The central charge is @ = —le”. The density is plotted in pwm~? and the radial coordinate in

mrm.
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Figure 11.4:
Flux through the ring in the Thomas-Fermi approach to the response function. The central
charge is @ = —1le”. The flux is plotted in units of the flux quantum ¢¢ and the radial

coordinate in um.

.12
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where n°(n, m) is unity if (m, n) belongs to the Fermi sea and zero otherwise. The summation
over m can be evaluated by noticing that the Fermi sea is made up of a collection of nested one
dimensional Fermi seas (one for each channel), and we obtain

- BM* N M m - '\/__—n_"j i . v ac
§(p(z,y)) = v { Z Z o sin (Eny) sin (zn’y) Vri’n:
n=1ln'=n+1
\/ - nz T ) .
+ 2 Z ———sin (Eny> sin (%n’y)V,ﬁ,"nf}. (11.72)

n=1n'=N+1

In this expression, v is related to the Fermi energy by

2 .2
he @4 5

Ep= T 11.73
F= o 127 (11.73)

and N is the integer such as v € [N, N + 1]. We deduce from (11.72} the response function
(0) n.
Xy, y'):

16 yNoX \/1/2—n2 Vi -n? /T L T £
X = T2REL { Z z o sin (Eny) sin (En'y) sin (Eny') sin (En'y')

n=1 n’*"n-l—l
N /92 - n2

+ Z Z — ?:2 sin (%ny) sin (%n'y) sin (%ny') sin (%n’y’)} (11.74)
n=1n'=N+1

With the form (11.74) for x(9). it is straighforward to compute the density of electrons, using
the matrix relation (11.63). The profile of the electron density variations induced by the central
charge is plotted on figure 11.5. We notice the existence of oscillations at the Thomas-Fermi
wave vector, which were absent in the calculation using the Thomas-Fermi approach to the
response function. However, these oscillations do not affect the averaged quantities under
interest. The total flux through the sample ¢(z) is plotted on figure 11.6, and has the same
shape as the flux computed in the Thomas-Fermi approximation. The mean flux through the
ring is such as 16 e~ are required to produce one flux quantum through the ring. This value is
in good agreement with the calculations in the Thomas-Fermi approximation.

11.5.5 Currents induced by the charge

The magnetic flux through the ring generates permanents currents, in the same way as a flux
through the hole of the ring generates currents. Let us call §A the variation in the vector
potential due to the presence of the charge. The variation in the Hamiltonian due to the shift
in the vector potential is

e? ieh

§A?) 4+ == .
§H = 2M*(2A6A+ )+M6AV (11.75)

Applying first order perturbation theory, we obtain the variation of a given energy level

(61 = I%;(A.éA) - ﬂ‘}fim(My)

). (11.76)
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Figure 11.5:
Profile of the electronic density variations induced by the central charge with the full response
function.The computation has been made in the simplified geometry. The central charge is
@ = —le”. The density is plotted in gm™~? and the radial coordinate in um.
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Figure 11.6:

Flux through the ring with the full response function. The central charge is @ = —1e”. The
flux is plotted in units of the flux quantum ¢o and the radial coordinate in pm.
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We now make the approximation that the spatial dependence of §A and §A(r)/r are averaged
on the ring, that is fo say

5A(r) ¢
o~ , 11.77
7 27rd ( )
where ¢ is the average magnetic flux induced by the central electric charge. The first term in
§H is simply an energy variation independent on n and m. This term is then dropped. Thus
we get

eh ) B2 4An? 3
= - - 11.
OH) = gpmoa Yo 2™ (11.78)
so that the total energy reads
P’ by B b
= S5 alim-—/—) - - 11.79

If we apply the result of section 4 about currents, we find that the currents are periodic in ?.
The maximum value of the current is given by (11.35) and the period is such as ¢ = ¢yq.

11.6 Numerical approach in the spherical geometry

We now make use of the spherical geometry in order to perform numerical computations with
a small number of electrons on a sphere of radius B. A magnetic monopole is put at the
center of the sphere, creating a total magnetic flux through the sphere equal to 25¢;. The
Dirac’s monopole quantization requires 25 to be an integer. An electric charge @ is put at
the north pole of the sphere. The extra charge is treated as a classical, point charge. We first
generalize the mean field theory argument to the spherical geometry case. In a second step, we
present numerical computations for a small number of electrons on the sphere for various filling
fractions.

11.6.1 Mean field theory at v =1/2

We adapt the argument of the mean fleld theory, previously established in the geometry of the
ring, to the spherical geometry. The filling fraction

N1 11.80)
V= — )
25 (

is chosen to be 1/2 in this section. The non local gauge transformation leads to a statistical field
which generates a flux equal to —2¢o(N — 1) because there is no statistical flux coming from a
particle onto itself. The mean field Hamiltonian simply corresponds to fermions on the sphere
in the absence of a magnetic field. If one neglects the Coulomb interactions, the Hamiltonian
is diagonal on the basis of the spherical harmonics ¥;,,(¢, ¢) normalized such as

f}ﬁl,n(e,go)dﬂ =1 (11.81)

The wave function is simply vi..(¢,¥) = Yim(8,¢)/R. The single particle states are labelled
by the positive integer I and the integer m such as —{ < m < I. The energy of a state labelled
by (I, m) reads
hZ
E(l = ——|(] . .
(I, m) e (I+1) (11.82)
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In the presence of a negative (positive) electric charge at the north pole, a depletion (accu-
mulation) of electrons arises at the north pole, and an accumulation (depletion) arises at the
south pole. The mean field model in the presence of the charge at the north pole consists of
electrons in a zero magnetic field plus a flux tube ¢ penetrating through the south pole and
emerging at the north pole. The problem of quantum motion around a flux tube ¢ = agg in
the spherical geometry was considered in [16]. We now rederive the solution. This problem
is non perturbative in @, since infinite quantities appear in the first order perturbation theory
in ¢. This is why we adopt an algebric approach. The flux tube ¢ is absorbed in a gauge
transformation, leading to multivalued wave functions

W(r, 84 27) = 2 Y(r, ). (11.83)

The eigenvalues of [, are thus quantized by I, = m + 27, m being an integer. The eigenstates
of the Hamiltonian are also eigenstates of 12, since
R R,

H= -5 A=-grge

(11.84)

A priori, it is not obvious to produce a basis of commun eigenvectors to 12 and [,., since the
rotational invariance is broken by the presence of the flux tube. Nonetheless, as we shall see, it
is possible to diagonalize simultaneously 1? and I,. The spherical representation of the kinetic
momentum algebra is [17]: '

{0 i}
+ — | ; e
[t = e (59 +“Ot96(p) (131.85)
= = e (_% + 2 cot 95%) (11.86)
1 10
. = [N =-=— :
S =55, (11.87)

The operator algebra gives zise to two ladders of states. The (-) 1a.dder corresponds to states
descending, by the repeated action of [™, from the highest weight state 1/)0 , such as lﬂ/}éu) =0.
The states @b((f) have the form

8, 0) = F(8)e TP, (11.88)

‘with ! an integer, and is such as
ad g\ ;
(ﬁ +1cot aan) e r(=)(g) = o, (11.89)

so that f(-)(8) o (sin Y, with 1+ > 0. We take v €]0,1[, and { = 0,1,... For a given
I, we can produce ! 4 1 descending states by the repeated action of I7. For these states,
I =~,1+%,. ., 0+vyand 12 = ({++){{+v-+1). The (+) ladder cor1esp0nd to states ascending,
by the repeated action of I*, from the highest weight state 1,&0 such as {~ 1/)(+) 0. '1/){+) has
the form

P$(0, ) = FH(@)e e, (11.90)
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with ! and integer, and is such as

(—% + coté?%) elllFme () (g) = g, (11.91)
so that f(1)(8) o (sin )4+, with [ + v < 0, so that [I] < —1. The repeated action of I+
produces |l states with I, =1+ ~,[+ v+ 1,..,—14+yand > = (I +y){I-1+7).

We now enumerate the first states. With [ = 0, E = (v 4+ 1) and the degeneracy g is 1.
Withl= -1, E=(1-7)2—7)andg=1 Withl{=1, E=(1+7)2+7)and g =2 I
l=-2,BE=(2-7)3-7)andg=2 Ifl=2 E=(24+7)3+7)and g=3. Ifl = —p,
E=(p-7)p+1-7)andg=pandifi=p, E=(p+y)(p+1+7v)andg=p+1

We now turn to the calculation of permanent currents, since this is the quantity we shall
compute using numerical diagonalizations for a small number of electrons. We distinguish
between two cases: p(p— 1) < N < p? and p? < N < p(p + 1). First, if p{p— 1) < N < p?, we
note p = N — p(p — 1). The total energy is given by

p-1

S ((m =14 yDm+ D)+ (m— v+ 1= [y} m + (p = 14 7i)(p + (3DP2)

I
=

%pz(p —1?+p(p—- 1o+ (20— Do —plp - 1)) Iyl + (p+plp-1))7*  (11.93)

for v € [-1/2,1/2). If p? < N < p(p+ 1}, we note p’ = N — p? and, for v € [-1/2,1/2], we
obtain

1
Bt = 5p°(p = 1)* + P (p = 1) + p(p+ 1)p' + (p2 - 2o+ ) I+ (02 +4) 7% (11.94)

The current dE,/dy is discontinuous for half integer values of v, as for the ring, but further
discontinuities appear for integer values of v. The jump in the current at v =0 is

df;m(w) - dff:t(w) =2((2p—1)p-p(p=-1)), (11.95)
df;ut(oﬂ - édE—;ﬂ(U') =2(p* - (2w +1)0). (11.96)

The first term corresponds to the case p(p — 1) £ N < p?, and the second case to p? < N <
p(p+ 1). The jump of the current at -y = 1/2 is

dEy 17 dE¢ 17 ,
5 )- = )= 4 11,
5 (g ) (5 0= e (11.97)
. d + d
Bt 1 Bt , 17, y
(3 ) 5 )=l =) (11.98)

We now specialize to the case N = 6, since we shall perform exact diagonalizations for 6
electrons. In this case, p = 0 and the current has only discontinuities for integer values of
T = E/gbg. The shape of the current as a function of the central charge is similar to the case of
the ring, which is plotted on figure 11.7, excepted that a discontinuity is present for @ = 0.
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Q)

Figure 11.7:
Variations of the electronic current as a function of the central charge in the mean field approach.
The period of the variations is of the order of 16 ™. The residual current at ¢} = 0 originates
from the Aharanov-Bohm currents induced by the presence of the flux in the hole of the ring.
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11.6.2 Numerical procedure

We assume that the magnetic field is large enough to neglect the excitations from the first
Landau level to higher Landau levels. We propose to diagonalize numerically the Coulomb
interaction inside the Hilbert space generated by the set of the occupations of the lowest Landau
level. The quantum Hall effect on the sphere has been studied by Haldane [15]. He proposes
a set of coherent states which span the lowest Landau level Hilbert space. From this set of
coherent states, we can extract the following basis of the lowest Landau level Hilbert space

da(x) = (x]a) = Nu(sin g)a(cos g)z‘s—aew(s_a), (11.99)

where N, is chosen in such a way that
/1¢a(x)|2dsc =1. (11.100)

The label « indexes the orbitals of the lowest Landau level and runs from 1 to 25 + 1. One
needs to compute the matrix elements of the Coulomb interaction. The interaction V] between
the electrons on the sphere and the classical charge located at the north pole is a one-body
operator and the interactions ¥, between the electrons on the sphere is represented by a two-
body operator. Using the second quantization, it is straightforward to derive expressions for
the matrix elements of V3 and V, on the basis of the states with all the possible occupation
numbers of the lowest Landau level. We do not give here the details of the calculations. One
is left with a symmetric matrix to be diagonalized using a Jacobi method. The ground state is
used to calculate the expectation value of the one-body current operator. The total intensity is
obtained after an integration of the current j(#) over the angular coordinate.

11.6.3 Results

The intensity as a function of the charge is plotted on figure 11.8 for v = 1/2 and for 6 electrons.
The computed intensity variations are more complex than the one predicted in the mean field
theory for p = 0. Even though some discontinuities are present, which are reminiscent of the
mearn fleld behaviour, the intensity variations are not periodic as a function of the charge at
the north pole, which is in qualitative disagreement with mean field calculations.

At this stage however, we are not yet ready for a detailed comparison between the composite
mean-field theory perdiction and the exact diagonalization result. First and certainly crucial,
previous studies have shown that the v = 1/2 state on the sphere with 6 electrons is degenerate,
since the corresponding angular momentum is L = 3 [7]. The physics of this degeneracy lifting
due to the external charge has not been addressed in our previous approach. It may also be that
our assumption of replacing the induced effective Aharonov-Bohm flux by its average value is
questionable for such a system. Clearly, further studies are needed, bu chosing non degenerate
ground states(N = 4 and N = 9 are the possible candidates), and by performing a detailed
analysis of the composite fermion mean-field model on the sphere, taking explicitely into account
the possible degeneracies. However, the positive result gained here is that under the influence
of the external charge, the ground state undergoes some level crossings as this charge is varied,
as signaled by the discontinuities of the persistent current. The existence of these crossings
is not obvious a priori , and shows that the composite fermion mean-fleld model is at least
qualitatively correct in predicting their existence. It shows also that this phenomenon goes
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Figure 11.8:
Intensity as a function of the charge for » = 1/2. The intensity is I = f j(#)df. The radius R
of the sphere is taken to be 1. The charge —@ is plotted in units of the electronic charge e. The
current is plotted in units of 2¢//A*. The system contains 6 electrons. The size of the Hilbert
space is 462.
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beyond ordinary linear response theory, so an experiment in this geometry probes maybe more
delicate properties of this system than for instance measurements of the ¢ and w dependent
conductivity.

We also computed the intensity at filling fractions away from v = 1/2. The variations of
the intensity for v = 1/3 and 4 electrons are plotted on figure 11.9. Even way from v = 1/2,
discontinuities are present in the intensity variations. So far, we have not attempted to provide
a simple model for other fillings than 1/2. But, as was done recently for instance in [18] to
evaluate response functions, it is still possible to consider 2¢; flus tubes, and a non-vanishing
effective fiux which corresponds to p filled Landau levels for the composite fermions to describe
the v = p/(2p + 1) system. On the spherical geometry, the typical problem to solve involves
free spinless fermions with a Dirac monopole inside the sphere, superimposed to an Aharonov-
Bohm flux. We leave this problem for a future investigation. The qualitative difference from
the v = 1/3 case is that the intensity is negative for » = 1/3 whereas the sign of the intensity
changes in the v = 1/2 case. Notice that, on figure 11.8, the intensity becomes positive for a
charpge equal to -4 electronic charge. In this case, the total charge on the sphere is of the same
order than the charge at the north pole. This situation does not correspond to the physical
regime we investigate.

In the spherical geometry, one can have a simple estimation of the bound charge at the north
pole. To do so, we simply compute the weight (0|ctc,|0) of the orbital centered around the
north pole, that is the orbital @ = 0 in equation (11.99). In the case v = 1/2, the variations of
the bound charge are plotted on figure 11.10. We find that the bound charge at the north pole
is strongly correlated with the total intensity of figure 11.8. We observe that for some values of
a negative charge at the north pole, it is possible to bind one electron, in spite of the Coulomb
repulsion. Clearly, this situation is not predicted in the mean field theory. In the mean field
theory, we expect that a negative charge at the north pole would repel the quasiparticules on
the sphere from the north pole. Since the density operator is the same for quasiparticules and
real electrons, the density of real electrons should decrease as a decreasing negative charge is
present at the north pole.

The variations of the bound state in the case v = 1/3 are plotted on figure 11.11. These
variations are not obviously correlated to the intensity variations of figure 11.9. For negative
charges at the north pole, no electron is bound at the north pole. If the charge at the north pole
is positive, it is possible to form bound states for certain values of the charge. In particular, we
observe that, for a charge +1/3 at the north pole, a charge —1/3 is bound, which is consistent
with 1/3 fractionally charged excitations. However, one open question is to understand why no
fractionally charged quasiholes are bound for negative charges at the north pole.

11.7 Conclusion

We have shown that a charge in the middle of ring of v = 1/2 electrons induces currents which
vary periodically as a function of the central charge. The mechanism for the generation of these
periodic currents involves a polarization of the electron liquid on the ring. A positive charge
variation appears on the interior edge of the ring, and an accumulation of negative charges
appears on the external edge of the sample. These charges screen the field of the central charge.
A quantum mechanical as well as a classical calculation lead to the same order of magnitude for
the polarization charge. The appearance of currents on the ring is mediated by the variation
of the Chern-Simons gauge field at mean field level. The presence of polarization charges on
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Intensity as a function of the charge for » = 1/3. The intensity is [ = [ j(#)df. The radius R
of the sphere is taken to be 1. The charge —@ is plotted in units of the electronic charge e. The
current is plotted in units of 2eh/AM*. The system contains 4 electrons. The size of the Hilbert

space 1s 210.
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Figure 11.10:
Variations of the bound charge at the north pole as a function of the charge at the north pole
in the case v = 1/2. The charge —@Q is taken in units of the electronic charge e.
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Figure 11.11:
Variations of the bound charge at the north pole as a function of the charge at the north pole
in the case v = 1/3. The charge —() is taken in units of the electronic charge e.
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the edges on the sample induces a non-zero average flux through the ring. By increasing the
charge, one should be able to produce periodic currents in the ring. The order of magnitude
of these Aharonov-Bohm currents is such that they can be measured [19]. The amplitude of
the current fluctuations is typically 2.0 nA for a ring of radius 1 um and transverse dimension
0.1 pm and a magnetic field of 20 T If one can produce a continuous charge in the middle of
the ring, one should be able to find experimentally the period of the phenomernon, which is of
the order of 16 electrons. Residual currents should also appear in the absence of the charge,
because of the presence of a magnetic flux through the ring. The experimental observation of
such currents should be a direct test of the existence of a statistical gauge field in the v = 1/2
quantum Hall effect. We also carried out numerical computations in the spherical geometry.
The mean field picture at v = 1/2 predicts discontinuities in the intensity plotted as a function
of the extra charge. This qualitative feature of the variations of the intensity is indeed observed
from exact diagonalization results, and is the main result of this work. However, the current
is not periodic as a function of the charge at the north pole, possibly because we considered a
degenerate ground state. Numerical computations at other filling fractions than 1/2 were also
carried out, and discontinuities also appear at v = 1/3 even though the Fermi liquid picture
does not hold at these filling fractions. The analysis of the bound charge at the north pole as a
function of the external charge at the same place reveals qualitative differences with the mean
field theory at » = 1/2. In particular, bound states are possible between a negative charge at
the north pole and an electron, for certain values of the external charge. The existence of such
bound states is not predicted by the mean field theory.

Our analysis shows that the type of experiment we consider would be a good test for the
mean field theory of the v = 1/2 quantum Hall effect since the presence of an extra charge
allows to explore excited states properties, and this in a way which goes beyond linear response
theory, since it involves level crossings and non-trivial reshuffling of the many body ground state
as the external charge is varied.

The authors acknowledge L. Lévy for stimulating discussions which encouraged us to carry
on this investigation. '
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Chapitre 12

Compléments au chapitre 11

Le but de cette partie est d'introduire quelques points techniques qui sont utilisés dans 'article
présenté au chapitre 11. D’une part, lors du calcul de I'écrantage en géométrie finie, il est utile
de savoir calculer numériquement des intégrales comportant une divergence logarithmique. Ces
intégrales sont calculées par la méthode des paraboles et la divergence logarithmique est traitée
explicitement. D’autre part, il faut savoir calculer les éléments de I’'opérateur de potentiel
Coulombien sur les différents états du premier niveau de Landau. Ces deux points techniques
sont traités successivement dans ce qul suit.

12.1 Calcul d’intégrales par la méthode des paraboles

Soit une fonction continue f définie sur le segment [0, a]. L'intervalle [0, a] est discrétisé en 214
segments de méme largeur s. L’approximation des paraboles s’écrit

M—1 co(m+1)s

/Daf(m)dm = Z/z f(z)dz (12.1)

m=0 ms

12

M1
T 2 (éf@ms) + %f((Zm +1)s) + %f(2(m + 1)3)) L)

m=0

Une formule utile est celle de I'intégrale d’une fonction possédant une divergence logarithmique.
En utilisant la méthode des paraboles, et en intégrant explicitement la divergence logarithmique,
nous obtenons

M-1

j:ln |n_sl_"+£l~f(m)dm ~ s mz;o (AT’“(a; +1) 4+ %’F—(ail — 1)+ Crmlam + 1)) L PR
- (e 0+ Bk -0 4 Gt 0 P gy
+ gAm(a?nJr %)+Bmam+20m, (12.3)
ol
Gy = m—2m-—1 (12.4)
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A, = %(f(z(er 1))+ f(2ms) — 2f((2m + 1)s)) (12.5)
Bp = 5 {(f2m+ 1))~ f(2ms)) (12.6)
Cm = fl(2m+ 1)s) (12.7)

12.2 Eléments de matrice de la perturbation Coulombienne

Haldane® propose de considérer ’effet Hall quantique en géométrie sphérique, dans le champ
d’un monopdle magnétique. Haldane donne une famille d’états cohérents qui générent le premier
niveau de Landau. De cette famille d’états cohérents, il est possible d’extraire une base du
premier niveau de Landau, donnée par

g g :
gba(x) = (X]a) = Na(Sin §)a(cos 5)23—:21161('9(5—&): (128)

ol N, est choisi de telle sorte que chagque orbitale soit normée:

f{gba(x)izdx =1, (12.9)

LI’index « repeére les orbitales du premier niveau de Landau et varie de 1 & 25 + 1. Nous nous
proposons de calculer les éléments de matrice de l'interaction Coulombienne entre les états
(12.8). L’interaction Vi entre les électrons sur la spheére et la charge classique localisée au pole
nord est un opérateur & un corps et Pinteraction V, entre les électrons sur la sphére est un
opérateur a deux corps. Nous calculons tout d’abord les éléments de matrice de I'opérateur &
un corps V. Les éléments de matrice de V; sur la base {|a )y} s’écrivent

Qe

rend(oe) 7200 (12.10)

(@lValg) = [ falx)

o d(x) est la distance entre le péle nord et le point x sur la sphere. L’expression de Vi en
seconde quantification est

=Y Vageles. (12.11)

Les nombres d’occupation du niveau de Landau le plus bas sont notés a;, on 2 € {1,..,N}

indexe 1’état
(@) = ek ...t 10). (12.12)

Nous cherchons les éléments de matrice de V) entre deux états donnés [{a)) et |(3 ). I est
clair que Vi ne connecte entre eux que des états ne différant que de zéro ou une excitation
particule-trou du type ¢tcg. Les éléments de matrice diagonaux de Vi sont

(( !Vl Z:Va o (1213)
i=1
Les éiéments non diagonaux sont calculés comme suit. Si nous notons

l(a» = iczkcﬁtl(ﬁ))w (1214)

'F.D.M. Haldane, Phys. Rev. Lett. 51, 805 (1983).
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P’élément de matrice s’écrit

{(@)Vl(8)) = (=1 el ViIB). (12.15)

En fait, ces éléments de matrice sont nuls: a cause de l'intégration sur 'angle ¢, la matrice
(V1)a,ps est diagonale. En ce qui concerne 'opérateur a deux corps, les éléments de matrice de

Vy sur la base {|a)} sont

2
i Tt € ' ;
— - dxd 2.
et V, est représenté en seconde quantification par
1
Vo = 5 > (cxﬁnghﬁ)cl'cgch. (12.17)
o3y

Vs posséde des éléments de matrice non nuls seulement entre les états |[{a)) et |(8)) avec zéro,
une ou deux excitations particule-trou. Si nous appelons

2541

1
(e} (B =5 D Ina = nal, (12.18)
a=1
nous pouvons voir que les différents cas correspondent & / = 0,1,2. Commencons par les

éléments diagonaux {/ = 0). Aprés un peu d’algebre, nous obtenons

((@)Val(a)) = D ({aiaj|Valaias) — (ajes|Valaiay)). (12.19)
(1.7}

La somime porte sur les paires d’indices dans I'ensemble {1, ..., N}. Considérons maintenant le
cas I[(a),(8)] = 1 en utilisant la notation de I'équation (12.14). Nous trouvons alors

N

(B)Val(a)y = Y (~1)sHHrtatbeki-U( (g0, V| ores) — (@i Valakes)),  (12.20)
i=13#k

ot I'index de particule j est choisi de telle sorte que a; = ;. Nous traitons maintenant le cas
I[(a),(B)] = 2, et nous notons

() = tcd, <L, ca, o, |(8)) (12.21)

avec ky < kg et Iy < I;. Les élémenis de matirice sont donnés par

((ﬁ)EVZI(Q» = (_1)kl+k2+ll+lz(<ﬁhﬁ[2IVzlaklah) - <ﬁ12ﬁ[1|V2lak1 akz))' (1222)

Les relations définissant les éléments de matrice peuvent étre utilisées dans un programme pour
écrire la matrice de l'interaction Coulombienne. La seconde étape consiste a diagonaliser cette
matrice. Clest cette démarche que nous avons suivie au chapitre 11.
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Dynamique de systémes vitreux
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Chapitre 13

Introduction aux systemes de spins
vitreux

11 existe de nombreux livres et articles de revue sur les verres de spin. Pour écrire ce chapitre,
j'ai utilisé le cours de R. Rammal et J. Souletie’, le livre de Fisher et Hertz?, l'article de revue
de G. Toulouse® et la revue de I'école russe*. Je développerai certains aspects expérimentaux
des systemes ‘verres de spin’ ainsi que certains aspects numériques. C’est volontairement que
je n’aborderai pas la théorie du modele SK et la brisure de symétrie de répliques, car je n’ai
pas utilisé cette approche dans le chapitres suivants.

13.1 Susceptibilité statique et dynamique

Les expériences sur les composés dits verres de spin datent des années 1970°. Le probleme & une
impureté est le probléme Kondo. Lorsqu’un ion mangétique est en interaction avec les électrons
de conduction, il perd son caractére magnétique en dessous de la température Kondo Tx. Dans
un certain nombre de systémes comme CuMn, AuMn, AgMn, AuFe, AuCr,..., la température
Kondo Tx est suffisamment petite pour qu'il existe une interaction entre impuretés sur une large
gamme de concentrations. L'interaction entre impuretés magnétiques est de type Ruderman-
Kittel-Kasuya-Yosida® (R.K.K.Y.). A longues distances, 'interaction vaut

J
H; ;= WCOS (2kFr;;)8;:.S;, (13.1)
avec -
O Z°3
Jo=— 13.2
8 Ep’ (13.2)

'R, Rammal and J. Souletie, Spin Glasses {1981).

2K.H. Fisher and J.A. Hertz, Spin Glasses, Cambridge study in magnetism, Cambridge University Press
(1991).

3G, Toulouse Frustration de désordre: problémes nouveauz en mécanigue statistique. Histoire des verres de
spin dans le compte rendw du Congrés de la Scciété Frangaise de Physique (1981).

#V.S. Dotsenko, M, V. Feigel’'man and L.B. Ioffe, Spin Glaosses and Related Problems, Soviet Scientific Reviews,
section A, Vol. 15 (1990).

8. Canella and J.A. Mydosh, Magnetic ordering in gold-iron alloys, Phys. Hev. B 8, 4220-4237 (1972).

®M.A. Ruderman and C. Kittel, Phys. Hev. 96, 99 (1954); T. Kasuya, Prog. Theoret. Phys. 16, 45 (1956);
K. Yosida, Phys. Rev. 106, 893 (1957).
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Figure 13.1; Allure des variations de la susceptibilité statique pour un verre de spin. La courbe
‘Field Cooled’ (F.C.) correspond & une expérience pendant laquelle le champ est resté branché
pendant le refroidissement. La courbe ‘Zero Field Cooled’ (Z.F.C.) correspond & une expérience
pendant laguelle ’échantillon a été refroidit en champ nul.

ol le Hamiltonien entre les électrons de conduction de spin s et I'impureté de spins S vaut
H=-248s. (13.3)

Z est la différence entre la charge électronique d'un atome du réseau et la charge électronique
de I'impureté. Les propriétés des verres de spin sont universelles dans le sens ol de nombreux
composés présentent la méme physique. Par exemple les alliages dilués de métaux de tran-
sition (Fe,Mn) dans des métaux nobles (Cu,Ag,Au), ou des isolants concentrés (par exemple
Eu,Sr;_.S), des solides non cristallins (par exemple CrSnTey) ou encore des ferroélectriques
désordonnés (par exemple K;_;Li;TaQ3). Dans une image simplifiée, on peut dire que les mo-
ments magnétiques d’un verre de spin gelent en dessous d’une température de transition 7,
dans une configuration aléatoire déterminée par la réalisation des interactions aléatoires dans
un échantillon donné. Nous allons maintenant décrire les expériences de susceptibilité statique
et dynamique.

13.1.1 Susceptibilité statique

L’allure des variations de la susceptibilité statique est représentée schématiquement sur la figure
13.17. En dessous d’une température T, la susceptibilité dépend de I’histoire de ’échantillon.
Dans le cas d'un refroidissement sous champ, la susceptibilité présente un plateau alors que
dans l'expérience de refroidissement en champ nul, la susceptibilité présente un maximum.
La température correspondant au bord du plateau de ’expérience F.C. est identique a la

"La figure 13.1 est tracée d’apés 'article S. Nagata, P.H. Keesom and H.R, Harrison, Low d.c, field suscepti-
bility of CuMn spin glass, Phys. Rev. B 19, 1633-1638 (1979). Leur expéricnce porte sur le composé CuMn avec
une concentration en Mn de l'ordre de 2%.
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température du maximum de l'expérience Z.F.C. et est identifiée & la température de tran-
sition vitreuse 7.

13.1.2 Susceptibilité dynamique

L’expérience de la susceptibilité dynamique est définie comme suit?. On soumet le systéme &
un champ magnétigue sinusoidal oscillant autour d’une moyenne nulile avec une fréquence w (on
peut également envisager V'existence d’une composante continue du champ magnétique, mais
nous n'abordons pas cette question ici). L’aimantation de I’échantillon est alors forcée a la
fréquence w et vaut

M(w,t) = Z 8, cos (kwt) + 85 sin (kwt). (13.4)
k

qui ne contient que des harmoniques impaires au-dessus de T, et en I'absence de champ
magnétique statique. Il s’avere qu’a la température de transition, toutes les susceptibilités
d’ordre 3.,5,... sont divergentes. Il est donc important de tenir compte de la réaction des pro-
" cessus mesurables d’ordre supérieur sur les processus d’ordre inférieur. Dans la limite statique,
les modes de Fourier de 'aimantation sont reliés aux susceptibilités selon

35

¢ = xih+ %xgh‘* + 64xi,h7 + (13.5)
o = %Xghs + f—ﬁxghs + ﬁ—ixw s (13.6)
o, = %xghﬁ + G%Xi,}f + ... (13.7)
g = ;—4)(’7}17 + o (13.8)

Une mesure de 8, permet donc de remonter & X} en utilisant (13.8). On déduit alors x5 a
’aide de (13.7), puis x4 & l'aide de (13.6) et enfin x7 a l'aide de (13.5). Nous avons également
utilisé cette méthode au chapitre 16 dans des simulations numériques de systéemes vitreux. Les
variations de x| sont représentées sur la figure 13.2. Les variations de la susceptibilité alternative
en fonction de la température & différentes fréquences présentent trois caractéristiques:

s pour une fréquence donnée, il existe un point anguleux a une certaine température.

o la température du point anguleux se déplace vers les basses températures lorsque la
fréquence diminue.

o Le maximum de susceptibilité au point angulenx angmente lorsque la température diminue.
D’autre part, il existe une divergence pour la susceptibilité x3. Dans les expériences et dans les

simulations numeériques, cette divergence se manifeste par un maximum tres prononce de X4 en
fonction de la température.

8Pour des données sur les expériences de susceptibilité dynamique, voir L. Lévy, Critical dynamics of metallic
spin glasses, Phys. Rev. B 38, 4963-4973 (1988).
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Figure 13.2: Allure des variations de la susceptibilité x| en fonction de la température pour
différentes fréquences wy, wy et w3 telles que wy < wy < wy.

13.2 Vieillissement

Les résultats différents des expériences de susceptibilité dans I'expérience field cooled et zero
field cooled suggerent que le comportement d’un échantillon dépend fortement du traitement
qu’il a subit dans son passé. Nous allons mettre en évidence d’autres effets caractérisés dans
les expériences dites de viellissement.

13.2.1 Expérience d’aimantation ‘Zero Field Cooled’

Dans cette expérience®, la température initiale est trés supérieure & la température de transition
vitreuse 7. L’échantillon est alors refroidi & une température T inférieure a la température de
transition vitreuse Ty,. On attend ensuite un certain temps {, (pouvant atteindre plusieurs
heures) avant d’appliquer un champ magnétique et d’enregistrer les variations d’alimantation
en fonction du temps. On observe que si T' > T, la courbe d’aimantation ne dépend pas du
temps d’attente ¢,,. Par contre, si T" < T}, la courbe d’aimantation dépend expliciternent du
temps d’attente t,, (voir figure 13.3). Cet effet est appelé vieillissement. L’age de I’échantillon
corrrespond au temps d’attente ¢,,.

13.2.2 Expérience d’aimantation thermorémanente

Cette expérience permet également de mettire en évidence les effets de vieillissement dans les
verres de spin. L’échantillon est refroidi sous champ magnétique & une température T inférieure

"Nous nous appuyons sur les expériences de L. Lundgren, P. Svedlindh, P. Nordblad and O, Beckman, Dy-
namics of the relezation-time spectrum in @ Culn spin glass, Phys. Rev. Lett. 10, 911 (1983).
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Figure 13.3: Courbe d’aimantation en fonction du temps aprés avoir attendu un temps t,.
L’origine des temps correspond au branchement du champ magnétique.

3 la température de transition 7,. Aprés un temps d’attente t,, {bien plus grand que le temps
nécessaire au refroidissement), on supprime le champ magnétique et on enregisire les variations
de I’aimantation en fonction du temps. L’allure des courbes d’aimantation est représentée sur la
figure 13.4'°. En effectuant un changement de variables sur la variable temporelle, il est possible
de ramener toutes les courbes de la figure 13.4 sur une courbe universelle. Le changement de
variable utilisé est

dé to \*

= = (t it) dt (13.9)

£ = 5 ((t +t)1'*‘—t1‘“) (13.10)
1_}]) wr 7

ol tp est une échelle de temps arbitraire. L’ensemble des courbes d’aimantation thermorémanente
s’aligne alors sur une courbe maitresse lorsqu’elles sont tracées en fonction de £. Il n’existe pas
actuellement d’explication gquantitative de ces expériences de vieillissement.

13.2.3 Expériences numeériques

Au niveau numérique, il est possible d’implémenter 'algorithme de Monte Carlo pour mettre en
veuvre la dynamique d’un systéme de spins. L'unité de temps est alors le ‘Monte Carlo step’.
Pendant un pas de temps, on tire au hasard un nombre de sites égal au nombre total de sites
et pour chaque site tiré au sort, on remet en question orientation du spin en utilisant les poids
de Boltzmann avec une distribution figée des plus proches voisins. En utilisant cet algorithme,
on peut donc mettre en ceuvre toutes les techniques expérimentales décrites précedemment.
Nous renvoyons le lecteur au chapitre 16 pour une mesure des susceptibilités dynamiques. Les
expériences de type ‘aimantation zero field cooled’ et ‘aimantation thermorémanenies’ sont

104 apreés les expériences de M. Alba, M. Ocio and J. Hammann Ageing process and response function in spin
glasses: an analysis of the thermoremanent magnetization decay in AgMn (2.6%)., Europhys. Lett. 2, 45-52
(1988).
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Figure 13.4: Allure des courbes d’aimantation dans l'expérience d’aimantation ther-
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également possibles'!. Les expériences numériques de type Monte Carlo donnent également

accés & des quantités inaccessibles aux expérimentateurs. Une quantité interessante est la
fonction d’autocorrélation des spins aprés un temps d’attente t,,

1 N
Ot tu) = 7 2 (ot + ta)oiltu ) (13.11)

1=1

ol {) désigne une moyenne thermique sur les différentes réalisations du brnit thermique, mais
avec la méme configuration initiale, et ol la barre désigne une moyenne sur les réalisations du
désordre de liens. 5i l'on s’intéresse & un modele sans désordre {(ce qui sera le cas dans les
chapitres suivants), la moyenne sur ie désordre disparait. L’existence de vieillisement a été mise
en évidence dans différents systémes de type ‘verre de spin’, par exemple dans le verre d'Ising
tridimensionnel?. Cependant, le phénomene de vieillissement n’est pas spécifique des systémes
possédant une transition verre de spin. En effet, i existe un certain nombre de phénomenes
de physique statistique ‘vieillisants’ sans désordre ni frustration. C’est par exemple le cas des
marches au hasard, des champs gaussiens libres, de la dynamique du modele XY et de la
décomposition spinodale’®. Nous pouvons également ajouter un certain nombre de modeles
de spins sur des réseaux non euclidiens. Par exemple, le modéle d’Ising sur des clusters de
percolation devient vitreux pour une température de transition de l'ordre de J/Ins ol s est le
nombre de sites dans ’amas'*. Nous étudions la dynamique du modéle d’Ising sur l'arbre (voir

" Veir L.F. Cugliandolo, J. Kurchan and F. Ritort, Evidence of aging in spin-glass mean field models, Phys.
Rev. B 49, 6331 (1994).

'¥H. Rieger, Non-equilibrium dynamics and oging in the three-dimensional Ising spin-glass model, J, Phys. A
26, L615-1.621 (1993); J.O. Andersson, J. Matsson and P. Svendlindh, Monte Carlo studies of Ising spin-glass
systems: aging behaviour and erossover between equilibrium and noneguilibrium dynamics, Phys. Rev. B 48,
8297 (1992).

'¥Ces exemples sont traités en détail dans le preprint de L.F. Cugliando, J. Kurchan and G. Parisi, Off
equilibrium dynamics and aging in unfrustrated systems, preprint cond-mat/9406053.

“Voir R. Rammael, Spin dynamics and glassy relazation on fractals and percolation structure, J. Physique 46,
1837-1842 (1985).
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chapitre 16) et nous montrons que la température de transition varie comme J/Inn, ol n est
le nombre de générations. Nous étudions également le modele XY sur l'arbre (chapitre 15), qui
présente également un relaxation vitreuse & basses températures.







Chapitre 14

Article 6

Diffusion and random walks on the Cayley tree!
R. Meélin

CRTBT-CNRS, 38042 Grenoble BP 166X cédex France
We investigate diffusion and random walks on the Cayley tree. These two dynamics are
inequivalent on the Cayley tree. A numerical approach reveals that, due to the boundary, the
time scales are proportional to the exponential of the length scales, whereas the time scales
are proportional to the square of the length scales on Euclidian lattices. To understand this
property, we study the Laplacian on the tree. We derive exact equations for the eigenvalues on
a Cayley tree. The characteristic polynomial of the Laplacian is splitted into a hierarchy of
polynomials (one polynomial per generation on the tree) with a degree inferior or equal to n,
the number of generations. The eigenvalues are found to be the root of continuous fraction
equations. The behaviour of the largest non zero eigenvalue is related to the anomalous
diffusion behaviour. Finally, we compare these results with the Bethe-Pejerls approximation
via a mapping to a tight-binding problem. The anomalous diffusion properties are not
explained in the Bethe-Peierls approximation. Finally, we compare our results with the
diffusion problem on the Sierpinsky gasket.

lsubmitted to the Journal of Statistical Physics.
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14.1 Introduction

Eventhough it has no physical realisation, it is interesting to develop statistical and quatum
physics on the Cayley tree. The infinite iimit of a Cayley tree is called a Bethe lattice. In
what follows, we consider only the case of coordination 3, but straighforward generalizations
to a coordination z are possible. We shall work with full Cayley trees, starting from a center
(called the ancestor) with three sons. FEach of the ancestor’s son has two sons, etc. The
ancestor is peculiar, since it has three sons, and the leaves are peculiar too, because they have
only one neighbour. We shall also work with half-space-trees, for which the ancestor has only
two sons. As far as trees are considered, two cases are to be distinguished. First, the Bethe-
Peierls approximation consists in considering only the bulk properties, that is the properties
of the ancestor. For spin models, this approximation was first implemented in the thirties by
Bethe and Peierls [1] [2]. The Bethe-Peierls approximation has been reconsidered recently as
an alternative to mean field theories for various problems [3]. For a pedagogical introduction
to Bethe lattices and Husimi cactus, we refer the reader to the article by Thorpe [4], where
various problems are reviewed, such as the spins 1/2 model, the percolation problem (which is
also reviewed in [5]), tight-binding Hamiltenians and phonons.

A second point of view on trees is to consider the properties of Cayley trees, with their
boundary included. This approach was developped in the seventies for Ising spin models, where
people discovered an unusual transition [6],[7]. At that time, the notion of spin glasses merely
emerged and people did not focus on the dynamical properties. The dynamics on the Cayley
tree was analyzed only recently [8], and a cross-over towards a glassy phase was found at a
temperature Ty, ~ J/Inn, with n the number of generations. We underline that a general
class of thermodynamic limits was considered in [8], where the properties of m generations are
considered, in the limit m < n, with m,n — 4o0.

In a previous article [9], we have studied one problem related to the Laplacian on the
Cayley tree: the XY model at low temperatures. We showed that below a temperature scale
Tg, the Hamiltonian can be replaced by a Gaussian Hamiltonian in terms of differences of angles
between two adjacent spins. The Langevin dynamics below T, is given by

df

N = A0+ (1), (14.1)

where # denotes the vector of N angles, one per site, and £(t) is the vector of N Gaussian white
noises. A is the Laplacian.

In the present paper, we study two problems on the Cayley tree which are similar to (14.1)
but with no noise: the random walk problem on the tree and the diffusion problem on the tree.
These two problems are equivalent on Euclidian lattices but become non equivalent on a non
Euclidian structure since the coordination is not a constant from one site to the other. On a
Cayley tree, the coordination of the leaves is one whereas the coordination of the other sites is
3. On a half-space-tree, the coordination of the ancestor is 2. We shall begin with the diffusion
prablem, with the evolution equation

IP(t)
D

T = DAP. (14.2)

P(t) is the vector of the P(4,t) and A is the Laplacian, which is a symmetric operator. The
diffusion equation (14.2) is identical to (14.1), except that no white noise is present. Within the
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dynamics (14.2), we study the evolution of the probability P(i, i, to) such as P(1,t)i0,t0) =
8:4,- In order to emphasize the boundary effects, we choose « and i among the leaves of the
tree. We first treat the problem by means of numerical diagonalizations. This study reveals
the existence of an anomalous scaling: if the distance between ¢ and 4o increases by a constant,
the associated time scales for the diffusion are multiplied by a constant. This scaling is to be
compared with what happens on an Euclidian structure. The continuous limit of a diffusion
process on an Euclidian structure leads to the kernel of the diffusion equation in the continuum

[10]
1 |x?

so that the scaling on an BEuclidian structure is such as x — Ax ¢ — A?t, which means that the
Hausdorf dimension of random walks is two in Euclidian spaces. To understand the anomalous
scaling on the tree, we study the spectrum of the Laplacian by analytical methods. We find that
the anomalous diffusion behaviour is related to the behaviour of the largest non zero eigenvalue
of the Laplacian, which can be characterized approximately.

As far as the random walk problem is concerned, we investigate the conditional probability
P(i,t|ig, to) for the walker to be at site 7 at time ?, knowing that it was localized at site i at
time #p. The site iy is chosen among the leaves, as well as the sites i. The local conservation of
walkers is given by

- 8P(t|zg, tg)

i = AP(t|io, to), (14.4)

with 7 the time increment. The operator A shall be defined in what follows. We stress that A
is non symmetric, and distinct from the Laplacian A. These properties are due to the fact the
the coordination of the Cayley tree is not a constant, because the leaves have one neighbour
whereas the other sites have three neighbours. On lattices with a constant coordination, the
operator A is equal to the Laplacian. In equation {14.4), P(¢[4q, o) is the vector of probabilities
P(i,t|i0,t0).

We first study {14.4) by means of numerical diagonalizations of the Laplacian. We find that
the scaling of the time scales as a function of the distance is anomalous, as in the diffusion case.
As for the diffusion case, the scaling of the largest non zero eigenvalue explains the anomalous
properties of random walks on the edge of a Cayley tree.

Finally, we analyze the two problems in the Bethe-Peierls limit. In this approximation, the
operators A and A are identical, and the eigenvalue problem can be mapped onto a tight-
binding Hamiltonian problem. The density of eigenvalues for this problem has aiready been
investigated in {4], and we conclude that no anomalous diffusion is present in the Bethe-Peierls
approximation.

14.2 Diffusion problem

14.2.1 Numerical simulation

We call P(4,tlig,1p) the conditional probability of the diffusion process, with P(%, ¢|io, to) = 8.
A corresponding physical situation would be a tree at low temperatures with a localized heat
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pulse at site i5. The diffusion equation is

D
P('l:,t-|-’?'|?:0,t0 P(Z tl?.o,to = ‘E

Z (¢, tlio, to) — P{i, tlio, 1)) - (14.5)
eV (s

The dynamics is discrete, with an increment in time 7, and V{i) is the set of neighbours of
site 4. Equation (14.5) is the discrete diffusion equation. One can make the time continuous by
taking a first order derivative instead of a finite difference:

3P(1,tl,t D - C oy

M == Y (P{i tlio, ta) — P(i,1tli0, o)) . (14.6)

ot 3 FEV(3)

Using the vectorial notation P(2|ip, to) for the set of probabilities P{%,t}iy, o), we obtain

OP(t)ig, t0)
T at

The operator A is the Laplacian, and depends only on the underlying lattice. A, is minus
the coordination of site i over 3, and A;; is +1/3 if a link connects the sites 4 and 7, and 0
otherwise. The factor 1/3 is a convention and is chosen in such a way that A and A have the
same Bethe-Peierls limit. A is symmetric whatever the underlying lattice. Tt is clear that, in
order to solve the diffusion equation (14.7), one has to diagonalize the Laplacian. We note u;
the eigenvectors of &: Au; = A;u;, and Q is the matrix of eigenvectors:

u; = ZQi’jeJ', (14.8)
J

= DAP(io, to)- (14.7)

with {e;} the canonical basis. The decomposition of P(tlig, t} over the eigenvalue basis is

P(tlio, o) = Y _ ai(t)u;, (14.9)

T

with 9
_8a(t)

ot
which is solved easily, with the initial conditions a;(tp) = Q;:,. We thus obtain

= Aag(t), (14.10)

P(tio,f0) = ¥ Qi exp( (- to)) (14.11)

so that

P(1, t|ig, to) = Z Q;.i, Qj:exp (%(t - tg)). (14.12)
i

In practise, we study small trees, and diagonalize the Laplacian by means of a Jacobi method.
The starting site 4 is chosen among the leaves, as shown on figure 14.1. The probability is
calculated at the other leaves. One can gather equivalent leaves according to the distance from
the starting point. The label of the leaves is the half the distance from the starting point. The
probability P{n,t) is plotted on figure 14.2 in a log-log plot. The logarithm of the time scale is
proportional to the distance from the starting point, so that if one increments the length scale
T — z + A, the associated time scale behaves as 7 ~» ur. The scaling of the time scales is
identical to the scaling of the number of sites as a function of the distance on the tree.
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5 .

b1 23 ]

n

Starting point

Figure 14.1: The starting point in chosen among the leaves. We study the probility for the
walker on the other leaves as a function of time. The equivalent leaves are labeled according to
the distance from the starting point. The distance between the leaves ¢ and the starting point
is 21
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Figure 14.2: Probability P(n,?) of the diffusion process,
with 7 the label of the leave (see figure 14.1) at time t, for D/7 = 3. We plotted NP(n,t)
in logarithmic scale, with N the number of sites, as a function of the logarithm of time, for a
half-space tree with 9 generations. Using these scales, the asymptotic probabilities are 0 (the

equilibrium distribution is uniform).
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14.2.2 Analytical results

We wish to understand analytically the numerical result of the previous section. To do so, we
analyze the problem of the diagonalization of the Laplacian on a half-space-tree. We first need
to label the sites of a half-space-tree. At the first generation, the labels are 0 and 1. At the
second generation, the labels of the sons of 0 are 00 and 01, the labels of the sons of 1 are 10
and 11, etc. The elements of the eigenvectors of the laplacian are noted ¥,(€1, ..., €n), Where
¢ = 0 or 1 and n is the number of the generation of the site. If A denotes an eigenvalue of the
Laplacian, then the corresponding eigenvector must verify

Ot 3 Wl ) = g¥nmaers o en)
()‘+ 1)¢ﬂ—1(€11“':€n—1) - % ('¢n—2(51:_-“76n—2) '*""!Jn,(fl, ---,fn——1,0)+1})11(61,...,6“-_1,1))
(14.1
()\ + 1)'1,bn_p(61, eeey Cn_p) = % ("d)n_p_l(fl, . Gn—p—l) -+ "rbn—p-{—l(fl) ey En—py 0) + T,bnmp+1(61, ey Gn_p,]
(+Da(a) = 5 (ot vaer,0) = aler, 1)
2
Ot 2o = 3 (0(0)+ (1),

The first and the last equations are peculiar since the leaves have only one neighbour and the
ancestor has only two neighbours, whereas the other sites have 3 neighbours. If A # 0, there is
a suplementary constraint

> A =0, (14.14)
J
which expresses the fact that the eigenvector is orthogonal to the A = 0 uniform mode. We

decude that, if XA # 0,
YN ke, ) = 0. (14.15)
ko« Ek

To discuss the eigensystem (14.13), we start from the leaves. The first.case is A = —1/3. With
this value of A, the eigensystem (14.13) becomes

= 7111,1_1(63, ...,En._l)
0 = 'wn—.'!(fla sy 511—2) + wn(fla -y €1, 0) + "rbn(fl, -y En—1, 1)

Mn_a(€1y s enoa) = Un-a(€1, .. €nos + Yno1(€1, s €0-2,0) + Pn_s(er, ..., €n2,1)
(14.16)
2")bn—p(€1a ey En—p) = 'ﬁbn—p—l (61 y ey fn-—p—l) + "ubn—p+1(€13 coey En—py 0) + ’an—p-l—l(fl; ey 6ﬂ—p: 1)
21(e1) = o+ Paler,0) + valer, 1)
Yo = ¥1(0)+ (1)
In order to obtain an intuition of the number of states in the subspace A = —1/3, we first treat

the exemple of figure, 14.3. For comodity, the sites are labelled by letters and integers (see
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Figure 14.3:

Labelling of the tree that we choocse in the exemple of section 14.2.2.



14.2. DIFFUSION PROBLEM 251

figure 14.3). For this half-space-tree, we have, ¢ = ¥ = e /2. From the equation

2¢¢ = Ya + e + ¥H, (14.17)

we deduce that ¥¢ = ¥p = 14. From 294 = ¥¢ + ¥p + o, we deduce that ¢ = 0. We note
Ya =1, ¥g = —y¥. Then, o = ¥p = ¥ and ¢p = ¥r = —1p. We have also

Yvg = Yp=vr=vr= ;¢ (14:18)
Y = YL=tMm=YN =59 (14.19)

This exemple shows that there is one mode for each site belonging to a generation where the
eigenfunction is zero. If we note n — 1 = 4p + ¢ (with 0 < g < 3), the sites corresponding to a
cancellation of the eigenfunction are n — 1 —4r = 4(p—r)+ ¢ = 45 + ¢, with 0 < s < p, s0 that
the dimension of the A = —1/3 subspace is

D(n) = Z 2%t = gnml 4 Ilg (2“-1 - 2‘1) : (14.20)

a=0

This expression is valid if ¢ = 0 (this is the case of figure 14.3). It is also valid if g = 1 or ¢ = 3.
However, if ¢ = 2, there exists one supplementary mode compared to (14.20).
We now turn to the case A # —1/3. Under this condition,

n bILERS B £ St 10 = n Yty tR— )1 n— ytn—L /s 14'21

YL, -y €no1,0) = Pnler, . €no1, 1) = 3}\+ Y (€1, €n1) ( )
so that, the eigensystem (14.13) leads to

(}\+1 2/3 )¢ R ) 14.22

3t 1 n—1 (61;---1671»«1) =3 n—2{€1s -y €n-2). ( . )

Two cases are to be considered: A +1—2/3(33+1)=0and A+ 1—-2/3{3)3+1)#0.

We first consider the case A+1-2/3(3A4+1) =0, thatis A = Ay = (—-2 + \/ﬁ) /3. Under this
condition, Yn_2{€1,...,€n—2) = 0, and we impose Pn_1(€1,..., n-2,0) + Pno1(€1, ..., én—2,1) =
0. This condition is compatible with what follows. We deduce that Yk < n — 2, Ve, ..., €,
Pr(€r, ..., €,) = 0. Bach eigenvalue Ay gives rise to one eigenspace of dimension 272, The
eigenvectors are easily calculated. If we note £ = ¢¥,_1{€1, ..., €02, 1) = —tn_1(€1, ..., €n3,0),
the amplitudes of the children are

o Y 1( s En—ny) (25 - 1) (14:23)

'!lbﬂ(e'iz ey En—2, 61? E)

3A+1 3)\-!-1

Since 9 is normalized to unity,

1
P R — (14.24)

2+ (3A¢4+152

so that the eigenvectors are completely determined.
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In the case A+ 1 —2/3(A+ 1) # 0, we continue the same procedure. Since the forthcoming
step is the first one to be generic, that is which does not depend on the special coordinance of
the sites of the border, we outline it explicitly. It is possible to invert the relation (14.22) into

1/3
Pr_1{€1, - €n-1) = -—-"*[““‘575"%—2(61, vy €n=2), (14.25)
Al 5
so that
2/9 1
Al ‘“"‘"“/T Bra(€1s s eng) = =Wrna(€1, e €ncs). (14.26)
To use general notations, we write
2/3
A = 5577 (14.27)
2/9

With these notations, equation (14.26) is of the form

(vt 1= folA)) Y1y ooy encs) = §¢R_3(el, oy Enea). (14.29)

To proceed with the recurence, we denote by H, the following hypothesis:

Hy <= (A4 1= o(A)) W p(€1s s €map) = é%fpwl(q, e enp1): (14.30)

We have shown that Hj is true. If Hp is true, two cases are to be considered: A+ 1~ f,(A) =0
and A+ 1— fp(A) # 0. We first treat the case A+ 1 — f,(A) = 0. This equation can be brought
under a polynomial form, and has p+1 realroots. A graphical representation shows immediately
that the roots are indeed real. Each root gives rise to an eigenspace of dimensior 2" P~1, We
do not enter into the detail of the construction of the eigenstates, since the principle is the same
as in the p = 1 case p = 1 which has been previously developed. Now, if A+ 1 — f,(A) # 0, the
hypothesis Hyy; is true. To see this, we use the following equation of the eigensystem (14.13}:

1
(}‘ + l)wn—p—l(fla cesy En—p—l) = 5 ("/’n—p—Z(El: <oy En—p-—2) + ¢nfp(€1> e €n_p-1, 0)
+n—p(€1, s €npe1, 1)), (14.31)
and combine it to Hp to find
2/9 |
A+1—m=k+l—~fp+1(A):0<:> Hp+1 (1432)
F

We now treat the last two equations of the eigensystem (14.13). We assume that we reach the
step H, _4:

b 1= faca(AN))Wa(er, €2) = %%(el). (14.33)
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If A+ 1— foz(A) = 0, we have n — 1 eigenspaces of dimension 2. If A +1 — f,_»(}) # 0, we
obtain

A+ 1= fama(W)) ¥a(e) = %wo. (14.34)

H A+ 1/3 — foo1(2) = 0, we get n eigenspaces of dimension 1. If A+ 1/3 — fn_1(}) # 0, we

obtain the last equation . .
At - = ,
3T 0 1= foi (M)

which leads to n 4+ 1 eigenspaces of dimension 1. Among the roots of (14.35), we find automat-
ically '\ = 0, since Vp,fp(A) = 2/3. The corresponding eigenvector is a constant, corresponding
to the equilibrium distribution of walkers. The procedure splits the characteristic polynomial
of degree N, with N the number of sites into a product of polynoms with a degree inferior or
equal to n, the number of generations.

Finally, we focus on the largest non zero eigenvalue whick is obtained at the step p of the

)

(14.35)

recursion precedently described. We note )\Ef this eigenvalue, and we note

A1 L0 = (3= 2P) B0, (14.36)

Since }\Ef) is close to zero, the equation for )\S?H) can be approximated as

2/9

AP L = 0. (14.37)
(GRERE
this equation is a second order equation for AS{’H):
PH1)2 5 E) (1 A _ 2 ) _
(E)T 428 (1-21) o~ =0 (14.38)
which is solved as

(rt1) _ L5 _ 3@y e 2 14.39
A 2(/\+ 1+\/(1 +)+(++9Fp(0)) : (14.39)
However, f1(0) = f2(0) = ... = fu(0) = 2/3, so that F,(0) = —1/3}\5?). Reporting this

expression into (14.39}, we deduce that }\S_DH) ~ ,\{f) /3. This property explains the anomalous
scaling of the diffusion times that was observed numerically in the previous section. In order to
check this conclusion, we computed the function A+ 1 — f,(A) for consecutive values of n. The

behaviour of the largest root of this equation is in agreement with our analytical conclusion
(see figure 14.4).

14.3 Random walk problem

14.3.1 Numerical simulation
We call P(i,tlig,t0) the conditional p‘roba,bility to find the walker at the site 7 at time ¢, the

walker being at site iy at time fp. The local conservation of walkers reads

1 1
P(i,t + lio, ta) — P(i,t]io, t) = > (;P(i"tlio,to)— ;P(’i,ﬂio,to)), (14.40)
aev(i) :
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Figure 14.4: A + 1 — fo(}} as a function of In{-}) in the vicinity of the largest root, for
different values of A. In this semi-log plot, the zeros are equidistant, which is consistent with

the analytically predicted scaling.
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and leads to the following continuous dynamics:

. . 1
,OP(, tio, to) 3 (ip(i’,tho,to) - ;P(i,tlio,to)) . (14.41)

ot veviy
Using the vectorial notation P(t]ig, i) for the set of probabilities P(i,1|ig, tp), we obtain

7_BP(t]io,to)

= AP(tfio, to)- (14.42)

3” is —1/z, and A” is 41/z; if a link connects the sites ¢ and 7, and 0 otherwise. A is not
symmetric on the Cayley tree. However, the operator A is diagonalizable and its eigenvalues
are real. The reason is the same as the reason why the Glauber matrix is diagonalizable
and its eigenvalues are real, eventhough it is not symmetric [8]. We call P9 the equilibrium
distribution of the dynamics (14.42). It is clear that P( ) & z;, with z the coordinance of
the site . The prefactor is chosen to normalize P(®). Then, the dynamics verifies the detailed
balance

AP0 = PA, (14.43)

so that the matrix
A= (PO Ay (Pg‘”)m (14.44)
is symmetric. Moreover, if P is an eigenvector of A, then P; = (P(O)) i P; is an eigenvector

of A. We have thus proven that the non symmetric matrix A s dzagonahza’ble and that its
eigenvalues are real. In practise, we shall use the symmetric representation A of A since the
algorithm to diagonalize and find the eigenvectors works with symmetric matrices. We are now
in position to study P(i, t|ig, to) numerically, as we did in section 14.2 for the diffusion problem.
The dynamics equation (14.42) is covariant as one goes in the symmmetric representation:

t -
W AD(ia, t0). (14.45)

However, the initial condition P(%,1oléo, ) = 6:., must be transformed into

P(i, tolio, to) = (PY”)” Y. (14.46)

It is now p-ossible to apply the method of section 14.2 to compute the evolution in the symmetric
representation, and come back to the actual probabilities at the end of the calculation. The
resulting probabilities are plotted on figure 14.5. As in the case of the diffusion process, the
scaling of the time scales is anomalous, in the sense that the time scales are multiplied by a
constant as the length scales are incremented by a constant.

14.3.2 Analytical results

As in the case of the diffusion, is possible to derive continuous fraction equations for the eigen-
values of the operator A on the tree. The generic equation is of the form

2/9
At l-—

A+1- = 0. (14.47)

2/3
P
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Figure 14.5:
Probability P(n,t) for the walker t¢ be on a leave labeled by n (see figure 14.1) at time t. We
plotted N P(n,t) in logarithmic scales, with N the number of sites, as a function of the logarithm
of time, for a half-space tree with 8 generaiions. The assymtotic probability is inferior to unity,
due to the fact that the coordinance of the leaves is inferior to the average coordinance (the

equilibrium distribution is such as F; o« z;).
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However, the last nested fraction is different from what we obtain for the diffusion. We do not
repeat the construction of the eigenvalues, but we just notice that the scaling of the eigenvalue

)\Ef) is the same as for the diffusion process: )\{fH) ~ }\Ef)/2, and this scaling explains the
scaling of the time and length scales in the random walk process.

'14.4 Bethe-Peierls approximation

In the Bethe-Peierls approximation, we can forget the border, so that the operators A and A
become equivalent and can can be thought of as a tight-binding Hamiltonian:

A=-Id+ %Z 1) {j]. (14.48)

The tight-binding problem has already been analyzed in [4], so that we shall use the results of
[4] without proving them. The tight-binding Hamiltonian reads

H:VZM)(;’[. (14.49)

The correspondance between the Laplacian and the tight-binding Hamiltonian if thus E = A+1,
with E denoting the energy levels of (14.49), X the eigenvalues of A, and V' = 1/3. The density
of eigenvalues can be obtained via a Green’s function formalism and leads to

p(A):_QwA{i+2)J(2‘f—1—A) (%HH) (14.50)

for A € [=1 — 2¢/2/3, -1 4 24/2/3]. The density of eigenvalues p{}) is plotted on figure 14.6,
and compared to the density of eigenvalues of A for a finite Cayley tree with 30 generations.
In the Bethe-Peierls approximation, there exists a gap between the eigenvalue A = 0 and the
largest non zero eigenvalue —1 — 24/2/3, 50 that the existence of long time scales is not predicted
in the Bethe-Peierls scheme. We plotied on figure 14.7 the density of eigenvalues weighted by

the degeneracies. Since the edge states are much more degenerate than the bulk states, the
density of states of the bulk states vanishes, and we are left with a collection of delta functions.
This is reminiscent of the different thermodynamic limits depending on whether free boundary
conditions are used or not.

14.5 Comparaison with the Sierpinsky gasket

The Laplacian problem on the Sierpinsky gasket has been studied in {11]. Similarly to what we
have done in the study of the tree, it is possible to derive recursion equations for the eigenvalues
of the Laplacian. The iteration is

gn+1(A) = gn(A()‘_S)) (14'51)
gl()\) = 1, (14.52)

and the eigenvalues of the Laplacian are the zeros of the equation g,(A) = 6, so that the structure
of the problem is very similar to what happens on the Cayley tree. It is possible to approximate
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Figure 14.6: Deunsity of eigenvalues of the operator A in the Bethe-Pelerls approximation and
for a finite tree with 30 generations. The degeneracies are not taken into account. It is clear

that the small eigenvalues are forgotten in the Bethe-Peierls approximation.
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Ll

-2 -1.5 - -0.

Figure 14.7: Density of eigenvalues of the operator A in the Bethe-Peierls approximation and
for a finite tree with 30 generations. The weight of a given eigenvalue is proportional to iis

degenaracy.
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scaling of the largest eigenvalue by n — n + 1, AP o }\;H/S, so that the associated times

scale like 7, — 57,. The extension of the localized states scales like L, — 2L,, so that the
respective scaling of time scales and length scales is L — AL, 7 — A%%r with d the spectral
dimension [11] [12] and d the fractal dimension. In the case we consider, d/d = 21n2/1ln5. We
see that the scaling in the case of the Sierpinsky gasket is of the same form as the scaling in
an Euclidian space, execepted that the spectral and fractal dimensions become non degenerate,
whereas the scaling on the tree is different. We notice that the scaling of time scales associated
to the eigenmodes is similar in the case of the tree and in the case of the Sierpinsky gasket.
However, the extension of localized states is different. On the gasket, the longitudinal extension
of the states is multiplicative in n, whereas it is additive in n in the case of the iree.

14.6 Conclusion

We have shown by means of diagonalizations and of analytical methods that the diffusion
problem and the random walk problem on the Cayley tree exhibits unusual scalings. Whereas
the fractal dimension of random walks is two on an Euclidian structure, this property is no more
valid on a Cayley tree. If the length scales are incremented by a certain constant, the time scales
are multiplied by a certain constant, which is reminiscent of the scaling of the number of sites
as a function of the distance on the iree. This effect is not predicted in the Bethe-Peierls
approximation. In the Bethe-Peierls limit, the weight of the eigenvalues which are responsible
for the anomalous scaling properties is vanishing. An interesting case is the random walk on a
hyperbolic lattice, with a non Euclidian metric. This model shall be treated in a near future
[13].

I acknowledge discussions with B. Dougot, and thank J.C. Angles d’Auriac for lending me
his algorithms.
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XY model on the Cayley tree!
R. Mélin

CRTBT-CNRS, 38042 Grenoble BP 166X cédex Irance
We investigate the dynamical properties of the XY model on the Cayley tree. As for the Ising
model, a cross-over towards a glassy phase is found at small temperatures. Below Ty, we can
replace the XY Hamiltonian by a Hamiltonian with quadratic interactions. We study the
Langevin dynamics of the quadratic model. The dynamics is solved by numerically
diagonalizing the Laplacian for small trees. The Edwards-Anderson parameter at small
temperatures scales like gga ~ T for this model. Moreover, the dynamics exhibits aging, and
a hierarchy of long relaxation times. Finally, we investigate the Edwards Anderson
susceptibility for the XY model and the quadratic model. The XY case is treated numerically,
and a Curie law xga ~ 1/T is found above T;. Below T, we calculate analytically the
Edwards Anderson susceptibility, which is found to scale like xga4 ~ T2.

!submitted to the Journal of Statistical Physics.
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15.1 Introduction

Spin models on the Cayley tree have been essentially studied from the point of view of Ising
spins. This problem was first considered in the seventies {1]{2] from the thermodynamical point
of view. Only recently, [3] the dynamical transition was considered. Below a temperature scale
Ty ~ J/Inn, with n the number of generations, the spin system is found to freeze. The glass
temperature cross-over tends to zero in the limit n — oo, but decays very slowly with the system
size, so that the glassy domain is still present, even in the macroscopic regime. In this article, we
question the existence of such a dynamical cross-over for XY spins. We first study the existence
of a glass temperature scale. To do so, we adapt to the case of XY spins the argument which
was developped in [3] for Ising spins. The idea in the Ising case is to say that, below a certain
temperature Ty, the excitations of the system are local in terms of bond variables, and give rise
to large domains with a magnetization which is antiparallel to the average magnetization. To
reach this regime, the number of bond excitations must be small erough for the domains to
be rarely nested, so that the barriers are essentially the zero temperature barriers. The same
criterion is valid for XY spins and leads to a temperature scale T;. However, the origin of
glassiness is different. For Ising spins, the zero temperture barriers scale like J1nn, with n the
number of generations. For XY spins, the barriers are zero. However, we show that the typical
times scale like 7,, ~ GJn, due to the slowing down of the dynamics of the Goldstone mode,
which induces a slowing down of the dynamics below T,

After these qualitative orders of magnitude, we turn to study an approximate dynamics
below T,, by a Langevin dynamics of a model with quadratic interactions. The Langevin
dynamics has the advantage that it 1s easier to impiement than the Monte Carlo dynamics. In
fact, the key of the Langevin dynamics lies in the diagonalization of the Laplacian on the tree.
Analytical results for this problem will be presented elsewhere [4]. Here, we diagonalize the
Laplacian numerically, using a Jacobi method.

Finally, we turn to the analysis of the Edwards Anderson order parameter and susceptibiiity
of the ancestor spin, using a replica trick. Using the recursions of {5], we compute the partition
function of two coupled copies of a tree.. We deduce the Edwards Anderson order parameter
and susceptibility by differentiation of the partition function with respect to the inter-replica
coupling. We find that xg4 ~ 1/T above T,. Below T}, we calculate analytically the Edwards
Anderson susceptibility and we find that ygza4 ~ 72,

In what follows, we work with trees with a coordination z = 3. We call half-space-trees
trees such as the coordination of the ancestor is 2 instead of 3 for & full tree. We call a n-half-
space-tree a half-space-tree with n generations.

15.2 Glass temperature scale

The criterion to evaluate the glass cross-over temperature scale T, in the case of XY spins
is adapted from the criterium for Ising spins [3]. In the case of Ising spins, the idea consists
in imposing that, below T, the number of kinks on one path connecting the center to the
leaves is on average smaller than unity. If this criterion is verified, the nesting of spin domains
remains rare, and the dynamics is dominated by the presence of barriers which scale like the
number of generations on the tree. We generalize this criterion for XY spins. We suppose
that the temperature is small enough for the spin angles to be smaller than 2w. Within this
approximation, the probability density to find an angle difference Af between a spin at a given
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generation and its son is
e—BT{08)% /2

J"-i-m e—ﬁJ(Aﬁ')?/zd(Ag)

00

P(AG) =

: (15.1)

Let us call P(y) the probability to find an angle [A8] larger than ¢. Then,

) S eBI20124( Ap) B8J 2 1 g
— ~ —_ —_— ~A S +oo T ) 1 l2
P(yp) (7 —BIEOP 1o AG) l1—erf 5| oo\ 15T C (15.2)

In the spirit of what has been done with the Ising case, we define the glass temperature scale
as nf)(27r) ~ 1, which leads to the following equation for the glass temperature as a function of
the number of generations n:

01/2,3/2
Bgd n

As in the case of the tree, T,(n) — 0 in the limit of an infinite tree. However, Ty remains
sizable even in the macroscopic regime. An other difference with the case of Ising spins lies
in the interpretation of the temperature scale. For Ising spins, the glass temperature scale

L -8, (15.3)

corresponds to the cross-over temperature in the magnetization probability distribution, from
a Gaussian shape above T}, to a non Gaussian shape below 7. Such an interpretation is absent
in the case of XY spins. An other difference lies in the nature of the slow dynamics. The
barrier associated to XY spins is zero due to the presence of the Goldstone mode, whereas
the barrier to reverse a set of Ising spins is non zero. In the case of Ising spins, below Ty,
the excitations are local in terms of bond variables, but non local in terms of spin variables,
and relevant barriers can be associated to a bond excitation, leading to a hierarchy of long
relaxation times. What happens in the case of XY spins? Let us consider discretized spins
with an angular separation e, and let us start from a n-half-space-tree configuration with all the
spins pointing in the same direction §. Then, the magnetization will not decrease with time,
if the temperature is sufficiently low. The equilibrium magnetization has been analyzed in [6]
in the case of the square lattice. Here, we wish to analyze qualitatively the dynamics of the
total magnetization for the Cayley tree. What is the typical time to reverse the spins, that is to
reverse the magnetization from 8 to § + 77 An elementary transformation to reverse the spins
is to transit from the configuration where all the spins have an angle 8 to the configuration
where all the spins have an angle # + €. The barrier is proportional to %JEZ Inn. We deduced
this relation from the barrier formula for the Ising spin system on the tree [3]. The time scale
associated to a jump of the magnetization from ¢ to § 4 € is proportional to

nBIe2 (15.4)

if we assume an Aharenius law for the jump between # and & + . Now, we assume that the
magnetization diffuses along the Goldstone mode. Then, the typical time for a reversal of the
magnetization from € to 8 + 7 is
2
k
¢~ (—) pflel? (15.5)
€
which diverges in the limit ¢ — 0. Here, we have assumed a discretization of the angular variable
which does not depend on the temperature, and a dynamics where the spins can only jump
from @ to 8 + € or § — . For real XY spins, the spin can jump from # to ', not necessarily in
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the vicinity of #. A spin wave argument shows that we must take ¢ ~ \/2/8.J, so that the time
scales are related to the temperature according to

T~ BJn. (15.6)

The relaxation times diverge in the n — +oo limit, so that, like for Ising spins, there exists a
hierarchy of relaxation times in the tree model.

15.3 Langevin dynamics below T

Below the glass temperature scale Ty, is is legitimate to make the harmonic approximation for
the angular variables, and the Hamiltonian becomes

J
H= fEZ(ﬁi-ej)z. (15.7)

We study the Langevin dynamics of this Hamiltonian

dé;
N = Y (8- 8;)+ &), (15.8)
FEV(3)
with a Gaussian white noise:
(E(1)&;(t")) = Adi;6(t — 1), (15.9)

Using vectorial notations, we note ¢ the vector of the angular coordinates, and A the Laplacian,
such as the diagonal elements A;; are minus the coordinantion of the site 1, and the off-diagonal
elements A;; are +1 if a link connects the sites ¢ and 7, and 0 otherwise. The diagonalization
of the Laplacian on the tree shall be studied analytically in the companion paper [4]. In the
present paper, we shall use numerical diagonalizations only. The Langevin equation (15.8) can
be integrated for a given noise £:

0(t) = exp (%m)e(m + lfot exp (%A(t - t')){(t')dt’. (15.10)

)

Using (15.9), we derive the correlation functions

(6:(t:)85(t,)) = Z(exp%mi), (eXP%mj) (6,(0)6.(0)) (15.11)
s 1,7 5.8
A fi“f(ti'ti) ( 1A t, + ¢ 2 dt
+.,]2 R exPn (ti+ & — ))i,j -

As a particular case of (15.12), we are interested in the average (8;(¢)?), which is given by

(G2(4)) = (exp %At) (62(0)) +%/Ot (exp%A(t——t'))i . (15.12)

2,1 it

We restricted ourselves to spatially decorrelated initial conditions: (8,(0)8,(0)) = 6, .(6%(0)).
We computed (15.12) for a small tree. We call u; the eigenvectors of A: Au; = Mu; and P
the matrix of eigenvectors:

u;, = ZPi.jej' (15.13)
J
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Then,
2y = (¢° 25 P2 i 1-6 %)
(8:(2)*) = (6°(0)) ZP  exp ( }*jt) + EEZ,: i |t0a0 Q‘jf ( - A,--D) 1= eXP(; 5 -
(15.14)
We deduce from equation (15.14) the large time behaviour of (6;(¢)%): (62(t)) = at + b; with
A

g = »n—?Pﬁ.i (15.15)
by = —£Z—1—P2--(1—6,\.0) + (92(0)) P2, (15.16)
T 27? J AJ i 31 I

The coefficients @ are independent on the sites 1. This is due to the fact that the eigenvector
for the zero eigenvalue is a constant so that the asymptotic slope of {6;(2)?) does not depend
on %, and that @ = A/Nn? with N the number of sites. The diffusion constant of 8; is thus
independent on %, and decreases with the system size. The results are plotted on figure 15.1
for different generations. It is clear that the asymptotic slope of {#;(¢)?) is independent on the
generation of the spin. Moreover the intercept which is measured by the coellicient b; depends
on %, and decreases as one goes from the leaves to the center of the tree.

An other quantity of interest is the waiting time correlation functions Cilt, tw) = (0i(tw)0i{tut
t)). This quantity can be expressed as

Ciltity) = ZP exp( (t+2tw)) (15.17)

1 2
ZSTP2 twbyr, 0 — - (1 - 6, ot (1— —A-tw) ,
+772; :m|: A;5,0 2)\.( AJ»O)eXP(n it) EXP(T] itw)

3

The autocorrelation C;(t,t,) is plotted on figure 15.2 for a given waiting time t,, as a func-
tion of ¢t. In order to compare the autocorrelation for different waiting times, we have to
take into account the diffusion of (82(t)), that is we compute the normalized autocorrelation
C(t,t,)/C(0,,) < 1. For real XY spins, such a diffusion is absent since #;(t) is periodic.

We also studied the asymptotic ratio C(oe,1y)/C(0,1t,). This function is plotted on figure
15.3 for a small tree. For ¢, = 0, this quantity is strictly positive for a finite tree, but is very
small. This is due to the fact that Ci(co,0) is equal to {(#;(0)?)/N, with N the number of sites,
whereas C;(0,0) is equal to (8;(0)?).

In order to illustrate the fact that the system possesses a hierarchy of relaxation times, we
focus on the relaxation of the correlation (6;(¢)8,;(t)), where the sites ¢ and 7 are neighbours.
At equilibrium, {(6; — 6,)*) = 1/8J, as expected from quadratic interactions. We start from
{(6; — 6;)*) = 0 and we study the dynamics of the relaxation for pairs of neighbouring sites
at various generations. The result is plotted on figure 15.4. A hierarchy of relaxation times is
visible, which is consistent with the qualitative calculations of equation (15.6).

15.4 Edwards Anderson order parameter

We computed the Edwards Anderson order parameter numerically in the non glassy regime,
and analytically in the glassy regime. We first begin with the numerical computation. We use
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Figure 15.1:
(6%(1)) as a function of ¢, for a tree with 7 generations. The coefficients are chosen such as
A=mn=1,and (#2(0)}) = 0. The upper curve corresponds to the leaves (7th generation), and
the lower curve corresponds to the ancestor (Oth generation). The number of spins is ¥ = 382.
The asymptotic slope is 1/382. The coefficients b; are found to increase with 4, due to the
relaxation of fast processes.
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Figure 15.2:
Autocorrelation Cy(t, 4, )/C3(0, ty) for & 7 generation tree. We have chosen 4 = n = (§%(0)) = 1.
The autocorrelation is plotted as a function of t for t,, = 300. The upper curve corresponds to
the ancestor {0th generation) and the lower curve to the leaves {7th generation),
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Figure 15.3:
Autocorrelation Ci{oo, ty,}/Ci(0,1,) as a function of 4, for a 7 generation tree. We have chosen
A =7 = (8%(0)) = 1. the upper curve corresponds to the central spin, whereas the lower one

corresponds to the leaves.
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Figure 15.4:
Relaxation of the correlation {(8; — 8,)%) for neighbouring sites i and 7. The tree has & genera-
tions. The lower curve corresponds to the correlation between the ancestor and its son, and the
lower curve is the correlation between one leaf and its father. Initially, {(6; — 6;}°) = 0. The
parameters of the Langevin dynamics are 4 =n = 1.




272 CHAPITRE 15. ARTICLE 7

the replica trick of [5]. Two copies of the XY tree are considered, with an infer-replica coupling
R. The total Hamiltonian reads

H=-7) (cos (6; ~ 8;) + cos (0! — 9;)) — R cos(f; — 62). (15.18)
{4.3) :

The half-space-trees are put together as shown on figure 15.5. If Z,, is the partition function of

a half-space-tree with n generations, Z,; is related to Z, by

2

Zn+1(8 _ 9/) - e,BRcos{B_a") [/ dgldgaeﬁ.](cos (6—61)+cos(gf_9{))zn(9£ _ 91) , (1519)

with @ and §' the angles of the ancestors of each replica. The recurrence is initiated with
Zo(0 — §') = ePRoos(9-¢), (15.20)

The function Z(#) can be propagated numerically for different values of the inter-replica coupling
R. We note

A

fZ(G)dB (15.21)

Q fZ(G)cosEdQ (15.22)

The Edwards Anderson order parameter of the ancestor is gga = @(R = @), and the Edwards
Anderson susceptibility is

_ 99 5 _
XEA = Bﬁ_R(R = 0) (15.23)

Numerically, the Edwards Anderson order parameter is found to be zero, and the Edwards
Anderson susceptibility is plotted on figure 15.6. In practise, the angle of the spins is discretized,
and the integrals are computed using a five points method. One has to be careful not to handle
directly the partition function, which may be large at small temperatures, but its logarithm.
However, at low {emperatures, even the logarithm of the partition function may become large.
In order to compute the susceptibility, one has to estimate differences between large numbers,
and make integrals over large numbers, so that the precision is poor at low temperatures, and
the results at low temperatures are not reliable. However, it is clear that above T, a Curie law
xgA ~ 1/T is obtained, so that this system may be seen as a zero temperature glass. However,
this is not the case since the susceptibility does not diverge in the limit 7' — 0, but falls down to
zero. To see this, we come back to the quadratic model below T,. Within this approximation,
one can evaluate analytically the partition function. We assume that :

Zn(6~8') = A, exp (w%ﬁRn(ﬂ - 9')2). (15.24)

The equation relating Z,41(# — 6') as a function of Z,(f — ¢') is similar to {15.19), but only
with Gaussian integrals:

2
Zy1(8,0") = A, ePRnl=6)/2 [/dold.e;e-%ﬁJ((H—al)u(ﬁ'—ei)2)zn(el - 9;)] : (15.25)
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¥igure 15.5:
The way two half-space-trees with n generations are put together to obtain a half-space-tree
with n + 1 generatlons.
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Figure 15.6:
Inverse of the Edwards Anderson susceptibility of the XY model on the Cayley tree as a function
of temperature. The number of generations is 16. The number of discretized allowed values of
the angle is 15. The values at small temperature are not reliable, since the computer has to
form the difference between huge numbers.
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The calculation of the Gaussian integrals is straightforward, and leads to the recursion

2
il
A = n| —————— 15.26
S ( J(J+2Rn)) (15.26)

2JR,

Rppp = B+ TTOR

(15.27)
with Rg = R and Ag = 1. The iteration of R has a fixed point R*. If we first take the
thermodynamic limit, and afterwards the limit R — 0, we have

i kpT

gra = {(0-6¢)") = AR ol (15.28)

with @ = 1/2. In this equation, we have replaced R* by its limit when R — 0. This result is
proportional to the one of relation {15.28). We now turn to the Edwards- Anderson susceptibility

xpa = (0 0)%) = (8- 8)7)". (15.29)
These averages over Gaussian distributions are readily calculated and we obtain

1 kpT)?
XE4 = 5y = ( faz) . (15.30)

Obviously, xza does not diverge at small temperatures, but scales as xga ~ T2, In the case of
Ising spins, xga tends to a constant, independent of n below Ty [3].

15.5 Conclusions

We have shown that below a certain temperature scale 7y, the XY model on the Cayley tree is
glassy. The temperature scale T, is found to tend to zero in the limit of an infinite system. This
behaviour is similar to the case of the Ising model. However, the nature of the slow dynamics
is different from the Ising case, where barriers are present, which scale like the number of
generations. The XY system is characterized by the presence of a Goldstone mode, with a very
small barrier. However, the motion of the spins along the Goldstone mode is slow, with time
scales proportional to the number of generations. We studied the Langevin dynamics below T,
where a model with quadratic interactions is valid. A hierarchy of relaxation times is visible
on the relaxation of the correlation functions. Finally, we computed the Edwards Anderson
susceptibility of the ancestor. Above T, xga ~ 1/T and below Ty, xga ~ T2,
I acknowledge discussions with B. Dougot.
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We present a detailed study of the nearest neighbor ferromagnetic Ising model on a Cayley
tree. In the limit of zero field, the system displays glassy behavior below a crossover
temperature, T, that scales inversely with the logarithm of the number of generations.
Non-Gaussian magnetization distributions are observed for T < T,, reminiscent of that
associated with the central spin of the Edwards-Anderson model on the same tree; furthermore
a dynamical study indicates metastability, long relaxation times and ageing consistent with
the development of glassy behavior for a finite but macroscopic number of sites.
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16.1 Introduction

Recursive structures like the Bethe lattice and the Cayley tree provide a pedagogical enviroment
for the study of physical problems; in this setting they can be treated with a direct analytic
approach without resorting to approximate methods.[1] The Bethe lattice, an infinite Cayley
tree, is a connected dendritic structure with constant coordination, z, and no loops, as displayed
for z = 3 in Figure 16.1. Strictly speaking it is a pseudo-lattice since it cannot be embedded in
any real finite-dimensional lattice; indeed it is often regarded as an infinite-dimensional structure
since the number of sites accessible in N steps from a given site (~ N for a d-dimensional
lattice) increases exponentially with N. Thus the Bethe lattice provides a setting where mean-
field treatments can become exact. This property was first discussed by Domb who showed that
the Bethe-Peierls {BP) approximation to the nearest-neighbor (nn) ferromagnetic (FM) Tsing
problem, with # = —J 37(;;y 0;0; where J > 0, 0; = 1 and (17) indicates a nn sum, is exact on
this structure;{2] its solution is identical to that of the infinite-range FM Ising model.[3] Similarly
Thouless, Anderson and Palmer studied the infinite-range Sherrington-Kirkpatrick (SK) model
of spin glasses on the Bethe lattice using a mean-field technique;[4] they were able to recover
the key results[5} of Sherringtorn and Kirkpatrick (SK) without using the replica method. More
recently there have been several studies of the SK model on the Bethe lattice, particularly
in finite fields.[6, 7, 8, 9, 10, 11, 12, 13, 14] In general the study of a variety of problems on
this recursive structure has helped to develop our understanding of diverse physical phenomena
including self-avoiding polymers,/15] random resistor networks[16] and percolation.[17]

Like the Bethe lattice, a Cayley tree is a connected structure with fixed coordination number
and no loops; however it has a finite number of generations (cf. Figure 16.1) and hence sites
that are dominated by the boundary. More specifically, the total number of sites in a Cayley
tree of n generations with coordination z is

N = l-i—z+z(z—1)—+—...z(z-—1)"_1 = M (16.1)
(z—2)
and the number of surface atoms is
N, =z(z—-1)""! (16.2)
so that for large n
N (z2-2)
¥ LoD (16.3)

in contrast to the situation in “real” lattices (NI—Vi ~ N'ﬁ). Thus the “interior” of a Cayley tree,
in the limit of a large number of generations, contains an arbitrarily small fractlon of its total
number of sites, and the boundary plays a key role in any problem studied on this graph. In
particular, the Bethe-Peierls transition for the FM Ising model on a Cayley tree occurs only for
its central spin; despite its finite moment, the total spontaneous magnetization of all the spins
remains zero.[18, 19, 20, 21} In a nutshell this occurs because, at zero field and low temperatures,
very large domains of flipped spins can nucleate from the boundaries; the resulting finite-size
glassiness is the subject of this Paper.

The recursive structure of the Cayley tree permits a detailed analysis of the single-site
magnetization distribution as & function of field and generation. In doing so, we find that
for fields h < heo, where the crossover fleld h.o decreases exponentially with the number of
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Figure 16.1:
Showing a firite Cayley tree (a) and a piece of a Bethe lattice (b).
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generations, there is a temperature-scale T, below which well-defined, large domains of flipped
spins exist. For T < T, the magnetization distribution becomes non-Gaussian, reminiscent of
that associated with the central spin of the magnetized spin glass phase of the +J model on the
Cayley tree. The cross-over temperature, Ty, scales inversely with the logarithm of the number
of generations of the Cayley tree so that the “finite-size” glassiness persists to very large system
sizes for a macroscopic number of sites.

We therefore have a short-ranged periodic spin model that has a "glass” cross-over temper-
ature that decreases very slowly with increasing system size; more specifically it 1s inversely
proportional to the logarithm of the logarithm of the number of sites. We characterize it using
a combination of analytic and numerical techniques, always retaining open boundary condi-
tions. First we study the magnetization for different thermodynamic limits emphasizing the
crucial role of the ratio of surface/bulk sites as n — co. We recover the Bethe-Peierls result if
this ratio goes to zero; otherwise, for vanishing applied fields, there is a cross-over to a glassy
phase characterized by well-defined clusters of flipped spins. We find in that for A < A, the
single-site magnetization distribution becomes non-Gaussian for T < T, similar to that of spin
glass models residing on the same structure; however it recovers its Gaussian character with
increasing field. For T < T, the largest barriers associated with developing broken bonds in
these domains scale with the number of cluster sites; we thus refer to this low-temperature
state as a finite-size glass. A dynamical study of this system, performed numerically, indicates
the presence of metastable states and long relaxation times at low temperatures. The auto-
correlations for T' < Ty are determined after a waiting time, and indicate ageing effects; the
variation of x| and x3 with temperature also agree with the presence of glassiness. As expected,
the Edwards-Anderson susceptibility of the entire tree has a maximum which develops slowly
with system-size; no divergence is observed. Finally we find that for this system the density of
Lee-Yang zeroes in the presence of a complex field is very high in the vicinity of the real axis
below a particular temperature-scale; we identify it as the crossover temperature T,. We end
with a summary of our results and plans for future work.

16.2 The thermodynamic limits

16.2.1 Warming up: Bethe Peierls transition of the central spin

Omne way to take the thermodynamic limit on a tree with n generations is to look only at the
properties of the central spin, and take the limit n — +o0. As first pointed out in [25], the
behavior of the central spin is then characteristic of an infinite dimensional lattice, namely
it undergoes a mean-field type tramsition. In other words, the Bethe-Peierls approximation
becomes exact on the Cayley tree, as long as one considers the properties of the central spin.
For recent results in this field, see reference [15] We leave for the appendix A the calculation of
the recursion relation for the partition function of a tree with a coordinance z, and n generations
Z.(6,H,H,), where @ is the inverse temperature, H the magnetic field acting on the spin of
generations 0 to n — 1, and H,, the field on generation n. The result reads

213"

Zn(ﬁ,h,hn):(4cosh2(ﬁj)cosh2(ﬂhn)) T Zp(By bk + Tohy), (16.4)
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where the transformation of the magnetic field reads

1, coshfB(J+h)
We specialize the recursion (16.5) to the case of a tree with a field € at the border, and ask
whether this field is magnified or attenuated under the recursion (16.5). This condition defines
the bulk critical temperature 8. as (z — 1)tanh8.J = 1. If # < f, the magnetization of the
central spin is zero, and if 8 > f., there is a broken symmetry for the central spin in the
thermodynamic limit. As shown in [3], the critical behavior is the same as the mean field one:

B =1/2and é = 3.

16.2.2 Beyond the Bethe Peierls reigme: the different thermodynamic limits

We now wish to look at the transition, not only of the central spin, but of the entire tree.
First, we consider only half-space-trees, that is trees such as the coordinance of the ancestor is
z — 1 instead of z. A half-space-tree with n generations shall be called a n-half-space-tree. A
half space tree is pictured on figare 16.2. In order to label the generations, the ancestor is at
generation = and the leaves at generation 1. We shall keep this convention in the rest of the
paper. We look for the properties of the spins of generations n — m to =, and look at the limit
n — 4oo. Of course, m is a function of n. We whish to classify the different regimes as a
function of m(n), in a given uniform magnetic field k. In order to obtain the magnetization of
the generations n—m to n, we have to introduce a source magnetic field A on these generations,
to differentiate the partition function with respect to Ain the Lmit A — O

{M{n,m,h)) = =< In Z(n,m,h, A =0). (16.6)

3(ﬁ A)

The principle of the calculation of the partition function is given in appendix B, and we obtain

sinh 8h; cosh fh; dh; a!
A= 0)+tanh fh, A=0). {16.
coh? 57 + simb? gl O - O Ftenitd — (A =0). (16.7)

n—1
(M(n,m,h)) = z (z=1)"7 :
1=n—m
The last term is the contribution of the ancestor to the average magnetization, and &; is the total
field at generation 4, that is the external uniform field A, plus the source A between generations
n — m and n, plus the recursive field A" of equation (16.5).

We do not treat exactly the iteration of A**¢, but approximate it as follows. We deduce from
the iteration (16.5) the shape of h:’_ﬁ as a function of h;, which is plotted on figure 16.3. If 8 < 3.,
the slope at the origin is less than unity, whereas is is larger than unity for § > 8.. Moreover,
for 8 > 3., there is one non trivial fixed point, for which h:’_}_‘{ = h; = h*, which depends only on
the temperature. This behaviour suggests that the iteration can be approximated by linearizing
hip1{h:) in the vicinity of the h; = 0 and of h; = h*. More precisely, we deduce from (16.5)
that i .

dh1+1 (o sinh 3.J cosh 8.J -

dhy, cosh? J + sinh? 3h;
We use the following notations for the derivatives of hi%d with respect to h; in the vicinity of
h; =0 and h; = h™:

(16.8)

d;:fl (h; =0) = (z-1DtanhpfJ=1+m (16.9)
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Figure 16.2:
Recursive construction of half-space trees,
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_ Figure 16.3:
hﬂﬁ as a function of k;. h; is the total magnetic field at generation 4, and A

1 1s the iterated

field of equation (16.5). The three curves correspond to the three cases 8 < fc. In this case, the
only intersection of the curve with the first bissectrice is at the origin. For g = f., the curve
is tangent to the first bissectrice at the origin. For § > 8., the curve intersects twice the first

bissectrice.
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dhing
— =k = 1- 16.10
dh,’ ( ) 7727 ( )
where n; €]0, z — 2[ and 7, €]0,1[. 7 and 7; depend only on the temperature. We then replace

the complete recursion by '
hET = (14 m)hi, (16.11)

or
Rt = mht + (1 — m)h. (16.12)

The first linearization corresponds to h; ¢ [0, ] and the second one to h; € [h,, h*|, where

= :’fm B, (16.13)

If A = 0, the iteration of the total magnetic field A, gives, with this approximation:

h i+l
hi= (14 m)y* -1) (16.14)
if 7 < ng(h) and A
h h .
hi=h"+—+ (hnc —ht- _) (1—m2) ™ (16.15)
2 2 A
if ¢ > ne(h). The two regimes are separated by
1 mmnz R )]
n:(h :[ IIL( — 4+ 1], 16.16
*) In(1+m) \m+mh (1610)

where [] denotes the integer part. We distinguish three regimes, which shall be analyzed suc-
cessively: regime I: 0 < m, < n — m, regime II. n — m + 1 € n, < n and regime III: n, > n.

Regime I: 0 < n. < n — m, rather large fields

Using the approximation exposed in the previous section, we are in position to approximate the
average magnetization, given by equation (16.7). We make the following approximations.
dh; 1

(A=0)= %(1-(1-772)1'-”““). (16.17)

0 < h; <h.ori<n., wecan approximate

sinh Gh; cosh Gh;

: ~ aih;, 16.18
cosh? 87 + sinh? By (16.18)
where
_ A
dy = g (16.19)
cosh* 8.7
And if h; > k. or n > n,,
inh fh; cosh Gk, .
81N ﬁ COS8 rB ~ ﬂ-z(hi — h )+ bz, (16.20)

cosh? 8J + sinh? Bh; —
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where
cosh? §J cosh? gh* + sinh? 37 sinh? gh*
ay = ; — (16.21)
(cosh? 8J + sinh® Sh*)
1 h* cosh gh*
b, = 8 sinh Bh* cosh B . (16.22)

cosh? AJ + sinh? Gh*

It is now tedious but straightforward to replace these approximation into the expression (16.7)
for the average magnetization. Since we normalize by the number of sites

(Z— 1)m+1 -1

Np=14+{z-1+. . +(z-1)"= T , (16.23)
we can legitimaly forget the contribution of the ancestor. We obtain
1 h
(M(n,m, R)) = — [(bz +ap (16.24)
T2 72

WL (Ol I (o ), = R
1— (1 —7m)/(z = 1)) ( (b + @z )(1 - ma) = 2(Fin. — hoo Y1 = 72) )

- a _ s 1Y — n—m—n¢+11"((1_7]2)2/(3“1))m
2~ hae)(z = 171 = ) Szl =),

where ho = A* + h/7z. We are now in position to discuss the different thermodynamic Limits.

+ (z-1)

First, if n — oo, m — oc and . — m -» oo, the therrmodynamic limit of the normalized

. AM(n,m,h)) ( h) z—1
lim +——"""" = [} - — 16.25
im N 9+ a m) -3t m ( )

If we take a different thermodynamic limit, with n — m — b, where b is a constant thickness
boundary, we obtain

magnetization reads

im (M(n,m,h)) _ a E z -1 —a _ (z_ 1)(*?*2)(1—”2)"_“”
: N B (b2+ 2??2) z2—2+m 2(heo hnC)(Z“2-1-?72)(3—1—(1—7?2)2)
(16.26)

The absolute value of the corrective term decreases as the thickness of the boundary increases,
since |1 — o] < 1.

Regime II: n —m < n, < m, intermediate fields

We want to use again the relation (16.7) in the regime n — m 4+ 1 < n. < n. We shall use
the relations (16.18) and (16.20). Moreover, we need approximants to dh;/dA for A = 0. If
n—m=<1<n., we have

dh; 1 -
1 _ - i—n+m+1

and if © > n,

dhy 1 i
—(A=0)= - +a(l —my ), (16.28)
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where

1 11
@ = —(1 g YTt 16.29
m( ) T ( )
We have used
: h
h; = h* + htd + (1= )" (hm(»\)—h*— +)‘), (16.30)
T2 T2
with 5
Fine(3) = Fn (0) + - (14 gyt — 1)), (16.31)
1

We inject these approximations into (16.7) and calculate all the geometric series. The thez-
modynamic limit can only be taken with n — m — b, where b is some constant. We find that
the dominant behaviour at small magnetic field # depends on the temperature. Let T’ be the
temperature such as tanh 8’ = 1/v/z — 1. Then if T" < T < T, the dominant term of the nor-
malized magnetization is linear in A, with corrections in k%, wherea =In(z — 1)/In (1 + m)—1,
whereas if T < T', the leading term is of order 2*. We do not write explicitely the corresponding
expressions since they are tedious and would not bring anything more to the present discussion.

Regime III: n, > n and finite size effects

In this regime, the average magnetization is approximated by replacing (16.18) and (16.27) into
(16.7}, which yields

n—1 : L —
. 1 e+l 1(1 t—n+t+m+1l _ 1
(M(n,m, )y = 3 (2~ 1)""‘a1h( + ) (L+m) . (16.32)
i=n—m ™ n
After carrying out the geometrical series, we obtain
(M(n,m,h)) _ mh z -2 1—{2—1)”’“_(1+7}1)((1+n1)b+ 1) (1_“ (1+7]1)m)
N(m) nZ 1—(z-1)"m"1 z-2 z—2—1m z—1

L (Lm) (1_((1“?1)2)"1)] (16.33)

z—1—(14m)? z-1

We can now discuss the cross-over field and temperature. We define the cross-over field A,
such as hp,—7; = h., that is

+ 7172
heo = h : 16.34
(m+m){1+m)*-1) ( )

which is exponentially small in n. If we take the limit of large n and m, but finite n — m, we

can write
(M(n:m:h’co)) _ * 372 z _n 1 _ (1+T]1)((1+7h)b+ 1) B 14 m m
N{(m) Bl h"h(ﬁl+"72)( 2)(1+ m) [2—2 z—2-1m (1 (2_1)-)

(1+m)"*2 (L+m)?\"
1w | o .
oI ATy — (16.35)
In the limit 7 — 0, (1 + m1)/(z — 1) = tanh 8 — 1, so that the only term which has a chance
not to be small is
1 +7]1)m

z—1

Lm0 sy

(16.36)
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Since Ly -
1n( "”) ~ —2me™ (16.37)
z~—1
at small temperature, we obtain the cross-over temperature scale as T, = 2/Inm. In the

next sections, we shall re-derive this cross-over temperature with other methods, and give its
significance.

16.3 Magnetization distribution and finite size effects

The aim of this section is to analyze the distribution of magnetization. The analysis of the
distribution of magnetization in zero field, shall show that finite size effects are crucial, and we
shall recover the temperature 7. We shall also compute the magnetization distribution in the
presence of a magnetic field.

16.3.1 Magnetization distribution in zero field

We begin with the case of a zero magnetic field. Given 2z —1 n-half-space trees with coordinance
z, it is straighforward to get a (n+ 1)-half space tree with coordinanace z. One just has to add
a commun ancestor and to link this ancestor to the z — 1 ancestors of each n-tree (see figure
16.2). In order to get a full tree, one has to glue z half-space-trees instead of z ~ 1 at the last
step. Let P7{M) be the conditional probability for a n-half-space-tree to have a magnetization
M, given the spin of the ancestor is o. Of course,

ZP:(M) =1 (16.38)
M
The recursion relation for P (M) is
PI(M) = ST 6(M - (My+ o+ Moo+ o))

My, M,

z—1 2—1 k z—1

> ( . )mk(l — ey T Proy(an) T Pl (M), (16.39)

k=0 =1 1=k+41

where z is the probability for breaking one bond:
e_ﬁj

The initialization of the recursion is given by P{(¢’) = 6,,.». This recursion can be performed
numerically, at least for a small number of generations. The result is plotted on figure 16.4
for z = 3 and 10 generations at various temperatures. For a finite size tree and at low tem-
perature, the magnetization distribution presents a non gaussian structure, reminiscent of the
magnetization distribution of the central spin in Bethe lattice spin glasses [9] [13]. Notice that
the temperature which controls the departure from the Gaussian distribution is lower than the
bulk transition temperature.

In order to determine precisely this temperature, we compute the recursion relations for the
average magnetization. Using the recursion relations (16.39), we find

(M) =143 (Z;; 1) 25(1 = o)L (k(N); 4 (2 = k= 1)(M)) (16.41)
k=0
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25

8]
)
T

Figure 16.4:
Density probability of the magnetization on a half-space tree. The number of generation is 10,
the coordinance is equal to 3. The ancestor spin is fixed to 1. The inverse temperature is 3 = 3.
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It is clear that, since P;"(0) = Py (—0), then, for all n, BY (M) = P, (—M), so that (M)} +
(M)7 = 0. Putting this equation into (16.41) and using the well-known relations for the sum
of binomial series, we obtain (M) , = p(M)7 + 1 and (M)T = 1 where p is defined as
p={z— 1)tanh§J. This recursion can be easily solved, and one gets

(M)F z-2 prti-1

n

N, p-1(z-1mn+1 -1’

(16.42)

where N,, is the number of sites of a n-half-space-tree, given by (16.23). The structure of the
distribution of magnetization is non gaussian provided 2zn < 1, that is

_J J
T lnn In(InN,/ln(z - 1))

T < Ty (16.43)

It is clear that the temperature T, {which will reveal to be the glass temperature) decreases
very slowly with the system size. For instance, at the thermodynamic limit, if N ~ 6.02.10%3,
and z = 3, T, = J/4.4. We conclude from this analysis that the finite size effects persist in
the thermodynamic limit. For T, to be drastically reduced, one should consider systems of
size exp 6.02.10%3, that is to be at the cosmological limit (!} We also stress the fact that, since
the appearance of glasssiness is a finite size effect, T, is not a transition temperature as in
the Sherrington-Kirkpatrick model for instance, but a cross-over temperature scale, ever for
macroscopic systems. '

16.3.2 Structure of the magnetization distribution for T < T}

We want to understand qualitatively the structure of the maxima of the magnetization proba-
bility distribution below T, that is we aim to localize the maxima and calculate their weight.
To do so, we use the normalized continuous magnetization variable m = M /N, € [-1,1], and
use the normalized associated demsity p,(m) = N,PJ(M). The recursion relations for p,(m)
are straightforwardly derived from the ones for P¥ (M), equation (16.39). Since this relation is
a convolution, we write the recursion in terms of the Fourier transform 5,(k) of p.(m):

too
p‘u(k):/ e o (m)dm (16.44)

We obtain the recursion of the p's:

pens(h) = (spnl-—2p) + 0= 2(2p) (16.45)
polk) = e* : (16.46)

We now specialize to the case z = 3, since the formula are simpler. It is easy to check by
recurrence that

Bn(k) = (1 = 22(2" — 1))e** + 2mn§ 2% exp (i(l - %)k) + 0(z%). (16.47)

As we shall see later, this low temperature expansion is meaningful below T}, even in the
presence of a finite density of kinks. The expansion (16.47) tells us that p,(7n) has peaks for
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me = 1 — 1/2%, where a € (0,...,n— 1). Moreover, we get that the weight of the peak o +1
is twice the weight of the peak a. An inspection of figure 16.4 shows that this predictions are
correct, at least in the region where the overlap between the peaks is small.

These results can also be interpreted as follows. The expansion (16.47) at order z means
that the magnetization density is calculated at the order of omne kink. It is clear that a single
kink at generation n — « leads to a magnetization 1 — 1/2% and that the number of choices to
put a kink at generation n — o — 1 is twice the number of choices to put 2 kink at generation
n — a, which is the content of equation (16.47). What is striking is that below T, this one
kink picture is valid, even though we deal with a finite density of kinks z. This means that 7§
is the temperature below which the kinks are rarely nested. In order to check this assertion,
we calculate the criterium for the kinks to give rise to well-defined domains of flipped spins,
which will answer the question of the validity of the expansion (16.47). The overlap between he
domains induced by the kinks is small provided N, {S), < N,,. In this expression, (§), is the
average size of a domain of flipped spins induced by a single kink. The number of descendants
of a kink at level n — p for a n-half-space-tree is Sp, = 1+ 2+ ...+ 277F = 277Ptl 1 The
average over p of Sy, 1s

;:1 2PSP:71 _ 2"

{Spin = 2P ="on

e l~n—1. (16.48)

The non overlap condition reads zn < 1, that is T < T;. We conclude that below T, the
number of kinks is low enough for the system to develop well-defined domains of flipped spins.
Below T, the excitations of the spin system are kinks, which are local in terms of bounds, but
highly non-local in terms of spins.

16.3.3 Magnetization distribution in a magnetic field

The magnetization distribution in a magnetic field are computed using

Py o(m)efmt
-4 (m) — ' .
mh Em’ P;"D(ml)eﬁhm

(16.49)

The conditional magnetization distribution (the central spin being parallel to the field) is found
to converge rapidly to a gaussian as the fleld increases. Since large domains of flipped spins do
not survive in a magnetic field, the cross-over field is expected to decrease drastically with the
system size. Indeed, we have shown previously that the cross-over field kg, of equation (16.34)
decreases exponentially with the number of generations. The distribution of magnetizations is
plotted on figure 16.5, the central spin being paralell to the field.

16.4 Barrier structure

We have shown that the excitations below T, are broken bonds. In order to characterize the
dynamics, we aim to calculate the barriers associated to these excitations, The energy barriers
at zero temperature of a half-space-tree are defined as follows: one starts with a configuration
where all the spins are up, and one considers single-spin-flip paths from the initial configuration
to a configuration where all the spins are reversed. To such a path, we associate the maximal
energy reached during the path, the energy of the initial state being zero. Then, the barrier
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Figure 16.5:

Conditional magnetization distribution in the presence of a magnetic field, the fleld being par-
allel to the central spin. The magnetization distribution is plotted for a z = 3 tree, n = 10
generations, and for magnetic fields H = 0,0.001,0.002. The magnetization distribution evolives
towards a gaussian shape as the magnetic field increases.
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is defined as the minimum over all the paths of the maximum energy of one path. Typically,
the Monte Carlo algorithm samples all the paths in an ergodic way, by contrast to the Swenson
algorithm which does not generate paths with respect to the single spin flip. We leave for the
appendix B the calculation of the barriers associated to the n-half-space-tree, and for appendix
C the proof that the complexity of the algorithm to find the optimal path is polynomial. We
use the asymptotic approximate expression for the zero temperature energy barrier of a a-half-
space-tree: )

b_ 2T

- Ea - 2
We aim to calculate the number of states with a given barrier at a given temperature below
Ty, for a full n-tree. By convention, the leaves are at the first generation, and the center at the
n-th generation. We note n* the number of kinks at a given temperature: n* = Nz. The barrier
for a configuration of n* kinks is assumed to be only a function of the generation o of the kink
which is the closest to the origin. In order to calculate the number of states with an energy
barrier E2, we have to enumerate all the configurations with no kink between generation a + 1
and n, n, kinks at generation a and n* — n, kinks between generations o — 1 and 1. Let’s call
g(a) the number of such configurations of kinks. We make the approximation that the energy
barrier of all these configurations is E%, that is its life-time is, according the the Arrhenius law

(a—1)J. (16.50)

Ta = To €XP (AﬁEg), (16.51)

where A is a constant. Such a configuration of kinks is pictured on figure 16.6. Clearly, we have

71‘

gla) = Y galna), (16.52)

=1

ga(’na) _ (Z(Z - 1)11_‘1—1) (zjz ((z - 1)71_1 - (Z - l)n—a)> ] (1653)

with

They n* — Ny
We can calculate the sum and get

so) = ( R 1)*“*)) _ ( (=1 = (= - z)m)), (1650

n* n

and we get the probability P(a) for the system to be in a valley with a barrier E,:

(NN (z-1)7)| (N1 - (2 1))
o () [ () e

where we have normalized by the fotal number of accessible states at a given temperature on a
n—tree. We have also approximated the number of sites as follows:

2z—1"t -2  zz-1)"7!

N = ~
z =2 z—2

(16.56)

Assuming both that ¢ < 1, and that (z — 1) <« 1, and using Stirling’s formula, we get

P(a) ~ exp (L(_z%) _ exp (_F]%;T) (16.57)
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Figure 16.6:
A typical configuration of the tree with 8 generations and § = 1.5. The vertices with no dot
represent up spins and the dots represent flipped spins. Each kink gives rise to a well-defined
domain of flipped spins.
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If Nz/(z—1)* < 1, we get
z—2

(z-1)=
As expected, P(a) decreases as a function of o, which means that the long lived states are less
numerous than the short lived states.

Pla)~ Nz (16.58)

16.5 Glauber dynamics

We now examine the Glauber dynamics of the spin system on the Cayley tree.

16.5.1 Glauber matrix

We begin with generalities about the Glauber dynamics. Let p{{c},t) be the probability for
the system to be in the state {o} at time ¢. Following Glauber {22], we define w;({c}) as the
probability per unit time that the spin 7 flips from o; to —o;, while the others remain fixed.
The master equation reads

d N N
a—ip({a},t) = — (Z wi({a})) p({c},t)-+ Zwi({al, vy =00y ey N Hp({07, oy~ 04, o O ] ).

(16.59)
Since we require the Boltzman distribution to be a fixed point, the coefficients w;({o}) are of
the form

wi({e}) = %(1 — oitanh (8J Z o)), (16.60)

FEV (£}
where V(i) is the set of neighbors of the site ¢. If one denotes by p(t) the 2% vector of the
p({c},t), equation (16.59) can be written as

d

(1) = G.p(t), (16.61)

where G is the Glauber matrix. We first show some properties of the matrix G. Since the
Boltzman distribution is a steady state of the dynamics, its corresponding eigenvalue is zero
whatever the temperature. Eventhough it is non symetric, the matrix  is diagonalisable and
its eigenvalues are real. The proof is as follows. The Glauber matrix verifies detailed balance,
that is Ga,gpgj) = Gg,apgo), where p!® is the Boltzman distribution. As a consequence,

1/2 1/2 1/2 1/2
(p9) " Gas (p§)) " = (057) " Gga (). (16.62)
We call M the matrix defized by
1/2 1/2
Mag = (p} " Gag (p§") " (16.63)
Then, M is symetric. Let p be an right eigenvector of the Glauber matrix. Then

> Gasbs = Apg (16.64)
8
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is equivalent to

> Mg (p57) " pp = 2 (pff))nm Peo (16.65)
5

(0) -1/2

so that (p Po is an eigenvector of M. We conclude that G is diagonalizable, and that

all its eigenvalues are real.
The spectrum in the infinite temperature limit can be understood as follows. If we call

=Y f(({eDlor) & ... & lon), (16.66)
{=}
then the dynamics reads

d N 13,
) = *~2~|¢)+§§10i ), (16.67)

so that the eigenvalues of the Glauber matrix at infinite temperature are of the form

N 1&
PRERES o 7 (16.68)
2 2'.-::1

where u; = £1. The spectrum in the inifinite temperature limit is thus made of levels at integer
values between —N and 0, with a degeneracy given by the binomial coefficients.

Another property of G id that, for bipartite lattices, such as the square lattice of the Caley
tree, the spectrum of G is symetric: if A belongs to the spectrum, then —N — A is an eigenvalue
too. The proof is as follows. Let X{o} be an eigenvector of M, with an eigenvalue A:

N N
1 1
= — —=(1 - g; tanh : _ e FI .
AX{a} }:1 2(1 o; tan (ﬁjh')x{g}+izil2coshﬁ]hix{gl’ , =04 ON},  (16.69)

where h; is defined by

> o {16.70)

jeV(z)
Let Y{c} be defined as
Y{c} = (-1 X {5}, (16.71)
where v#{c} is the number of up spins in the configuration {c}. {5} is deduced from {o} by
flipping the spins of one of the two sublattices. Then,
_1)V{Ul,...,wo',',..,,o'N}

2 cosh (B8Jh;)

fl

N
- Z (1 - i tanh (BHA)) (1) IX (&} + Z (

1—1

(MY ){s}

X{&l?“';—

"o i l jod - - -
= (=1l Z-Q- (14 &;tanh (8Jh;)) X{5} - g: 2cosh (Bih )X{Ui,---,—ﬂi,---,UNI}

= —(N+M)(-1 _)"{"}X{a} = —(N+2)Y{s}.

Given an eigenvector X for the eigenvalue A, we have buided an eigenvector Y for the eigenvalue
—-N - A

(1
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The difference between {16.61) and the Schrédinger equation is that quantum mechanics
preserves the scalar product, leading to hermitian Hamiltonians. More over, the space of phys-
ical states is a Hilbert space, and each state of the Hilbert state is physical. In the case of
the Glauber matrix, no vectorial space is present, in the sense that the sum of two probability
distributions is not a probability distribution. However, some quantities are conserved by the
dynamics, It is easy to show that the eigenvectors of G for the non zero eigenvalues have the

> p{o}=0. (16.74)
_ {s}
This is a simple consequence of the fact that the Glauber matrix preserves the quantity

> pi{c}. (16.75)
{o}

property that

16.5.2 Spectrum of the Glanber matrix

In this section, we examine the spectrum of the Glauber dynamics as a function of temperature.
We make numerical diagonalizations of small clusters, and conjecture the behavior for larger
systems, in terms of statistics of eigenvalues. Since this aspect of the Glauber dynamics has
not been much studied, we first analyse other models than the tree. We now examine the
relaxation spectrum of different models as a function of temperature, and try to conjecture the
behavior of the spectrum in the thermodynamic limit. We examine successively the case of the
one dimensional Ising model, the bidimensional Ising model, and finally the case of the tree.

Let’s begin with the Ising chain. We computed the spectrum as a function of temperature
for a 6-sites open chain. The result is pictured on figure 16.7. We also treated the case of a
10 sites ring. Of course, we did not follow the 1024 levels as a function of temperature, but
computed the eigenvalues for a given temperature. The spectrum 1s plotted on figure 16.8. From
these results, we conjecture the following behavior for large systems. The spectrum is completly
integrable in the sense that no level repulsion occurs in the evolution of the eigenvalues as a
function of the temperature. It is clear from figure 16.7 that the evolution of 1/7; is monotonous
as a function of B and that no repulsion is seen. However, the distribution of eigenvalues is non
uniform, since a curvature can be seen on figure 16.8. It is not surprising that the spectrum
reveals an underlying integrable dynamics since the dynamics was indeed integrated by Glauber
in [22]. An other point to be mentionned is the existence of a gap at non zero temperature,
which goes to zero in the zero temperature limit. At zero temperature, the zero eigenvalue
is doubly degenerate, corresponding to the existence of a symmetry-breaking phase at zero
temperature.

As far as the two dimensional Ising model is concerned, we studied small clusters of size 3x3.
The spectrum in the low temperature phase is plotted on figure 16.9. The obvious difference with
the ore dimensional chain is the presence of clusters of relaxation times in the low temperature
spectrum. The evolution of the eigenvalues as a function of the inverse temperature is plotted
for a small 3x2 cluster on figure 16.10. Level repulsion is visible in the vicinity of the transition
temperature. For an infinite size system, one expects the presence of a gap between 0 and
the first negative eigenvalue in the spectrum above the transition temperature, which vanishes
at the transition temperature and leads to a doubly degenerate zero eigenvalue in the interval
[0, Tc], corresponding to the existence of a symmetry-breaking stable phase. If one thinks of
the spectrum as a function of 8, one expects the spectrum to present chaos in the vicinity
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Figure 16.7:

Figenvalues of the Glauber matrix as a function of the inverse temperature for an open Ising
chain. The number of sites is 6, leading to 64 states. The evolution of the energy levels as a

function of 7 is monotonous, and the eigenvalues are free to cross each other.
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Figure 16.8:
Spectrum of the Glauber matrix at a given temperature for a ring of 10 sites. The inverse

temperature is § = 3. No gap is present.
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Figure 16.9:
Spectrum of the Glauber matrix at a given temperature for a 3x3 Isin model with open
g P g D

boundary conditions. The inverse temperature is 8 = 3. Some degeneracies appear in the

specirum,

and the spectrum is symmetric with respect to the A = —N/2 line.
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Figenvalues of the Glauber matrix, 3x2 Ising model
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Figure 16.10:
Eigenvalues of the Glauber matrix as a function of the inverse temperature for a 3x2 Ising
cluster. The number of sites is 6, leading to 64 states. The evolution of the eigenvalues as a
function of g is non monotonous, and avoided crossings are visible,
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of the transition temperature, leading to a rearrangement of the inverse relaxation times at
low temperature and the presence of clusters of relaxation times in the zero temperature limit.
However, it is not clear whether the level spacing statistics should be G.O.E. in an appropriate
sector, but one could be left with a mixture of G.0.E. and Poisson statistics. The complete
understanding of these level spacing statistics would involve the search of the symetry sectors
using group theory, which shall be done in a near future.

In the case of the Cayley tree, we computed the spectrum of eigenvalues as a function of
temperature in the case z = 3 for one generation, which corresponds to 4 sites. The spagheties
are plotted on figure 16.11. Eventhough the size is very small, one can still see repulsion of
eigenvalues in the vicinity of the bulk transition temperature. We computed the spectrum of
the Glauber matrix at low temperatures with two generations, leading to 1024 eigenmodes. The
eigenvalues are plotted on figure 16.12. The spectrum presents clusters, but, unlike the case
of the bidimensional Tsing model, these clusters are equidistant and happen at integer values.
Moreover, the A = 0 cluster contains 8 eigenvalues wheras it contains 2 eigenvalues for the
bidimensional Ising model. For N = 10 and 8 = 2, as it is the case on figure 16.12, we find
n* ~ 0.18 < 1. We conclude from relation (16.58) that P(a) is independent on the temperature.
This is indeed the case since the A = 0 cluster is separated by a gap from the A = —1 cluster.

16.5.3 Realisation of the Glauber dynamics

In order to calculate explicitely the dynamics, we diagonalize the Glauber matrix. Let u, be
the eigenvectors of G: G.uy = AW, , and let P be the passage matrix from the natural basis
of pure states e, to the basis u,:

Uy = Y Pogeg. (16.76)
B
We look for the temporal evolution of the states e,. At the inital time,

pa{0) = ea = Y P iug. (16.77)
8

Then, at time ¢ > 0, the state 1s a mixture of pure states and is given by
Palt) = Y P > " Pgre,. (16.78)
8 i

We can easily compute the magnetization of p,(t). We applied this procedure to the case of a
tree with one generation. The evolution of the magnetization of the 16 pure states is plotted
on figure 16.13 at low temperature. Of course, on very long time scales, the magnetization of
all the states relaxes to zero, due to the fact that the eigenvalues associated to the symmetry
breaking state are not strictly zero. The evolution of the pure states indicate the existence of
metastable states, which are the precursors of the metastable states present for larger values of
the number of generations.

16.5.4 Factorisation approximation

‘We recover the bulk critical temperature by considering the asymptotics of a simplified Glauber
dynamics. Glauber shows in [22] that one can replace the 2V variables of the linear dynamics by
a hierarchy of N, non linear, coupled equations for the correlations functions. This procedure
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Figure 16.11:

Eigenvalues of the Glauber matrix as a function of the inverse temperature for a one generation,
z = 3 Cayley tree. The number of sites is 4, leading to 16 states. The evolution of the energy
levels as a function of 8 is non monotonous for certain levels, which is the signature of level

repulsion.
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Figure 16.12:
Spectrum of the Glauber matrix at a given temperature for z = 3 Cayley tree with 2 generations.
The inverse temperature is § = 2. The spectrum is symmetric with respect to the A = —N/2
lire. The clusters collapse at integer values.
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Figure 16.13:
Evolution of the magnetization of the 16 pure states of the tree with one generation. The inverse
teraperature is § = 3. Metastable states appear to be present even for such a small size. The
insert represents the same curve at short time scales, which shows the transient regime from
the natural basis of pure states to the metastable states.
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is very similar to the transformation of the Liouville equation into the B.B.G.K.Y. hierarchy in
the kinetic theory. The first equation of the hierarchy reads
d
508 = —a(t) + {tanh (87 > o5)). (16.79)
FEV(D)

In this expression, ¢ = (o) and V(4) is the set of neighbors of site 4. In the case of a one
dimensional chain, one can use the fact that

(tanh 87 (31 + oi41)) = ;:tanh (B7)(gi-1 + gir1)s (16.80)

and one gets a close equation for the l-point correlation functions. It is also clear that the
whole hierarchy decouples, and that one can use this decoupling to integrate the dynamics. In
the case of a z = 3 tree, one has to take into account the fact that the sites inside the tree have
three neighbours, whereas the leaves have one neighbour. For this coordination,

tanh 8J(o1 + 02 + 03) = a{oy + 02 + 03) + ¥(o1 + 02 + a3}, (16.81)
where the coefficients o and v are determined by
1
a = ﬁ(QTtanhﬁJ — tanh 38J) (16.82)
1
v o= ﬁ(tanh 368J — 3tanh B.J). (16.83)

We can thus obtain the first equation of the hierarchy in the case of the z = 3 tree. Ior the
sites with three neighbours,

d
—% = —gi + (a4 7v) ST oa+6v( [ o5 (16.84)
JEV() FeV(2)
For the leaves of the tree J
pTE s + g; tanh 8J, (16.85)

where 7 is the neighbour of 7. The factorisation approximation consists in decoupling the third

(I ey = 11 @ {16.86)

FEV(2) 40

order correlations into

This approximation leads to the bulk behaviour in the high temperature phase and in the
vicinity of the transition. We start from a configuration of spins such as g;(0) = ¢;(0) if the
sites 7 and 7 belong to the same generation. Then, for ¢ > 0, ¢;(¢) = ¢;(¢) if we work with the
factorized dynamics. The factorized dynamics depends only on n variables, one per generation,

and reads:
dg, 3
o = Tt a4+ 77)n-1+ 6vq,_,
dg;
g = T (@ + TY)2¢i1 + qisn1) + 674710541 (16.87)
dq

—g; + gotanh 8J,

Il

dt
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where ¢ runs from 2 to n — 1. The equilibrium properties are calculated {rom the asymptotic
values of the dynamics. Notice that the factorized dynamics possesses a non trivial fixed point
for a finite size system, whereas the complete dynamics possesses only the Boltzman distribution
as a fixed point. The asymptotics of the factorized dynamics is found to reproduce quite well
the bulk properties of the tree. On figure 16.14, gn(+00) is plotted as a function of the inverse
temperature. This curve is in agreement with the fact that the central spin exhibits a mean field
like transition at 3. = 0.54. We also plotted the asymptotic magnetization of the m generations
which are the closest to the central spin. It is clear that the predictions of the factorized
dynamics are qualitatively wrong as soon as one goes out from the center. For instance, it is
clear that the entire tree does not develop a transition at § = J.. Notice that, in equations
(16.87), the transition temperature is determined entirely by the stability of the 0 fixed point
of the linear problem. Below T, the largest eigenvalue of the linear problem is positive, and
negative above T,. In the same way as in the Ginzburg-Landau theory, the non linear terms
are responsible for the dynamical variables to be bounded above in the low temperature phase.

16.6 Monte Carlo dynamics

16.6.1 Relaxation of a single kink

Instead of treating the case of a finite density of kinks, we first consider the case of a single
kink and look for the relaxation of this excitation at low temperatures. Let’s call A the set of
descendants of the kink. At time ¢ = 0, the configuration of kinks is such as 0, = -1 s 1 € K
and o, = 1 if ¢ ¢ K. We follow the magnetization of the spins of K as a function of time, for
various size of K. The result is plotted on figure 16.15. The rapid relaxation at small times
is attribuated to the fact that the inital state is not thermalized. The thermalisation cccurs
at small time scales compared to the collective processes of crossing the barrier. We define
the typical relaxation time 7 as the time for which the magnetization cancels. We plotted on
figure 16.16 In 7 as a function of the number of generations of K. The points are approximately
aligned, which shows that the Arrhenius law

z—1
T r~ Tp eXp (ﬁA 5 n) (16.88)
is well satisfied. The case A = 1 corresponds to the relaxation of a n-half-space tree, the ancestor
being free. However, in our case, the ancestor is not free since the domain K is connected to
the remaining up spins. The barrier height 1s essentially the same as in the case A = 1, but the
number of paths to reverse the magnetization is changed.

16.6.2 Alternative susceptibility

One experimental procedure to test the presence of glassiness i1s to measure of the alternative
nonlinear susceptibility. We proceed in this section as experimentalists do: the spin system is
submitted to a small, uniform, alternative external field H(t) = Asinwt, and we measure the
magnetization response, expanded into its Fourier components

M(w,t) = 6} sin kwt + 6} cos kwt, (16.89)
k>0
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Figure 16.14:
Expectation value of the central spin in the simplified dynamics, as a function of the inverse
temperature. The transition temperature is in agreement with the value f¢ =~ 0.54. The shape
of the curve near the transition is in agreement with the existence of a mean field like transition
for the central spin. We also plotted the expectation value of the magnetization of the m closest
to the origin slices of spins, in the factorisation approximation, for m = 3,4,5,6,7,8,9,10.
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Relaxation of magnetisation
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Figure 16.15:

Magnetization relaxation of a single kink. Initially, all the spins of a z = 3, n = 10 tree are up,
and one creates a kink. We call ny the number of generations invelved in the kink. If ng = 1,
the kink has only one spin, if ng = 2, the kink has 7 spins, etc. We follow the magnetization of
this domain as a function of time. The unit time is one Monte Carlo Step (M.C.S.). One M.C.S.
corresponds to repeating N times the process which comsists in choosing one spin at random
among the N sites, and changing or not its direction, according to the Boltzman distribution.
The curves are averaged over 50 different Monte Carlo runs of the dynamics.
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Logarithm of the relaxacions times a3 a function of the numbre of generations
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Figure 16.16;
Logarithm of the relaxation time as a function of the number of generations in the kink. The
relaxation time is defined from the cancelation of magnetization on figure 16.15. The points are
approximately aligned, which is in agreement with the Arrhenins law of equation (16.88).
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whick has only odd harmonics. In practise, we let the system relax during 4 periods and we
take into account only the 5-th period. The in-phase susceptibilities are related to the in-phase
Fourier coefficients as {23]

0. = xih+ %Xghs‘ + -z-xghf’ + g%x;h"’ + ... (16.90)
0, = %xgh?’ + %X’Shﬁ + %X’TM + ... (16.91)
g, = %Xghﬁ + 614Xf,h7 + ... (16.92)
0 = éxgh'f + ... (16.93)

The reason why one has to take into account a large aumber of harmonics is that, for a spin
glass, at the spin glass temperature, all the non-linear susceptibilities are divergent, and one
has to take into account the influence of all the measurable higher order processes on the lower
ones [23].

The linear susceptibility ) is plotted on figure 16.17 as a function of temperature, for
various frequencies. The non-linear susceptibility x4 is plotted on figure 16.18 as a function
of temperature for various frequencies. It appears that x| presents a maximum, whereas x5
has a very pronounced maximum. In real spin glasses-and at the thermodynamic limit, one
would expect x] to have a maximum, and xj to diverge. However, finite size studies to not
lead to a teal divergence of x4, but to a sharp maximum. xj is negative near its maximum,
which agrees with experiments on glasses [23]. The frequency dependence of the position of the
maximum in x| and x} also agrees with experiments, since the temperature for which xj and
X4 are maximum increases with frequency. We conclude from this study that the Cayley tree
spin system has a glassy-like behaviour at low temperatures. This notion will be precised in
the analysis of the BEdwards-Anderson susceptibility.

16.6.3 Autocorrelation functions and aging

One of the usual tests to determine whether a model is glassy is to compute the autocorrelation
functions [24] and see whether they exhibit aging. The autocorrelation functions are

N
C(t t) = %Z(m T t0)oi(te)) — (0i(t + to ) (oi(tu))s (16.94)

=1

where the sample is quenched below the glass temperature, from a disordered high temperature
state. The Monte Carlo dynamics runs from time 0 to time t,. At {,, one begins to measure
the autocorrelations. The average runs over the initial configurations.

The autocorrelations in the high-temperature phase are plotted on figure 16.19. They de-
crease rapidly with the time ¢ and are independent of the waiting time. Figure 16.20 represents
the autocorrelation functions below T,. The aucorrrelations increase as the waiting time i,
increases. This indicates the presence of aging. Such a behavior has been observed in a wide
class of glassy models, for instance recently in the fully frustated hypercubic mode] [24].
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First order A. C. susceptibility
I 1 I T
o Period 500 M.C.
P Period = 1000 M.C.
Period = 1500 M.C.

=0

L win

! !

0 0.5 1 1.5 P 2.5
Temperatures

Figure 16.17:
x. susceptibility on the Cayley tree. The tree has 10 generations. The amplitude of the
magnetic field is 0.1. The curves are a\}eraged over 50 initial configurations of spins, generated
at equilibriumn. One has to find a compromise between the amplitude of the magnetic field and
the number of configurations to be averaged over, to have a good signal/noise ratio. The curves
‘correspond to a period of the magnetic field equal to 500 M.C.5., 1000 M.C.5. and 1500 M.C.5..
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Third order A. C. susceptibility
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Figure 16.18:
x4 susceptibility on the Cayley tree. The tree has 10 generations. The amplitude of the
magnetic field is 0.1. The curves are averaged over 50 initial configurations of spins, generated
at equilibrium. The curves correspond to a period of the magnetic field equal to 500 M.C.5.,

1000 M.C.5. and 1500 M.C.S..
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Figure 16.10: --
Spin autocorrelation functions of the z = 3 Cayley tree above T,. The unit time is cne M.C.S.,
the inverse temperature is J = 0.5, and the averages are taken over 100 random initial con-
figurations. The autocorrelation functiens decrease rapidly with ¢ and are independant on ty,.
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Autocorrelation function of the Bethe latcoice
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Figure 16.20:

Spin autocorrelation functions of the z = 3 Cayley tree below T,. The unit time is one M.C.5,,
the inverse temperature is § = 2., and the averages are taken over 100 random initial configura-
tions. The autocorrelation functions depend on the waiting time, and tncrease with the waiting

time, which is the signature of glassiness.
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16.7 Edwards Anderson order parameter and susceptibility

The tree geometry allows us to compute the Edwards Anderson order parameter and suscep-
tibility at all temperatures. This calculation has already been done for the =J model with
uncorrelated boundary conditions in [9] [13]. These authors come to the conclusion of the exis-
tence of an Almeida Thouless line for their spin glass model. We wish to use the same technique
to analyse our ferromagnetic model. To compute the Edwards Anderson order parameter and
susceptibility, we consider one tree plus one replica, with an intereplica coupling K. If {c} and
{o'} are the spin configurations of the two replicas, the Hamiltonian reads

N N
H=-J Z(Gidj-i-&ia‘j)—RZO'ié} —I—HZ(U,;%—&;). (16.95}

{3,7) ==l 1=1

As usual with free boundary trees, we have to distinguish between the central spin and the
whole tree properties. We analyse sucessively both cases.

16.7.1 The whole tree

The partition function can be calculated by the construction of figure 16.2, even in the presence
of the intereplica coupling. Derivating the partition function with respect to K yields the
Edwards Anderson order parameter:

1Y 1 8
qEA = F(i; 0:6:) = -ﬁmln Z(R = 0). (16.96)

Derivating twice the partition function with respect to R yield the Edwards Anderson suscep-
tibility:

— Y AN = -
XB.A. = 3 ((( E 0:5;)%) — <,-§=1 0:5;) ) = NIGRy? In Z(R = 0). (16.97)

1=1
The relations (16.96) and (16.97) show that the Edwards Anderson order parameter and sus-
ceptibility are simply related to the first and second derivatives of the function partition with
repect to R. Let Zg’;), be the conditional partition function of a n-half space tree with respect
to the ancestor’s spins ¢ and ¢’. It is clear that

Zi = PR (26750 4 20+ Al 4 e—zﬁjzﬁ_"))z'l | (16.98)
2yt = PR (g0 4 2870 1 eI Z'(_"_})z_1 (16.99)
20 = R () e () 1 24 Z0) (16.100)
zmt) = BRAPH (280 gln) 1 7Y 4 gl 4 28 Z(_“_))"'ﬁ1 : (16.101)
The initial condition of the recurrence are 29, = ePRg20H Zg_ = ZO_Jr = ¢=BR gnd Z° =

ePRe~28H  We show easily that, for all n, Z_(l_"_) = Z(_nl, 50 that we use the following notations:
Zgﬂ} = ZS_“_E, Z{g"} = ZS_"_) = Z(_n_f}_, and 27, = Z(n_). The recurrence becomes

Z§n+1) — B(R+2H) (ezﬂjzgn) + zzén) + e—zﬁJZ(j;))zq (16.102)
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Z({)”H) = ¢ PR (Zgn) + 2 coshﬂJZén) + Z(j;))z_l (16.103)

Z(_711+1) — A(R-2H) (e‘Zf”ZY’) + 228“) + ez‘BJZ(_T;))Z_l . (16.104)

It is easy to compute the recurence and to obtain g¢ma and xgpa. xpE.a4. is plotted on figure
16.21 for 10 and 80 generations. The curves corresponding to n = 10 and n = 80 are similar,
even though the number of sites is small for n = 10 (2047 sites) and macroscopic for n = 80
(4.02 moles of sites). This behaviour is to be related to the very slow variation of the glass
temperature Ty with the system size. Figure 16.21 shows clearly that xpg 4, does not diverge at
the thermodynamic limit, but presents a maximum. characteristic of a finite size effect, even

in the macroscopic regime.

16.7.2 The central spin

Following the authors of [9] [13], we note

20 = g 4ozl 4 20 (16.105)
1 n n n
ot = %(Zg Yoozl 4+ 2 (16.106)

The Edwards Anderson order parameter of the central spin is g 4. = Q{™, and the Edwards
Anderson susceptibility is

o Bdma
K5 = (gg—%uz = 0) (16.107)

The tilde symbol denotes quantities with respect to the central spin. The central spin Edwards
Anderson susceptibility ¥ g 4. 15 plotted on figure 16.22 for various system sizes. Whereas finite
size effects were negligeable for the whole system, they become crucial for the central spin. As
a function of the coordinance z, the maximum values of the Edwards Anderson susceptibility of
the central spin does not increase {(see figure 16.23). As the system size becomes macroscopic,
the glass temperature T; does not depend strongly or the number of sites, but depend more
strongly on the coordinance, and increases with the coordinance, as shown on relation (16.43).

16.7.3 Ceniral spin in a magnetic field

In usual spin glasses, the glassy behaviour persists even in the presence of a magnetic field, that
is the Edwards Anderson susceptibility diverges with an exponent v = 1 through the Almeida-
Thouless line. In this section, we investigate the behaviour of the Cayley tree ferromagnetic
model with free boundary conditions under a magnetic field. We studied the variations of the
Edwards Anderson susceptibility in a magnetic field, for different sizes. As pictured on figure
16.24, the maximum of the Edwards Anderson susceptibility as a function of temperature
depends on the size. On figure 16.25, we plotted the locus of the maxima of ¥g 4 for different
magnetic fields as a function of temperature. The Edwards Anderson susceptibility decreases
strongly with the magnetic field, so that the glassy behaviour is expected to vanish in a magnetic
field.
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Figure 16.21:
Edwards Anderson susceptibility for the whole spin system. The coordinance is z = 3. The
Edwards Anderson susceptibility is plotted as a function of temperature for n = 10 (2047 spins)
and n = 80 {4.02 moles of spins). The two curves nearly coincide.
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5,10, 15,20,25,30, 35,40 generations. The coordinance is z = 3.
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Edwards Anderson susceptibility for the central spin as a function of temperature for z = 3,4, 5.

The number of generations is n = 20.
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Figure 16.24:
Edwards Anderson susceptibility of the central spin in a magretic field as a function of tem-
perature, for different sizes. The number of generations is n=2, 3, 4, 5, 6, 7, 8, 9, 10, 30. The

magnetic field 1s H = 0.05.
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Figure 16.25:

Maxima of xpa as a function of temperature for different values of the magnetic field. The
system size is n = 10 generations. The magnetic fields are # = 0.025,F = 0.056,H = 0.1, H =

0.1, H =0.2.
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16.8 Lee and Yang zeros

The partition function of the tree in the absence of a magnetic field is equal to the partition
function of the linear chain, so that the Lee and Yang zeros in the plane of exp 25 with a zero
magnetic field have the same structure as in the case of the linear chain. However, this result
does not anymore hold if a magnetic field is introduced. It is interesting to complexify the
magnetic field and look for the zeros of the partition function in the complex plane of exp 28h.
We do not impose a nniform magnetic field, but only a magnetic field on the leaves of the tree,
so that the zeros are very easy to compute, using the recursion (16.5), since one has only to solve
second order equations. Since the magnefic field is non uniform, the hypothesis of the circle
theorem [26] are not fulfilled. The zero are not exactly on the unit circle, but in the vicinity of
the unit circle. More precisely, numerical computations show that the zeros get closer to the
unit circle as the number of generations increases. The zeros are plotted on figure 16.26 in the
cases f < 3., 8=0.and 3> ..

A quantity of interest is the density of zeros in the vicinity of the point exp28h = 1. On
figure 16.27, we have plotted the ratio of the density of zeros in the vicinity of exp 28h = 1
over the averaged density on the circle. The ratio is zero for temperatures larger than the bulk
transition temperature, increases from zero below the bulk transition temperature, and finally
gets larger than unity below a certain temperature. By comparison, the same ratio in the case
of & Weiss model in a uniform magnetic field is always inferior to unity, In the case of a Weiss
model, the density of zeras g(@) is given by [27]

1
g(8) = -é%w(lw%coscp), (16.108)
where
T
r o= \/4+72f4rcosgoexp 72?(1*7"(:05&;3) (16.109)
§ = —2%7 sin i + ¢ + arctan (%) (16.110)

It is easy to solve this system numerically. The ratio of the density of zeros at the point
exp20h = 1 over the average density of zeros is plotted on the inset of figure (16.27), and is
always less than unity. On the tree, the density of zeros in the vicinity of the real axis is thus
anormally high below a certain temperature, which we identify with the temperature scale T}

16.9 Discussion

In summary, we have studied the static and the dynamical properties of the nearest-neighbor
Ising model on a Cayley tree. At zero field, we find that this system displays glassy behavior
below a size-dependent temperature that scales inversely with the logarithm of the number
of generations; thus its glassy behavior persists for a finite but macroscopic number of sites.
Because the ratio of the number of surface to bulk sites, %1, and the strength of the external
field, k, play a key role in the physical behavior of the resident spin system, the different
thermodynamic limits associated with the values of Nj—vl and h are characierized; the cross-over
temperature, Ty, is associated with fixed % in the limit of vanishing applied field. Physically

well-definred large domains of flipped spins develop at Tj; at this temperature the probability
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Figure 16.25:

Zeros of Lee and Yang at different temperatures. The radizl coordinate is rescaled in order to
allow the superposition of different maps of zeros. The external map represents the zeros for 12
generations, z = 3 and 8 = 0.3. In this case, the zeros are localized on well defined areas of the
complex plane, far from the real axis. The intermediate map represents the case 3 = §. ~ 0.54.
The zeros begin to fill the circle, with areas of zero density, especially at the intersection of the
real axis with the unit circle. The inner map represent the zeros at low temperature, 8 = 2. In
this case, the circle is filled with zeros. An analysis of the density of zeros revesls an annormally
high density in the vicinity of the point h = 0,
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zeros in the case of the z = J tree with 17 generations. The inset represents the same quantity
for a Weiss model with 7. = 1. In the case of the tree, the ration is greater than cne below a
certaln temperature, whereas it is always less than unity for the Weiss model.
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of nested spin clusters is small. The largest energy barriers associated with overturning these
domains is determined to scale logarithmically with the number of sites at zero temperature, a
result that should be valid at finite, low temperatures if overlap between spin clusters does not
occur. A dynamical study indicates the appearance of metastable states and long relaxation
times at low temperatures. The autocorrelations are computed after a waiting time using Monte
Carlo dynamics; they exhibit ageing for T < T,. The temperature variations of the coefficients
of x} and x4 are also determined and they agree with the existence of finite-size glassiness.
Finally the Edwards-Anderson susceptibility of the entire tree displays a maximum (but no
divergence) that evolves slowly with increasing system size; that of the central spin has much
more marked size-dependence.

We have thus performed a detailed characterization of the low-temperature phase of a short-
range periodic spin model resident on a Cayley tree. In this particular case, we have found that
it displays finite-size glassy behavior that remains for a macroscopic number of sites; perhaps
it is best to characterize this low-temperature phase as a very viscous spin liguid. We note
that neither intrinsic disorder nor frustration exist due to the initial Ising Hamiltonian; the
possibility of many low-temperature “cluster” states separated by very high energy barriers is a
direct consequence of the unusual topology of the Cayley tree. In many ways we hope that this
is a warm-up exercise towards the study of spin models on more complicated non-Euclidean
lattices, e.g. on a constant triangulation associated with a surface of negative curvature, where
the intrinsic geometry of the host may lead to the possibility of gla.hsmess in the absence of
both disorder and frustration.

16.10 Appendix A

We propose another derivation of the magnetization distribution for the tree. We note Z(3, h)
the partition function of the spin system in the presence of an external field. Then,

1 N N
P(M) = Z_(,é,_hj% ¢ (M’ - ;Gi) exp (ﬂ(] g:j)o,-aj + hgai)) : (16.111)

Using the Fourier representation of the delta function

N "
§{M =D o) = I Vit (16.112
i=1 ‘)emdo i oo 112)

we obtaln

%/ dreirh A8 b =N B) (16.113)

AN B
where we have used the analytic continuation of the partition function for complex magnetic
fields. This method is usefull provided one knows how to calculte the partition function, which
is feasable on a tree, but not only on a tree. We proceed by decimation, starting from the
border of the n-half-space-tree. For future purpose, we note Z,(83, h, h,,) the partition function
of a n-half-space-tree with a magnetic fleld A acting on the spins of the generations 0 ton — 1,
and A, on the spins of the generation n. Then,

21 =1

Zn(B, by b)) = (4((:05112 (8J) + sinh? (ﬁhn)) 2 Znoa(B bkt Tohy), (16.114)
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where the transformation of the magnetic field reads

_z—1 coshB(J +h)
Th = g oh BT — )

The last term of the recurence corresponds to the partition function of the ancestor, which is

(16.115)

simply

Z1(B8, k) = 2cosh (BT™.h). (16.116)
It is straighforward to compute the partition function using this recurence, to perform the
Fourier transform {16.113) in order to obtain the probability distribution of magnetization.

16.11 Appendix B

In this appendix we give the value of the energy barrier E(T;, . ) for a hali-space-tree T}, ; with
n generations and a coordination number of z for all sites except the root (coordination z — 1)
and the leaves (coordination 1). We also give the energy barrier E(T} ) for a complete tree
T, . with n generations and a coordination number of z for all sites except the leaves. The
derivation of the formula is due to A. Sebd and M. Preissmann, and 1s published in extenso
in [28]. Note that the same problem arises in the VLSI circuit conception! Generically the
problem of finding the lowest energy barrier is NP-complete, but the sub-problem of finding
the lowest energy barrier of a tree is polynomial, and an explicit algorithm is given hereafter.
The value of the energy barriers are given by :

o(Thz) = {”(2—2_2—)1 +1 (n,z>3) (16.117)

»

N (e GRS Y e AT ED

In the above formula [2] denotes the closest integer of . The demonstration of these formula
is constructive. Firstly a lower bound for F is given. Then an algorithm is described which
produces a labeling of the sites., Flipping the spins in the order of this labeling gives an energy
barrier exactly equal to the lower bound. The algorithm is recursive. It tries to produce an
optimal labeling of the sites where the root is labeled before the configuration of highest energy
is reached. We call sfrong labeling such a labeling. This extra constraint is useful when one
applies z times the algorithm on a Ty, ; to compute E(Ty41,2), or when one applies the algorithm
to T,z and to Tp,_1,, to compute E(T,, ). A strong labeling does not exist when z and n are
both odd as shown in {28]. Let us now consider on the case of T}, ;. Formula 16.117 means that

e whern z is even the increment in energy when one goes from Ty, ; to Tpiq; is constant and
z
equal to £ —1

e when z is odd the increment in energy when one goes from 17, , to T4 ; is alternaiively

z—=1 z—1
5 1 and %

We give now the algorithm in the case of even z. The case of odd z is a slightly more
complicated, but in the same spirit. Consider T, ; as being made of z — 1 copies of T}, ; all
of them connected to the site 0. Each spin is identified by two numbers k,t with 0 < k < z—1
and 0 <7 < N,_1 (N, is the number of sites of T}, ;). Let us note 7 a strong labeling of T,,.1 ,,
and ng the root of the (% — 1)th copy of Ty, ,.. The following labeling is a strong labeling of
Tzt
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1. (0,7(0)), (0,7(1)),..., (O, 7(Nn_1}}

3. (32 - L,m(Vn), (552 = Lm(Ne = 1)), (552 = 1, m(m0))

4.0

5. (22 - 1,m(no— 1)), (52 - 1, m{no—2)),---, (252 - 1,7(0))
6. -(zgz,w(o)), ig—z,w(l)),..., (‘gz,w(Nn_l))
7. ...

8. (z—2,7(0)), (z—2,7(1)), -+, (2= 2,7(Nnca))

Note that in step 1, 2, 7, and 8 any admissible permutation can be used instead of the strong
labeling 7. It is shown in [28] that the above labeling is indeed an optimal labeling and it can be
used to implement a recursive algorithm to find a path between the two ferromagnetic states.
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Magnetic field relaxation in ferromagnetic Ising systems'

R. Mélin
CRTBT-CNRS, 38042 Grenoble BP 166X cédex France

We study the magnetic field relaxation of various ferromagnetic Ising systems. Four models
are considered: the square lattice with periodic boundary conditions, the square lattice on a
disk with open boundary conditions, the Cayley tree and the hyperbolic lattice. We carry out
the so-called switching time ezperiments and switching fleld ezperiments for these four models.
We reach the conclusion that each of these models has a distinct behaviour with respect to
magmnetic field relaxation. Finally, we discuss possible links with recent experiments on
magnetic grains. The hyperbolic lattice Ising model and the square lattice Ising model are
candidates for an effective model for the boundary of magnetic grains.
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17.1 Introduction

It has been shown recently in [1] that the ferromagnetic Ising model on a Cayley tree in a zero
magnetic field exhibits glassiness below a temperature scale Ty ~ J/Inn, where n is the number
of generations. Since the number of generations is proportional to the logarithm of the number
of sites, the glassy domain does not vanish in the macroscopic regime. Similar properties exist
on hyperbolic lattices, with some deviations to the glass behaviour {2]. In the present paper, we
wish to analyze the magnetic field relaxation for these models, as well as for euclidian models,
for comparison. The physical quantities which we measure in our numerical experiments are
inspired from the quantities experimentalists measure on magnetic monodomain grains at low
temperature [3]. The typical size of the grains is 0.1um x 0.05um, so that, due to dipolar
interactions, anisotropy aligns the spins along the largest direction of the grain. The spins are
essentially XY spins since the sample is essentially bidimensional. One possible experiment {3],
which is called switching time experiment, consists in applying from time ¢ = 0 a magnetic
field opposite to the direction of the magnetization, and to measure the time 7; for which the
magnetization reverses in the experiment number 4. Then, 7; is considered as a statistical
variable, and the histogram P(7) is built. One possible analysis of the data [3] consists in
integrating the histogram and fitting the integrated hisfogram by the stretched exponential

fGT P(r')dr' = 1 — exp ( (%)ﬁ) (17.1)

The stretched exponent is noted 3’ instead of § in order to avoid confusion with an other
exponent that will be introduced later and will be denoted §. An other possible experiment is
the switching field ezperiment in which a magnetic field opposite to the averaged magnetization
is switched on at a given rate. The magnetic field {H,,{T,v)) for which the magnetization
cancels is measured for various temperatures 7 and switching rates v. A possible fit exists [4]
that predicts the existence of a master curve for {H,,,(7',v)). The phenomenclogical arguments
of [4] were originally developed in the context of domain wall junctions, but are also applicable
to magnetic systems. One of the aim of the present article is to determine to which model the
phenomenological model of [4] is applicable.

Eventhough magnetic grains are a candidate for macroscopic quantum tunneling [5], it
would be first interesting te understand the effects related to thermally activated processes.
Eventhough the models that we study are far from a realistic modeling of magnetic grains, even
without quantum aspects, it is interesting to clarify their behaviour as far as the magnetic field
induced magnetization relaxation is considered. We want to submit different ferromagnetic
Ising spin systems with different lattices and boundary conditions to the two types of magnetic
field relaxation experiments that experimentalists carry out on magnetic grains [3]. We shall
consider successively sguare lattices with various boundary conditions, trees and hyperbolic
lattices. As mentionned earlier, the zero field behaviour of trees and hyperbolic lattices was
only studied recently. It is clear that, in the switching time/field experiments, the phase which
is antiparallel to the field at time ¢ > 0 is metastable, and that switching time/field experiments
are devoted to explore the barrier structure between the initial phase where the spins are aligned
antiparallel to the field and the final state, where the spins are parallel to the field. As far as
euclidian lattices are concerned, we evaluate the bariers in the case of a free boundary, and in
the case of an Ising model with periodic boundary conditions. The barriers are found to be
smaller in the case of a free boundary than in the case of periodic boundary conditions, since,
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in the first case, droplets of spins parallel to the field can nucleate from the boundary. In the
presence of carners, we exhibit a regime where the droplets nucleate from the corners. We study
in more details the switching field experiment in the case of the square lattice with periodic
boundary conditions, as an exemple of what is going on in euclidian spaces with no boundary.
The relaxation is found to agree with some predictions from slow relaxation theories [6], even
though these theories are dedicated to the zero field case, namely P(ln7) is gaussian and the
variance {(In7; — {In7;))?) is linear as a function of the mean value (In7;). The exponent §’ of
the stretched exponential {17.1) is found to increase with temperature. The fit of reference [4]
does not work in this case, that is it is not possible to find & master curve for {H.(T,v)}.

We also studied the case of a square lattice with a circular boundary. By constrast to the
case of the periodic lattice with periodic boundary conditions, we find the existence of a master
curve following the fit of reference [4]. ‘

As far as Cayley trees are considered, we first study the relaxation of the autocorrelation
g(t) above the glass cross-over temperature in the absence of a magnetic field. The shape of
q(t) can be fitted by stretched exponential. The stretched exponent 3 is less than unity and
increases with temperature, as in the case of the three dimensional Tsing glass [7]. We also
study the magnetic field relaxation at low temperatures. Conirary to the case of the square
lattice, no loops are present, so that it is difficult for a droplet of spins parallel to the field to
propagate through the structure. The exponent §' is found to be of the order of 19, and does
not vary significantly in the range of temperature we consider. As in the case of the tree, we
find good agreement with the predictions from slow relaxation theories [6] without magnetic
field: P(In7)is gaussian and the varience {(In7; — (In7;))?) is linear as a function of the mean
value {ln ;).

In the hyperbolic lattice case, the exponent 4 is found to increase with temperature, as in
the case of euclidian lattices. However, our results show that the hyperbolic lattice Ising model
is not properly described by the zero magnetic fleld slow relaxation theories [6]. Eventhough
the shape of P(In ) is gaussian, the mean value {In7;) is non linear as a function of the variance

{(In7; — {Inr))%).

17.2 Euclidian lattices

17.2.1 Square lattice with periodic boundary conditions

We study the relaxation of the magnetization, under an external applied field, with a direction
opposite to the initial magnetization. This model was already considered in [8], where it is
shown that many regimes are possible, according to the strength of the magnetic field and the
system size. If the field is larger than a certain field scale, we are in the strong field regime, where
the magnetization reverses rapidly, at fime scales of the order of one Monte Carlo Step per Spin.
If the field decreases, three regimes are distinguished, according to the system size. For the
smallest sizes, the system is in the coezisience region, where the up and down phases coexist.
For intermediate sizes, one droplet is nucleated and finally invades the entire system. This is
the single droplet regime. For large sizes, the system is in the multi droplet reqime. Several
droplet coexist and grow. The time scales in Monte Carlo Step per Spin for the magnetization
reversal in the multi droplet regime are smaller than in the single droplet regime.

In order to have an idea of the barriers, we calculate the barrier E,(R) associated to the nu-
cleation of a circular domain of spins parallel to the field. This calculation is only an approxima-
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tion, since the droplets are not exactly circular. The barrier is given by Ey(R) = 2n R(2J ~ hR).
The first term 47 RJ is the energy term associated to the antiparalle! links at the boundary and
—27hR? is the magnetic energy. Eq(R) is maximum for B} = J/h, which corresponds to the
critical size of the domain. If B < R, the domain has a trend to regress whereas it naturally
grows if B > R}. The barrier height is Ey(R}) = 2rJ%/h. We shall compare these results to
the case of a square lattice with free boundary conditions.

In order to describe the distribution of relaxation times, we czll 7; the time for which
the magnetization cancels in a given numerical experiment. Of course, 7; varies from omne
experiment to the other, since the escape process is stochastic. The theory of slow relaxation
processes in zero external field [6] predicts a gaussian distribution of ln7;. The histogram of
In7; is represented on figure 17.1 for two different temperatures, and the shape of P(lnT) is
indeed gaussian. Moreover, according to slow relaxation theories in a zero magnetic field [6},
the average {In 7;) is proportional to the variance {(In7; — {In7;})%). As shown on figure 17.2,
this is indeed the case. However, we underline the fact that the model [6] has been established
in a zero magnetic field, and it is not obvious that it should work in the presence of a magnetic
field. Nonetheless, it is interesting to study (ln7;) as a function of {(In7; — (In7;})?) in the
presence of a magnetic field, eventhough the correspondence with the zero field case has not
been established to our knowledge.

An other way to characterize the distribution of relaxation times is to integrate the histogram
P(7) and to fit the integrated histogram by a stretched exponential 1 — exp (—(T/To)ﬁ'). This
method s used in the analysis of experimental data of the reversal of magnetic grains [3]. In the
case of a square lattice with periodic boundary conditions, the exponent 8 is found to increase
with temperature, as ploited on figure 17.3.

An other possible numerical experiment is the so-called switching field ezperiment. The
idea 1s to start form a low temperature phase, and to switch a field oppposite to the global
magnetization. The field increases linearly with a rate v = —dH/di. In the presence of the
external field, the magnetization reverses and one measures the magnetic field H,, for which
the magnetization cancels. The switching field H,,, is averaged over a large number of runs, and
computed for various femperatures. In order to analyze the data, we use the phenomenological
model of reference [4]. In this model, the average switching field is given by

(How) = Hpu (1= falT,v)), (17.2)
with
falTov) = (’”gf ln (g_-l))”“ (17.3)

H2,, Ey and c are some constants, @ = 2 for an ideal single domain model and
€= (1 - Hy/HI ) (17.4)

The experimental data consist of (H,,){T,v) as a function of the temperature T and the
switching rate v. The relation (17.2) predicts the existence of a master curve for (H ., )T, v).
We carried out numerical simulations for the square lattice with periodic boundary conditions
and tried to fit our data with equation (17.2). We come to the conclusion that the master curve
does not exist for the square lattice with periodic boundary conditions, so that the fit (17.2) is
not valid in the case of the periodic square lattice.
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Figure 17.1;
Histogram of the logarithm of the times for which the magnetization cancels, for a periodic
square lattice of size 90x90. The exchange constant J is taken equal to unity. The inverse
temperature is § = 1.3 and 8 = 1.6. A magnetic fleld A = —1 is applied from time ¢ = 0.
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Figure 17.2:
Average logarithm of the relaxation times (In7;) as a function of the variance {(In7; — {In7;))?)
for the square lattice with periodic boundary conditions. The size of the lattice 1s 90x90. A
magnetic field A = —1 is applied from time ¢t = 0, with J = 1. The variations are compatible
with a linear dependence.
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Figure 17.3:

Variations of the exponent 4’ as a function of temperature in the case of the square lattice with
periodic boundary conditions. The size of the lattice s 90x%30. A magnetic field A = ~1 15

applied from time ¢t = 0, with J = 1.
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17.2.2 Square lattice with {ree boundary conditious

In order to emphasize the importance of the boundary conditions, we study the relaxation of
the magnetization in an external fleld. If we compare the relaxation in the periodic and the
open case, we find that the reversal of magnetization is easier in the open case for comparable
temperatures. The reason is that domains of reversed spins can nucleate from the boundary,
whereas in the case of periodic boundary conditions, one has first to nucleate sufliciently large
domains, and then, if the size of the nucleated domain is large enough, the propagation is very
fast. In order to understand the reason why the relaxation is easier in the case of free boundary
conditions than in the case of periodic boundary conditions, we calculate the energy cost Ey(R)
to nucleate a half circular domain of N = wR?/2 spins parallel to the field. We find that
Ey(R) = mR(2J — Rh). E3(R) is maximum for R} = J/h, and the barrier is Ey(R}) = J2/h.
The barrier Ep(R3) is twice the barrier Eq(R7}). In the presence of an edge, the barrier reads
E3(R) = wR(J — hR/2), which leads to E3{R3) = wJ2?/2h, smaller than E,(R}). We conclude
that the spin system is very sensitive to the presence of edges and will first flip from the edges, at
least if the magnetic field is not too strong. To see this, we took a snapshot of the system during
a given run. The result is pictured on figure 17.4. It is clear that the edges play an important
role in the magmnetization reversal, since the droplets are pinned at the edges, where the energy
barrier is smaller than in the bulk. The pinning of the droplets is here purely geometric. One
could also imagine that the droplets are pinned due to the presence of impurities.

In order to eliminate the effect of edges, we studied the case of a square lattice on a disk, so
that no edges are present. We carried out the same simulations than in the periodic boundary
case, namely the switching time and switching field experiments. We begin with the switching
time experiment. The average {In;) is plotted on figure (17.5) as a function of the variance
((In; — (In7:))?). The variations are approximately linear. The exponent 8’ of the fit (17.1) is
found to increase with temperature, as pictured on figure 17.6.

Contrary to the case of the square lattice with periodic boundary conditions the fit of
equation {17.2) is found to work, that is there exists a master curve for (H,,(T,v)). The
master curve is plotted on figure 17.7.

17.2.3 Sguare lattice with fixed boundary conditions

We consider the sitfuation where the spins of the boundary are frozen. Initially, the bulk spins
have the same direction as the boundary and one applies an opposite field from time ¢t = 0.
For a finite size system, there is a competition between the boundary which tends to align the
spins antiparallel to the field, and the magnetic field, so that for sufficiently small fields, the
boundary imposes its magnetization whereas in the strong field regime, the spins are parallel
to the field. We tested this idea for an anisotropic sample (in order to approach the shape of
some magnetic grains), and computed the mean time for which the magnetization cancels, as
a function of the magnetic fleld. The resuit is plotted on figure 17.8. If the magnitude of the
external field is large enough, the magnetization reverses whithin a finite time.

17.3 Cayley Tree

The tree we consider in this section is built from a center at generation 0. This center gives
Tise to three sons at generation 1. The sons have two children, etc. The process is stopped
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Figure 17.4:
Snapshot of the spin configuration in a given numerical experiment, in the case of a 90x90
square lattice. The magnetization is equal to 3/4. The inverse temperature is § = 1.6, and the
applied magnetic field is & = —1, with J = 1. A symbol denotes a down spin (parallel to the
field) and the spin is up in the absence of symbol. The droplets are pinned at the corners.
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Figure 17.5:
Average logarithm of the relaxation times (In7,) as a function of the variance {{inm; — (In7;))?)
for the square lattice on a disk. The number of sites is 2821. A magnetic field A = —1 is applied
from time ¢ = 0, with J = 1. The variations are compatible with a linear dependence.
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Variations of the exponent 8’ as a function of temperature in the case of the square lattice on
a disk. The number of sites is 2821. A magnetic field h = —1 is applied from time { = 0, with
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Figure 17.7:
Master curve of the switching fleld experiment for the sqrare lattice on the disk. We plotted
{How)/H?, as a function of f,(7,v). The Boltzmann constant is equal to unity, o = 1.8,
H?2 =24FE;=5and ¢ = 1/25. On this curve, 7 series of measures at 7 different temperatures
are superposed. The linear behaviour corresponds to {H,,)/HS, = 1 — fo(T,v).
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Figure 17.8:
{r;) as a function of the magnetic fleld, in the presence of fixed boundary conditions. 7; Is
the time for which the magnetization cancels. At time ¢ = 0, the bulk spins are parallel to the
boundary spins, and a magnetic field k is switched on from time t = 0. The inverse temperature
is 3 = 2. The averages are taken over 50 runs. The sample has a size 40x200.
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at the n-th generation, so that one obtains a finite tree called a Cayley tree. Eventhough the
bulk properties of the tree were studied as soon as the 30’s as a way to implement mean field
calculations {11} {12], the thermodynamics of the tree with its boundary was only studied in the
70’s, and people discovered an unusual continuous transiticn {13] [14]. However, the notion of
glassy dynamics merely emerged, and the dynamical problem was only considered recently for
Ising spins [1] and XY spins [16]. The Ising model on a tree is glassy below a certain temperature
Ty ~ J/lnn, where n is the number of generations [1]. This glassy behaviour can be seen on
various thermodynamical properties [1], such as the shape of the magnetization distribution, the
density of Lee and Yang zeros in the vicinity of exp 28h = 1. The zero temperature barriers scale
like J1lnn, where n is the number of generations. Glassiness is also visible from the structure of
the eigenvalues of the Glauber matrix, from the waiting time dependence of the autocorrelation
functions, and from the behaviour of the dynamical susceptibility x| and x5, which behave like
in spin glasses. It is thus interesting to study the slow relaxation processes in this model, and to
compare with the predictions of the general models for slow relaxation processes. We study the
relaxation of two quantities. First, we consider the relaxation of the autocorrelation functions
in the absence of a magnetic field. The auvtocorrelations are fitted by a stretched exponential
with an exponent J which is a function of temperature. Second, we consider the relaxation
of the magnetization in the presence of a magnetic field. The histogram of relaxation times
is also fitted by a stretched exponential, with a temperature dependent stretched exponent 4.
We underline the fact that 8 and @' are distinct quantities. In particular G is less than unity,
whereas [’ can be larger than unity.

17.3.1 Relaxation of the autocorrelation in a zero field

The autocorrelation function g{t) is defined as

N
o(t) = 5 3 ((o:(0)a:(1)) — {o(0)os(2))). (175)

The Edwards-Anderson parameter is gg4 = g(oo). The autocorrelation functions are plotted
on figure 17.9 for various temperatures. In reference [7], these autocorrelations are fitted by

o) ~ oo ((5F) (17.6)

in the non glassy phase {then gpy = 0). We tried this fit in our case, using an optimisation
algorithm, with one linear adjustable parameter, and three non linear adjustable parameters.
Unfortunately, the opiimisation procedure converges only at low temperatures. This lack of
convergence 1s attributed to the fact that the precision of our data is not good enough. It is
clear that the data of [7] are more acurate that ours, but our goal here is more qualitative. To
get an order of magnitude for the exponent #, we fit the autocorrelation g(¢) by

[ ‘
g(t) ~ exp (—(;)ﬁ> (17.7)
The variations of the approximate exponent § as a function of temperature are plotted on figure
17.10. It is clear that § increases with temperature and is less than unity, These properties
are in agreement with numerical experiments on Ising spin glasses {7]. In the case of the Ising
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Figure 17.9:
Autocorrelation function g(t) for various temperatures. The inverse temperatures are g =
0.6,0.7, ..., 2 from the lower piot to the upper one.
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Figure 17.10:
Variations of the exponent f of the stretched exponential (17.7) as a function if temperature
for a tree with 10 generations.
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spin glass, the temperature T, which corresponds to 8(T.) = 1 is the Curie point of the non
random Ising model. In the case of the Ising Cayley tree model, one expects that 8(T.) = 1,
where 7. is the bulk transition temperature, that is, above the bulk transition temperature,
the relaxation is purely exponential. By extrapolation, we find that $(2.3) = 1 whereas the
bulk transition temperature is 7. = 1.82. The temperature 2.3 for which § = 1 is clearly too
large. But it is not surprising because we neglected the power law prefactor in (17.6). At high
temperatures, the exponent = increases, so that our estimation of § is underevaluated, leading
to an overevaluation of the temperature above which # = 1. This behaviour is to be compared
with the results of Ogielsky [7] who finds that, in the three dimensional Ising spin glass with
short range interations, the relaxation is exponential above the Curie point of the non random
Ising model.

17.3.2 Magnetization relaxation in a magnetic field

In the same way as for the square lattices with periodic and open boundary conditions, we siudy
the statistics of the time 7; which correspond to the change of sign in the magnetization. Like
the case of the square lattice with periodic or open boundary conditions, the shape of P(InT)
is gaussian, as plotted on figure 17.11. The variance {(In7; — (In7;))?) plotted as a function of
the mean value (In ;) has approximately a linear dependence, as shown on figure 17.12.

The streched exponent 8 is of order of 19 and does not vary significantly with temperature.

An other way to analyze the distribution of relaxation times is to study the time dependence
of the magnetization with respect to the variable In t. If one assumes a distribution of relaxation
times P(In7), then the magnetization reads [6]

M(t) ~ fe*t/TP(ln’r)dln'r. (17.8)

The exponential can be taken as a cutoff in log scales, and one obtains [15]

+oo
M(t) ~f P(nr)dlnr, (17.9)
Int
so that
dM ()
PllnT) ~ — Tioi (17.10)

The derivative of M(%) with respect to Int thus yields the distribution of relaxation times.
For the tree, the result for P{ln7) is plotted on figure 17.13. Compared to a gaussian shape,
the distribution of relaxation times is too large for small relaxation times. Compared to the
direct computation of the probability of relaxation times of figure 17.11, we find that the direct
computation does not lead to an overestimation of the probability of relaxation times for small
values of the relaxation times. We deduce that this overestimation for small relaxation times
is not a property of the model, but is inherent to the method which consists in deducing the
distribution of relaxation times from —dM(t)/dInt. We have carried out this test on the case
of the Cayley tree, but we could have chosen any of the other models as well.

We also carried out switching field experiments. Contrary to the case of the square lattice
with periodic boundary conditions, we find that the phenomenoclogical model (17.2) is valid in
this case. The master curve is plotted on figure 17.14.
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Figure 17.11:
Histogram of the times for which the magnetization cancels P(ln7) , for a tree with 10 gener-
ations. The exchange constant J is taken equal to unity. The inverse temperature 1s 3 = 2.75
and f = 3. A magnetic field A = —0.3 is applied from time ¢ = 0,
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Figure 17.12:
Average logarithm of the relaxation times {,) as a function of the variance {(In7; — (In7})%)
for the tree. The tree has 10 generations. A magnetic field A = —0.3 is applied from time ¢ = 0,
with J = 1. The variations are compatible with a linear dependence.
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Higure 17.13:
dM(t}/dInt as a function of int for the tree with 10 generations. The inverse temperature
Is # = 2.5 and 8 = 2.75. The shape is approximately gaussian. However, the probability is
increased for small relaxation times, compared to a purely gaussian shape.
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Figure 17.14:

Master curve of the switching field experiment for the Cayley tree with 10 generations. We
plotted {H.,)/HZ, as a function of f,(7T,v). The Boltzmann constant is equal to unity, a = 2,
Hp = 1.5,Fs = 4 and ¢ = 1/5. On this curve, 7 series of measures at 7 different temperatures
are superposed. Notice the deviations with respect to the linear behaviour {H.,)/HS, =

1~ fa(T,v). The straight line represents 1 — fo (T, ).
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17.4 Hyperbolic lattices

The lattice is pictured on figure 17.15. The graph is & triangulation and each site (excepted
the sites at the border) has 7 neighbours. We refer the reader to reference [2] for a study of
the dynamical properties of the ferromagnetic Ising model on a hyperbolic lattice, and we sum
up the main results. The magnetization distribution exhibits a non gaussian structure at small
temperatures. The dynamical correlation functions exhibit aging. The dynamical susceptibility
x) has & maximum, and x} has a sharp maximum which is compatible with a divergence. As
the frequency decreases, the maximum of x| decreases in temperature. However, the amplitude
of the maximum decreases as the frequency decreases, whereas it sncreases as the frequency
decreases in real glasses. This is a first difference between the case of the hyperbolic lattice
and the case of the tree. We shall exhibit an other difference in what follows. In this section,
we study the relaxation of the hyperbolic lattice Ising model in an external magnetic field.
The equilibrium configurations are generated by a cluster algorithm [9], and the dynamical
properties are studied with the help of a usual single spin fiip Monte Carlo algorithm. The
two tasks are parallelized: one processor implements the cluster algorithm, sends the spin
configuration via an asynchronous transmission to the second processor which ruas the Monte
Carlo algorithm. In the same way as for the square lattice with periodic boundary conditions,
we find gaussian shapes of P(In7), where 7; is the time at which the sign of the magnetization
changed. The histograms are plotted on figure 17.16 for various temperatures. However, the
variance {(In7; — {In 7;))%) plotted as a function of the mean value {In;) is clearly non linear,
as plotted on figure 17.17.

When one goes to lower temperatures, the mean value (In7;) increases and we checked that
it follows indeed and Arhenius law. However, the variance {{In7; — {In7;))?) increases also, but
much faster than in standard theories. This shows that the dynamics of the hyperbolic lattice
does not belong to the same class of dynamics as the square lattice or the Cayley tree. In the
fit {17.1), the exponent 8’ increases with the temperature, as is plotted on figure 17.18.

As far as the switching field experiment is concerned, we come to the conclusion that the
phenomenoclogical model (17.2) can be applied in the case of the hyperbolic lattice since the
points H,,(T,v) can be aligned on a master curve, as shown on figure 17.19.

17.5 Summary and discussion

We have considered successively slow relaxation processes under an applied magnetic field in
four different cases: the square lattice with periodic boundary conditions, the square lattice
on a disk, the Cayley tree and the hyperbolic lattice. Eventhough magnetic field relaxation
in the first three cases are consistent with slow relaxation theories {6] in a zero magnetic field,
our results show that the Ising model on a hyperbolic lattice does not belong to the classes of
models described by [6].

The second set of results is related to the temperature variations of the exponent 3’ intro-
duced in the fit (17.1). In the case of the tree, 8’ is found to be of the order of 19 and does not
vary much with temperature. In the four cases that we investigated, the exponent 4’ is found
to increase with temperature.

The third set of results is related to the switching fleld experiment. We find that the square
lattice with periodic boundary conditions is not described by the model of [4], but the square
lattice on a disk with open boundary coenditions, the Cayley tree and the hyperbolic latttice



17.5. SUMMARY AND DISCUSSION 355

Figure 17.15:
The hyperbolic lattice. Each site of the bulk has seven neighbours.
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Figure 17.16:
Histogram of the times {for which the magnetization cancels P{ln 1), for a hyperbelic triangula-
tion, with a coordinance 7 and 8 generations. The exchange constant J is taken equal to unity.
The temperatures are T'= 0.3, 7 =04, T = 05,7 = 06,7 = 0.7. A magnetic field h = —0.6

is applied from time ¢ = 0.
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Figure 17.17:

Average logarithm of the relaxation times (In7;) as a function of the variance {{In7; — {In 7)}*)
for a hyperbolic triangulation, with a coordination 7 and 8 generations. A magnetic field

h = —0.6 is applied from time t = 0, with J = 1. The variations are clearly non linear.
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Figure 17.18:
Variations of the exponent 4’ as a function of temperature in the case of the hyperbolic trian-
gulation with 7 nearest neibours and 8 generations. A magnetic field A = —(0.6 is applied from
time t = 0, with J = 1.
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Figure 17.19: ,
Master curve of the switching field experiment for the hyperbolic lattice with § generations and
a coordination 7. We plotted (H,,}/HY, as a function of fo(7T",»). The Boltzmann constant is
2.3J, Ey =5 and ¢ = 1/15.

equal to unity, @ = 2, Hq = .
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enter the class of models for which the appreach of reference [4] is valid.

We conclude that the four models that we have considered have four different behaviour
with respect to the magnetic field relaxation.

What conclusions can be drawn from the point of view of comparisons with experiments on
magnetic grains? Of course, our models are far from a proper modeling of the magnetic grains.
However, some of the models that we consider can be considered as effective models for magnetic
grains. A probable mechanism for the reversal of magnetization in magnetic grains is that the
magnetization flips from the boundary (in the same way the magnetization reverses from the
corners for an open boundary Ising model}, but there exists a barrier for the reversal of spins
at the boundary. The bulk is supposed to reverse its magnetization rapidly. This argument is
supported by the shape of the hysteresis cycle of a monodomain magnetic grain [3]. Some of
our models may be seen as effective models for the boundary of magnetic grains. An effective
mode] for the boundary of magnetic grains may be analogous ta a hyperbolic lattice with open
boundary conditions, or to the square lattice on a disk. The barriers are introduced by hand,
with no reference to the real physics of magnetic grains. If one assumes such an effective model
for the boundary, one can reproduce three qualitative features of magnetic grains. First, the
hysteresis cycle possesses a reversible part, and an irreversible part [5]. The reversible part can
be thought of as slow relaxation phenomena at the boundary, and the irreversible one as a rapid
propagation in the euclidian bulk, which is not present in our simulations. Second, we reproduce
the fact that the stretched exponent 8' increases with temperature. Third, experimental data
13] show that the phenomenological model of [4] is well realized in experiments, whereas some
deviations occur at lower temperatures. We conclude that, among the three models that we
have studied, the square lattice on the disk and the hyperbolic lattice are candidates for an
effective model for the boundary of magnetic grains. In the case of the hyperbolic lattice, we
showed that {Iin7;) is non linear as a function of ((In7; — (In7;))?), whereas it is approximately
linear for the square lattice on a disk. However, t¢ our knowledge, experimental data do not
exist which would differentiate between the two behaviours.

The author acknowledges discussion with J.C. Angles d’Auriac, B. Barbara, B. Dougot, K.
Hasselbach, J. Souletie and W, Wernsdorfler.
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Glauber dynamics and eigenvalue spacing statistics®
R. Mélin
CRTBT-CNRS, 38042 Grenoble BP 166X cédex France

We discuss the eigenvalue spacing statistics of the Glauber matrix for various models of
statistical mechanics. The dynamics of the one dimensional Ising model is integrable, and the
eigenvalue spacing statistics is non universal. In two dimensions, we investigate the case of an
Ising Cluster. The transition seems to be correlated with the fact that the minimal eigenvalue
spacing is non zero for temperatures above the transition, and zero for temperatures below the

transition. The statistics suggests the presence of ‘hidden’ conserved quantities. At low
temperatures, there exists a peak for s = 0 which decreases as the temperature decreases. We

investigate a simple frustrated Ising model, with a finite zero entropy per site at zero
temperatures. FEventhough no thermodynamic transition is present, the minimal eigenvalue
spacing varies in a non trivial way. In the case of the Sherrington-Kirkpatrick model, the
eigenvalue spacing statistics are close to G.Q.E. at high temperature, and the presence of
eigenvalue attraction is found at low temperatures. The attraction between eigenvalues
increases as the temperature decreases. In the case of the Cayley tree, the same attraction of
eigenvalues is observed. In both cases, the eigenvalues have a trend to condense near integer
values.

'submitted to the Jour. Phys. (France}
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18.1 Introduction

The ideas of level spacing statistics emerged for the first time in the context of nuclear physics
[1] [2] [3], where Wigner proposed to consider statistical quantities computed from deterministic
spectra. Later, these ideas were applied to quantum systems whose classical analogs are chaotic
[4] [5]. The idea of level spacing statistics is to calculate the difference between two consecutive
levels, and to study the probability of occurrence P(s) of a level spacing s. The different generic
behaviours of P(s) are classified according to the random matrix theory [4] {6]. A generic case
is the integrable spectrum. Each level is labelled by a set of quantum numbers, the energy levels
are decorrelated and the statistics is Poissonian: P{s) = exp (—s). If the number of conserved
quantities is too small, it is not possible to find a set of quantum noumbers for each level, and
the levels are correlated, that is, there exists level repulsion. The repulsion is linear and the
level spacing statistics has the Gaussian Orthogonal Ensemble {G.0O.E.) shape:

Vi L3
P(s) = 536‘“2- (18.1)
If time reversal invariance is brokern, and if the system is chaotic, the level spacing statistics has

a Gaussian Unitary Ensemble (G.U.E.) shape:
P(s) = 2o e , (18.2)

where the repulsion is quadratic. The ideas of quantum chaos have been applied to various fields
of condensed matter physics, such as disordered systems [7]. An other field of application is the
strongly correlated electron systems [8] [9], with a hope to extract more information from finite
size systems. In the present paper, we wish to analyze the dynamics of classical spin systems
under the light of eigenvalue spacing statistics. We use here the term ‘eigenvalue’ rather than
‘level’ since there are no energy levels as in quantum mechanics. We consider the 2Vx2" Glauber
matrix, with N the number of Ising spins, and diagonalize it for small clusters. Contrary to the
case of quantum mechanics, we do not have any conservation law (such as the total momentum,
the total projection of the spins, ...), so that the only symmetries are the lattice symmetries
that we treat with group theory. We can thus only study the dynamics for a small number
of sites, typically of the order of 10 sites (we studied a 13 site cluster in the case of the tree).
The eigenstates are not physical, excepted for the Boltzmann distribution which corresponds
to the upper eigenvalue A = 0. The other eigenvectors are not probability distributions, since
the sum of their components is zero, so that their interpretation is not obvious. However, one
may think of the eigenvalues as the typical relaxation times of the system. For instance, in a
broken symmetry phase, the eigenvalue A = 0 of the Boltzmann distribution is degenerate (in
the thermodynamic limit) with the broken symmetry state.

In our study of small clusters, two quantities are of interest. The first quantity is the minimal
eigenvalue spacing s,,;,. An other quantity of interest is the full eigenvalue spacing statistics.
We study the gualitative variation of these two quantities for various models. We first consider
the case of the unidimensional Ising model. In this case, the dynamics is shown to be integrable.
The corresponding eigenvalue spacing statistics are found to be non universal, with a peak for
s = 0 which decreases as the temperature decreases. The minimal eigenvalue spacing s,m;, is
always zero. We attribute $his behaviour to the presence of degenerate eigenvalues, whatever the
temperature. In the case of the bidimensional Ising model with nearest neighbour interactions,
it seems that the presence of a transition is correlated with the fact that s = 0in the broken
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symmetry phase, whereas s, # 0 in the paramagnetic phase. In the ferromagnetic region,
the level spacing statistics have a peak for s = 0 and this peak decreases as the tempearature
is lowered. The s > 0 part of the eigenvalue statistics is intermediate between a Poissonian
and a 3.O.E. behaviour, which seems to suggest the presence of conserved quantities. We next
study a frustrated model, with a finite entropy at zero temperature. Althongh there exists
no phase transition, the behaviour of the minimal spacing s, is non trivial, which shows
that the variations of sp;, are not in a one to one correspondence with the existence of a
thermodynamic transition. Finally, we adress the question of glassy models. We first begin
with the Sherrington-Kirkpatrick (SK) model. The minimal intereigenvalue spacing $min is
non zero at high temperatures and, below a given temperature, takes vanishing values. The
level spacing statistics are close to G.O.E. at high temperatures and become overpoissonian at
low temperatures, with an attraction of eigenvalues. An analysis of the density of eigenvalues
reveals that the eigenvalues condense for integer values. As far as the Cayley tree is considered,
this model exhibits glassiness at small temperatures [10}, and, as in the case of the SK model,
the eigenvalues condense in the vicinity of integers.

18.2 The Glauber matrix

The Glauber dynamics [11} is a single spin flip dynamics with a continous time. If p({c},1) is
the probability to find the spin sytem in the configuration {¢} at time t, the Master equation
for the single spin flip dynamics is

d N N
Ep({J}Jt) - = (Z’UJI({J})) p({o’},t) -+ Z w'i({'gl! seey 0y ey UN})p({Gll sy 7Oy ey UN}: t)'
=1 1=1
(18.3)
The single spin flip transition probabilities are defined as the probabilities that the spin o; flips

from g; to —o; while the other spins remain fixed. Since the Boltzmann distribution is a fixed
point of the dynamics (18.3), the transition probabilities have the form

wi{{o}) = %(1 — o;tanh (GJ Z ail), (18.4)

JEV(E)

where V(i) is the set of neighbours of the site . We note p(t) the 2 vector of the p({s},1).
Then, equation (18.3) can be brought under the form

p(t) = Gp(1) (18.5)

where the matrix G is the Glauber matrix. Since the Boltzmann distribution is a steady state
of the dynamics, its corresponding eigenvalue is zero whatever the temperature. The matrix G
1s non symmetric. However, it can be brought under the form of a symmetric matrix M. To do

so, we notice that the Glauber matrix verifies the detailed balance, that is Ga"@pg}) = G,g,apgo),

where p(o) is the Boltzmann distribution. As a consequence,

(@)™ @us (B) = (p) " G (). (18.6)
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We call M the matrix defined by

Mas = () G (o) (187
Then, M is symmetric. If p is a right eigenvector of the Glauber matrix, then
> Gagps = App (18.8)
B
is equivalent to
S Mas (39) 7 0s = 2 () b (18.9)
8

—1/2
so that (p&o)) / P« 15 an eigenvector of M. We conclude that G 1s diagonalizable, and that

all its eigenvalues are real.
The spectrum in the infinite temperature limit can be understood as follows. If we call

) =Y F{e)en) & 00 fow), (18.10)
{o}
then the dynamics reads
d N 1en .
Sl =l - 52% |4, (18.11)

so that the eigenvalues of the Glauber matrix at infinite temperature are of the form

N 1&
A== >, (18.12)
2 2:::1

where j; = £1. The spectrum in the infinite temperature limit is thus made of eigenvalues at
integer values between —N and 0, with a degeneracy given by the binomial coefficients.

Another property of G is that, for bipartite lattices, such as the square lattice or the Cayley
tree, the spectrum of G is symmetric: if A belongs to the spectrum, then — N — )\ is an eigenvalue
too. The proof is as follows. Let X{o} be an eigenvector of M, with an eigenvalue A:

N

N
AX{e}==)" %(1 — o;tanh (BJR )X {0} + Z

=1

1

X0y, —0p o on} (181
2 cosh Bk lors s =00 s on}, (18.13)

where h; is defined by
}Ll‘ = Z a;. (1814)

JEV (1)
Let Y{c} be defined as
Y{o} = (-1)""}xX {5}, (18.15)

where v{c} is the number of up spins in the configuration {c}. {5} is deduced from {¢} by
flipping the spins of one of the two sublattices. Then,

N
(MY){o} = fZ%(lfcrl-tanh(ﬁHhi))(ml)”{“}X{c}} (18.16)
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=1 "
(—1ed | ; % (14 & tanh (87h)) X {5} (18.17)
i 1 . .
— ; WX{OI) ceey =4, ...,O'N}
= —(N+A(-1¥X{5} = ~(N + MY {o}. (18.18)

Given an eigenvector X for the eigenvalue A, we have built an eigenvector Y for the eigenvalue
-N -\

The difference between (18.5) and the Schrddinger equation is that quantum mechanics
preserves the scalar product, leading to hermitian Hamiltonians. More over, the space of phys-
ical states is a Hilbert space, and each state of the Hilbert state is physical. In the case of
the Glauber matrix, no vector space is present, in the sense that the sum of two probability
distributions is not a probability distribution. However, some quantities are conserved by the
dynamics. It is easy to show that the eigenvectors of G for the non zero eigenvalues have the
property that

Zp{a} = 0. (18.19)
{o}

This is a simple consequence of the fact that the Glauber matrix preserves the quantity

> pio}. (18.20)
{s}

18.3 One dimensional Ising model

18.3.1 Integrability of the dynamics

In the case of the one dimensional model, the Glauber dynamics is integrable. To show this, we
follow Glauber and write evolution equations for the correlation functions. We call REZ) o (2)
the n points correlation function, with ¢, # ig if a # 3, that is

R (1) = ([T owlt)). (18.21)

Then, following Glauber, we write the evolution equation of RE?)In(t) under the form

.....

LR (8) = =20, (1) (1) (wi, (o)) + o+ win (), (18.22)

where the transition probabilities are given by (18.4). We notice that, in the one dimensional
case, each spin has two neighbours, so that w;({c}) can be written as

wi{{o}) = % (1 - %0’{(0’1'_5.1 + 0'1'_1)) , (18.23)
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with v = tanh 23J. Here, we take periodic boundary conditions, but the case of open boundary
conditions is similar. Inserting (18.23) into (18.22), we get

d n (n) v -
EERSL,)...,‘in(t) = *7LR£1|_...zn{t} + 5 Z Z<0i0+f H O-i,ﬁ>' (1824)
e=+1 a=1 BH#a
The terms with € = 1 collect the right neighbours, and € = —1 corresponds to the left neighbours.
The correlation function in (18.24) can lead to a (n-2) peints correlator if 38,4, = ig o1 to a
n points correlator if not. The expression (18.24) can be brought under the form

c*il =1

('n. _ n (n 2)
dt "'1:) ﬂﬂ(t) - nRSlu ﬁn )+ Z Z (Z é-"".‘f;"la‘—+-€l?ll; ﬂa-lx"u+1: 1ﬁﬁ1)iﬁ+1;~--)i£18}25)

n) ‘
(1 - Z 61ﬁ‘1n+f) "1 eisla L sta €, 1.a+1, ,1n(t)) :

If none of the sites i1, ..., ¢,, are neighbours, the term containing R{™2) vanishes. However, if at
leastt two sites are neighbours in the set i, ..., %,, Wwe have to take into account a term containing
R™2) in the evolution of R(™. It is clear that (18.25) is nothing but a rewritting of (18.3)
in the case where all the sites have only two neighbours. The number of distinct correlation

i (N) =N, (18.26)

ooan
which is equal to the number of spin configurations. The system (18.25} is integrable. Glauber
gives the explicit solution for Rgl)(t). The equation giving dR(*)(1)/dt contains only linear
combinations of R(?). In order to solve the three points correlation functions, we inject Glauber’s
solution into the evolution equation for R(®), diagonalize the associated matrix and get a first
order differential equation with a second member, which is explicitely integrable and yields the
second order correlation functions. The entire hierarchy can be solved by this method since
dR¥) /dt does not contain R® with p > k.

functions is

18.3.2 Eigenvalue spacing statistics

In order to calculate the eigenvalue spacing statistics, we need to take all the symmetries of the
lattice into account. Here, the symmetries are so obvious that we do not require a group theory
treatment. We work with an open Ising chain. This graph is invariant under the reflection and
the identity. We note [{o}) the basis of our ‘Hilbert’ space. We use quotes since there is no
vector space structure on the probability distributions. However, to diagonalize the Glauber
matrix, we can do as if we were in quantum mechanics. If R is the inversion, we form the
combinations

1
Hot)e= 7 (He}) + eRl{a})). (18.27)

This operation leads to states with a well deficed behaviour under the reflection. The resulting

state is either symmetric (e = 1) or antisymmetric {¢ = —1). The antisymmetric state may be
zero if [{¢}) is invariant under the inversion. The dimension of the antisymmetric sector is

1 N N4y

5 (27 - 25, (18.28)
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and the dimension of the symmetric sector is

% (2¥ 4 2l (18.29)
where [] denotes the integer part. Using this method, we diagonalize the Glauber matrix in
the symmetric and the antisymmetric sectors. The evolution of the eigenvalues of one sector
as a function of the inverse temperature is plotted on figure 18.1. No avoided crossings are
present, which is what is expected for an integrable system. A quantity of interest is the
minimal eigenvalue spacing smin. We find that it is zero at all temperatures, eventhough the
system does not undergo any transition. We attribute this behaviour to the fact that the one
dimensional dynamics with nearest-neighbour coupling possesses a lot of symmetries, so that
there exists degenerate eigenvalues whatever the temperature. The eigenvalue spacing statistics
are found to be non universal. At low temperatures, the eigenvalue spacing statistics has a
peak for s = 0 and a part for s > 0 which has nothing to do with the Poisson statistics. The
eigenvalue spacing statistics are plotted on figure 18.2 for B = 5. The height of the peak at
s = 0 decreases as the temperature decreases.

18.4 Bidimensional Ising model

18.4.1 Dynamics

In this case, the dynamics is ne more integrable. The evolution of the correlation function is
not a linear equation, as it was in the case of the Ising chain. This is essentially due to the
fact that, with four neighbours, one has to introduce a cubic term in w;({o}) given by equation

(18.23):
tanh (8J(0, 4 02 + 03 + 94)) = a{o) + 03 + 03+ 04) + o'(0r + 0p + 03 + 04)?,  (18.30)
with
o = 11—2(8 tanh 287 - tanh 46.) (18.31)

1
a = Zg(tanhﬁlﬁJ—Qtanh'ZﬂJ). (18.32)

In the one dimensional case, we could integrate the dynamics because dR(”}/dt was only a
function of R*) with & < n. In the bidimensional case, dR(™ /d is also a function of R
with & > n, so that the hierarchy is no more integrable by this method. It is not because one
does not know how to solve a dynamics that this dynamics is not integrable. What we shall
see below from the eigenvalue spacing statistics that the dynamics is not integrable, but there
exists some ‘hidden’ conserved quantities.

18.4.2 Use of group theory

We use group theory to find the symmetries of the clusters for which we shall diagonalize the
Glauber matrix. Notice that we are restricted to small sizes since the size of the ‘Hilbert’
space is equal to 2. In practise, and to have sensible execution times, we are restricted to
N < 13. The first step is to determine the symmetry group of the lattice, that is to enumerate
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Figure 18.1:
Evolution of the eigenvalues of the Glauber matrix as a function of the inverse temperature, for

a 7 site Ising chain in the antiperiodic sector. No aveided crossings are visible.
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Figure 18.2:
Eigenvalue spacing statistics of the one dimensional Ising model with nearest neighbours cou-
plings. The inverse temperature is § = 5. The peak at s =  has been truncated for visibility.
Its height is 10.5, which depends on the step of the histrogram. The weight of the peak at 5 = 0
represents 39% of the number of eigenvalue spacings.
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all the permutations that leave the lattice invariant. To do so, we do not test all the N! possible
permutations since the computation iime may be huge. Instead, we use the following procedure.
We first label the lattice sites and give the list of bonds. We determine all the possible images
o(1) of the site 1, that is all the N — 1 sites. Then, for each of the possible images of the site 1,
we determine the images ¢(2) of site 2 which respect the lattice symmetry: if there is a bond
between 1 and 2, there must be a bond between o(1) and ¢(2). If there is no bond between 1
and 2, there must be no bond between o(1) and ¢(2). At this point, we have a list of potential
permutations beginning with ¢(1) and (2). Then, we determire all the possible images of site
3 which leave the lattice invariant. We thus get a tree structure, but, during the construction,
some branches shall stop. At the end of the process, that is when o(N ) has been determined,
we get all the permutations which leave the graph invariant. The second step is to determine
the classes and the table of characters of the group. We use the progam [12], which determines
automatically the classes and the table of characters. In a third step, we have to determine the
size of the blocs corresponding to the irreducible representations, and how many times a given
irreducible representation appears. The dimension of the blocs corresponding to the irreducible
representation (7) Is equal to

Dim = = 3" x(5)xP(3). (18.33)
gea
7 is the representation of the group element g in the ‘Hilbert’ space, ki is the cardinal of the group
G, x(7) is the trace of § and X(j)(g) is read from the table of characters at the intersection of the
line corresponding to the representation (7) and the column of the class of §. The fourth step
is to implement a Gram-Schmidt procedure to determine the basis of one block corresponding
to the representation (7). We first use the projector

PO = 3" x0(5)3. (18.34)
geG
A basis element of the Hilbert space is coded as a binary number of size N. Zero corresponds
to a down spin, and 1 codes an up spin. In order to label the basis vectors, we use the decimal
representation of the binary number of size N. We note |¢;) the corresponding vector. The
procedure consists in scanning all the states |¢) and to determine kg such as P(j)!v,bk> = 01if
k < ko and POy, ) # 0. The state PU)isp ) is the first vector of the basis that we look for.
Once we have found the first vector of the basis, we continue ot scan the all the states |4), but
we project them with
PO = 3 (naldlein )3 (18.35)
9eG

It P(J)|1,bk) = 0, we forget about |¢;) and project [vgiq). If P(J)!v,[]k) # 0, we try o incorporate
(J |4x) into the basis using a modified Gram-Schmidt procedure [13]. If P{J |k} 1s a linear
combmafclon of the basis vector, then we forget about it and project |1pk+1} If it is not, we
incorporate it into the basis, after having orthogonalized it, and we make the projection test for
|k41). At the end of the procedure, the dimension of the basis must be equal to (18.33). We
note that it is not possible to store all the components of the orthonormal basis, because of the
limited storage capacities. In order to spare memory, we store only the non zero components.
The fifth and last step is o diagonalize the Glauber matrix on the basis that has been defermined
at the fourth step. The size of the matrices to be diagonalized are small enough, so that we can

use the Jacobi method.
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18.4.3 Results

We work with a 3x4 lattice. The number of representations is equal to 15, and the maximal
block dimension is 335. The spectrum in a given sector of symmetry of the 3x4 square lattice is
pictured on figure 18.3 as a function of the inverse temperature. In the limit A — 0, we recover
degeneracies for integer eigenvalues, which is the expected behaviour for a bipartite lattice (see
relation {18.12)). For inverse temperatures § =~ 0.4, eigenvalue repulsion is visible, as well as
eigenvalue crossings.

A first quantity of interest is the variation of the smallest eigenvalue spacing sm,.n as a
function of temperature. In the thermodynamics limit, it is clear that if a system undergoes a
ferromagnetic transition, $;,:i,(7') = 0 it T < T, since the eigenvalue A = 0 is degenerate in the
broken symmetry phase. If 7' > T, the eigenvalue A = 0 is no more degenerate. However, we
cannot deduce that s,,;,(T) > 0if T > T.. Nonetheless, it seems that spm;, takes non zero values
in the paramagnetic phase whereas it is zero in the ferromagnetic phase, excepted for very large
temperatures. Sy, is plotted as a function of temperature on figure 18.4. We took only a
small number of points on figure 18.4, so that we cannot see the cancelations of s,,n for the
values of the temperature for which there exists eigenvalue crossings. We now discuss the shape
of the eigenvalue spacing statistics P(s). In the paramagnetic phase, P(s) is characterized
by an intermediate statistics. For instance, for § = 0.4, that is in the region of figure 18.3
where eigenvaiue repulsion is visible, P(0) is close to 1/2, and the shape of P(s} is well fitted
by the G.Q.E. distribution for s > 1 (see figure 18.5). This non universal eigenvalue spacing
statistics can be explained by the fact that the system is not integrable, but possesses non trivial
conserved quantities, so that the eigenvalue spacing statistics corresponds to a situation where
one mixes different sectors correponding to different conserved quantities. By comparison, in
the case of the Sherrington-Kirkpatrick model, we shall find a G.0.E. law at high temperatures.
In the region of very high temperatures, and for the 3x4 Ising model, we computed P(s) for an
inverse temperature 3 = 0.02 (see figure 18.6). The eigenvalue spacing statistics seems to evolve
towards a poissonian shape for large separations (s > 1), rather than a G.0.E. shape for lower
temperatures. For small separations, eigenvalue repulsion is present. We argue that this shape
of eigenvalue spacing statistics does not evolve much in the region of small inverse temperatures
g since, in this region, the eigenvalues are linear as a function of the inverse temperature J
and the dominant contribution to P(s) comes from separation between eigenvalues which are
degenerate in the limit § = 0. In the ferromagnetic region, the eigenvalue spacing statistics
presents a peak for s = 0, which decreases with the temperature, as well as a non universal part
for 5 > 0. The non universal part seems to be intermediate between G.0.E. and Poisson, and
does not evolve as a function of temperature. The eigenvalue spacing statistics are plotted on
figure 18.7 for § = 2.

18.5 Frustated one dimensicnal model

18.5.1 The model

We condider the one dimensional antiferromagnetic Ising model with antiferromagnetic next-
nearest-neighbour interactions. This model can be seen as a sucession of triangles, as pictured
on figure 18.8 and can be solved via a transfert matrix formalism, with the sites gathered as
shown on figure 18.8. The transfert matrix has the form
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Figure 18.3:
Evolution of the eigenvalues of the Glauber matrix as a function of the inverse temperature
for the 3x4 Ising model on a square lattice, in the representation number 3. The number of

eigenvalues is 57.
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Figure 18 .4:
Minimal eigenvalue spacing sp.. for the 3x4 Ising model as a function of the inverse temperature
. $ymin 15 the minimum over all the representations of the spacing between two consecutive
eigenvalues. S§,,., tends to zerc in the limit § — 0, as expected from the organisation of the
ecigenvalues in the limit 8 — 0 for a bipartite lattice (see figure 18.3). What is not visible on
this figure is the fact that s,,;, cancels for some some temperature values, due to the existence

of elgenvalue crossings visibie on figure 18.3.
o
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Figure 18.5:
Eigenvalue spacing statistics of the 3x4 square lattice for B = 0.4, The Poisson and G.Q.F.
distribution are plotted in dashed lines. For s > L, P{s) is close to the G.C.E. curve.
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Figure 18.6:
Bigenvalue spacing statistics of the 3x4 square lattice for § = 0.02. The Poisson and G.O.E.
distribution are plotted in dashed lines. For s > 1, P(s) is close to the Poisson curve.
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Figure 18.7:
Eigenvalue spacing statistics of the 3x4 square lattice for § = 2. The Poisson and G.O.E.
distribution are plotted in dashed lines. The statistics presents a peak for s = 0, which decrease
as the inverse temperature increases. The non universal part of the eigenvalue statistics for

s > (0 is intermediate between FPoisson and G.0.E.
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Figure 18.8:
The one dimensicnal Ising model with next-nearest-neighbour coupling, and its representation
as a sucession of triangles. The dashed lines represent how the sites are gathered in the transfert
matrix formalism.
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r- (54 (18.36)

8_4'GJ 6—2,8.7 eZ,@J 1
A= ( 267 1 , B = 1 287 1 (18.37)

In (18.36), the states are ordered in the form | 7,7}, [ T,1), | I, 1}, | [,1}. Because of the
form (18.36) of the transfert matrix, if (¢, ) is and eigenvector of 7', then (v + ¢, % + )
and (¢ — 0, — ) are eigenvectors of T' for the same eigenvalue, so that the eigenvalues of T
are the eigenvalues of A + B and A — B, and the initial 4x4 problem is reduced to two 2x2
problems, due to the time reversal invariance. The partition function is simply Zpy = TrTN/?
for a N sites chain (N is supposed to be even). The zero temperature entropy is found to be
extensive, of the form S(0)/N = In 2/2, whereas in the corresponding ferromagnetic problem,
the entropy is finite at zero temperatures. This one dimensional antiferromagnetic model has
thus the same properties as the triangular antiferromagnet [14], namely the number of zero

with

{emperature ground states is proportionnal to exp aN, with o a constant.

18.5.2 Results

We work with an open chain version, so that the only syminetry is the inversion. We have
already explained how to treat this symmetry. The variations of the minimum spacing between
two consecutive eigenvalues is plotted on figure 18.9. $,.,, tends to zero in the limit g — 0, as
well as in the limit § — +oo. In between, there exists a region with non zero values of s,,:,.
The limit # — 0 is interpreted as the existence of a particular form of the spectrum in this limit
(which corresponds to (18.12)). In the limit 8 — +oo, it seems sensible to assert that s, = 0
whatever the model since in this limit, the thermodynamic correlation length is much smaller
than the lattice spacing, so degeneracies are expected to occur in the spectrum of relaxation
times. This model is interesting since no thermodynamic transition occurs at any temperature
though sp, Is non monotonous. As far as the eigenvalue spacing statistics are considered, the
situation is similar to the bidimensional Ising model. The level spacing statistics are plotted on
figure 18.10 for @ = 0.2. The statistics is non universal, and intermediate between Poisson and
GOE, which suggest the presence of conserved quantities. For small temperatures, a peak at
s = 0 appears in the eigenvalue statistics and the tail is non universal. In particular, the weight
for large intereigenvalue spacing is large, as plotted on figure 18.11.

18.6 SK model

18.6.1 The model

This model was proposed in 1975 as an ‘exactly solvable’ spin glass model [15]. For general
reviews on the problems of spin glasses, we refer the reader to references [16] [17] [18]. The SK
model is defined by the disordered, infinite range interaction Hamiltonian

H= Z Jijoio;, (18.38)
2.5}
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Minimal eigenvalue spacing $,,:n, for the one dimensional Ising model with next nearest neigh-
bour interactions as a function of the inverse temperature §. s, tends to zero In the limit
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[

Figure 18.10:
Eigenvalue spacing statistics of the frustrated one dimensional model with nearest neighbour
interactions, for an inverse temperature 8 = 0.2. The statistics is intermediate between Poisson

and G.0O.E.
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Figure 18.11;
Eigenvalue spacing statistics of the frustrated one dimensional model with nearest neighbour
interactions for an inverse temperature § = 5. The peak at s = 0 has been truncated. The
total weight of this peak is 29% of the total number of spacings.
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with quenched random interactions J;; with a gaussian distributfion

N 1/2 NJ«;zj
P(J-,;j) = (ETFJZ) exp | — 572 |- (18.39)

We refer the reader to the reviews precedently quoted for the solution of this model. For T" < J,
the model is a spin glass, and a paramagnet for T > J. In the glass phase, the model presents
& large number of thermodyramic phases, with no symmetry connecting ground states. The
different ground states are separated by large barriers which scale with the system size. An
other feature of glassiness is the presence of aging, associated with slow relaxation processess.

18.6.2 Eigenvalue spacing statistics

We computed the eigenvalue spacing statistics for a 9 sites cluster. In this case, we do not need
to look for the lattice symmetries since, excepted for some special cases of zero probability, the
random infinite range interactions break all the lattice symmetries. The minimal intereigen-
value spacing s,.;, is plotted on figure 18.12 as a function of the inverse temperature. In the
paramagnetic phase, s, 1s non zero, as in the case of the paramagnetic phase of the bidimen-
sional Ising model. The level spacing statistics in the high temperature limit are found to be in
good agreement with the G.O.E. law, as pictured on figure 18.13, eventhough small deviations
are visible. These deviations occur in the shape of the eigenvalue statistics. However, the linear
elgenvalue repulsion is clearly visible. In the low temperature regime, the level spacing statistics
are overpoissonian, as plotted on figure 18.14. We call this statistics overpoisson because not
only there is a peak for s = 0 but also the 5 > 0 statistics is overpoissonian. If we supress
the spacings smaller than As, (As = 0.01,0.05 on figure 18.14), the overpoissonian character
remains. This indicates a trend to level attraction. To our knowledge, this is the first time that
such a behaviour is observed. If we decrease the temperature, this level attraction increases. An
analysis of the density of eigenvalues (see the insert of figure 18.14) reveals that this attraction
favours integer eigenvalues.

18.7 Cayley tree

18.7.1 The model

Trees were introduced in statistical physics as soon as the 30's in order to implement mean
field theories [19] [20]. In this case, only the central spin was considered and the border of
the tree (which represents a finite fraction of the spins) was sent to infinity. This lmit is the
Bethe-Peierls limit. However, it is possible to develop statistical physics on a Cayley tree, with
the border included. This was done in the seventies, and a continucus transition was discovered
[21] [22]. The dynamics was studied only recently [10]. A cross-over to a glassy regime was
then found below the temperature scale T, ~ J/Inn, with n the number of generations. The
temperature scale T, decreases in the limit n — oo, but very slowly, so that the glassy regime
exists even in the macroscopic regime. The zero temperature barriers scale like Jlnn, with n
the number of generations. We study the eigenvalue spacing statistics of a small half-space-tree
with 2 generations and a coordinance 4. The ancestor has three sons, and each of i1ts sons is
connected to 3 grand children. The number of sites is 13.
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Figure 18.12:
Minimal eigenvalue spacing S, for the SK model as a function of the inverse temperature fj.
The error bars indicate the precision of the diagonalization procedure. The minimal spacing is
computed for 10 realizations of the disorder, so that s,,,, is overevaluated.
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[an]

Flgure 18.13:
Figenvalue spacing statistics of the 5K model for an inverse temperature 8 = .1. The G.0.E.
shape and the Poisson shape are plotted in dotted lines. The statistics are in good agreement

with the G.QO.F. shape, eventhough small deviations are visible,
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Figure 18.14:
Eigenvalue spacing statistics of the SK model for an inverse temperature g = 10, averaged
over 10 realizations of the disorder. The full line represents the complete statistics for which
the value at s = 0 is truncated. The dashed lines represent the same statistics, but without

the small spacings. We see that the overpoisson syndrom does not affect the s = 0 part of the
statistics but the statistics remain overpoissonian if we eliminate the small spacings. The insert
represents the density of eigenvalues for the same temperature, averaged over 10 realizations of
the disorder.




388 CHAPITRE 18 ARTICLE 10

18.7.2 Level spacing statistics

We used group theory to determine the subspaces in which the Glauber matrix is to be diag-
onalized. The generators of the symmetry group of the tree are very simple. At each vertex
which is not a leaf, the sons and their descendents ar4e permuted. These permutations generate
the symmetry group of the tree. The generators do not commoute, so that one has to use group
theory. It is clear that the symmetry group is very large. For the small cluster that we studied,
we found 10 different blocks of maximal size 336. We diagonalized the Glauber matrix in all
these different sectors at low temperatures. The spectrum of the Glauber matrix is pictured on
figure 18.15 for the block of size 336. It 1s clear that there 15 an obvious trend to clustering.
The level spacing statistics for this temperature reveal the existence of a peak for s = 0 and
some peaks for s > 0, but with a very small weight. We conclude that level attraction is also
present in the spectrum of the Glanber matrix of the Cayley tree. The set of eigenvalues in
a given block is plotted on figure 18.15. As in the case of the SK model, the biggest clusters
corresponds to integers.

18.8 Conclusion

Since the content of this paper was already snmmarized in the introduction, we end up with some
final remarks. The one dimensional case is very special due to the existence of an underlying
integrable dynamics. In the other cases, it seems that the presence of a paramagnetic phase is
signaled by the presence of a non zerc minimal intereigenvalue spacing s,,... It seemns that, in
all cases, 5,5, cancels in the zero temperature limit as well as in the infinite temperature limit.
It seems also that, in the presence of a second order transition, $,., is zero in the ferromagnetic
phase. This property is not surprising since we know that in the ferromagnetic phase, the
eigenvalue A = 0 is degenerate with an the eigenvalue of the broken symmetry state in the
thermodynamic limit. In the case of the glass transition, sm,, is alsa zero in the glassy phase.
An other aspect of this work is the nature of the eigenvalue spacing statistics of paramagnetic
phases. In the SK model, the eigenvalue spacing statistics are close to G.O.E., whereas, in the
bidimensional Ising model, the statistics is intermediate between G.O.E. and Poisson, which
suggests that there exists some conserved quantities in the dynamics of the bidimensional Ising
model. The origin of these ‘hidder’ conserved quantities is not clear at the moment. Finally,
it seems that, in glassy systems, the eigenvalues have a trend to condense near integers. This
is true for the SK model as well as for the tree. However, this is just a numerical fact. It has
not yet been proven that, in a spin glass, the eigenvalues of the Glauber matrix condense in the
vicinity of integers.

I'thank B. Dougot for a critical reading of the manuscript, and I am indebted to J.C. Anglés
d’Auriac and H. Bruus for help with group theory.
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Figure 18.15:
Spectrum of the Glauber matrix for a tree cluster at low temperatures (§ = 10). The z axis

represents the elgenvalues label (Letween 0 and 336), and the y axis represents the eigenvalues.
The spectrum exhibits clustering.
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